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This paper introduces a novel multi-agent multi-state reinforcement learning exploration scheme for
dynamic spectrum access and dynamic spectrum sharing in wireless communications. With the multi-
agent multi-state reinforcement learning, cognitive radios can decide the best channels to use in order
to maximize spectral efficiency in a distributed way. However, we argue that the performance of spec-
trum management, including both dynamic spectrum access and dynamic spectrum sharing, will largely
depend on different reinforcement learning exploration schemes, and we believe that the traditional
multi-agent multi-state reinforcement learning exploration schemes may not be adequate in the context
of spectrum management. We then propose a novel reinforcement learning exploration scheme and
show that we can improve the performance of multi-agent multi-state reinforcement learning based
spectrum management by using the proposed reinforcement learning exploration scheme. We also inves-
tigate various real-world scenarios, and confirm the validity of the proposed method.
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1. Introduction

Cognitive radios have gained attention and extensive study in
recent years, as they are designed to dynamically access spectrum
in an effort to minimize communication interference and to max-
imize signal throughput or spectrum utilization (Akyildiz, Lee, &
Chowdhury, 2009; Akyildiz, Lee, Vuran, & Mohanty, 2006; Haykin,
2005; Mitola, 2001). In general, cognitive radios are equipped with
flexible devices and are able to adapt their transmission parame-
ters to environment in order to optimally exploit the available
spectrum resources and to maintain its communication quality
and efficiency (Asterjadhi & Zorz, 2010; Haykin, 2005; Mitola,
2001). Various spectrum management schemes have been pro-
posed for dynamic spectrum access, especially those of auction-
based spectrum sharing schemes (Halldorsson, Halpern, Li, & Mir-
rokn, 2004; Huang, Berry, & Honig, 2006; Niyato & Hossain, 2008)
and those of opportunistic spectrum sharing schemes (Akyildiz
et al., 2006; Huang et al., 2008; Sankaranarayanan, Papadimitratos,
Mishra, & Hershey, 2005; Zhao, Tong, & Swami, 2005; Zheng & Cao,
2005).

However, most established cognitive radio frameworks or pro-
tocols are based either on a centralized strategy or on a decentral-
ized but cooperative strategy (Ganesan & Li, 2007; Haykin, 2005;
Peng, Zheng, & Zhao, 2006; Quan, Zhi, Cui, Shuguang, & Sayed,
ll rights reserved.

o), robert.sabourin@etsmtl.ca
2007; Yucek & Arslan, 2009). A centralized strategy calculates a
spectrum allocation based on global knowledge (Peng et al.,
2006), and a decentralized strategy would require devices to nego-
tiate and to collaborate local channel assignments (Akyildiz et al.,
2006). For both centralized and decentralized strategies to work,
it is often assumed that all cognitive radios would strictly follow
protocols or policies and to optimize spectrum use under all con-
straints imposed (Cao & Zheng, 2005; Huang, Berry, & Honig,
2005; Ma, Han, & Shen, 2005; Zheng & Cao, 2005). Thus, the spec-
trum allocation consensus achieved by decentralized negotiation
or orders dictated by centralized strategy can thus be imple-
mented, and the spectrum allocation problem can be simply mod-
elled as a graph coloring problem (Jain, Padhye, Padmanabha, &
Qiu, 2003; Peng et al., 2006; Zheng & Peng, 2005). The problem
is that protocols or policies may not be universally recognized,
and selfish users may simply occupy the channel with minimum
interference in order to maximize their own rewards (Kanodia,
Sabharwal, & Knightly, 2004; Navda, Bohra, Ganguly, & Rubenstein,
2007; Strasser et al., 2008; Yucek & Arslan, 2009).

Facing this challenge, reinforcement learning (RL) arises as a po-
tential approach to implement channel selection decision in each
cognitive radio in a distributed way. RL has been implemented
for spectrum sensing, dynamic spectrum access (DSA) and dynamic
spectrum sharing (DSS) (Berthold, Fu, van der Schaar, & Jondral,
2008; Bernardo et al., 2009; Farha, Abji, Sheikh, & Leon-Garcia,
2007; Tesauro, 2007) in cognitive radio, because it aims at learning
the suitable action in order to maximize a reward given by an envi-
ronment through continuous interactions (Busoniu, Babuska, &
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Fig. 1. Illustration of a simple markov process without actions: Given state s1 and
state s2, the state transitions are decided by transition probabilities T(s1,s2) and
T(s2,s1).

Fig. 2. Illustration of a simple markov process with actions: the state transitions
actually depend on the actions taken: At s1, one could take actions a11 or a12; at s2,
one could take action a21 or a22. Different actions will result in different transition
probabilities T.
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Schutter, 2008; Weiss, 1999). It is not surprising that RL-based
methods are shown to outperform static spectrum sharing ap-
proaches such as opportunistic spectrum access or random access
(Bernardo et al., 2009; Niyato & Hossain, 2009; Cheng, 2010), and
the effects of learning rates of RL on spectrum efficiency have been
thoroughly studied recently (Alaya-Feki, Moulines, & LeCornec,
2008; Jiang et al., 2008).

One of the most important issues in RL is the learning explora-
tion strategy, which tells an agent when to choose random actions
to explore the environment and when to choose best actions to
maximize its rewards, is rarely discussed in cognitive radio litera-
ture. Traditionally, two exploration strategies can be implemented
for RL: either �-greedy exploration or Boltzmann softmax explora-
tion (Sutton & Barto, 1998), and the convergence of learning for
both exploration schemes have been proven mathematically (Kian-
ercy & Galstyan, 2011; Wunder, Littman, & Babes, 2010). The prob-
lem is that the convergence of learning does not hold any more in
case of multi-agent multi-state reinforcement learning due to
learning interference caused by simultaneous learning by multiple
agents (Busoniu et al., 2008). The problem in well known is RL
community, but does not attract much attention in cognitive radio
community, where applicants continue to implement either �-
greedy exploration (Bernardo et al., 2009; Yau, Komisarczuk, Peter,
& Paul Teal, 2009) or Boltzmann softmax exploration (Li & Han,
2009; Li, 2009) without addressing the problems.

Facing this learning interference problem, many schemes have
been proposed in RL community to facilitate coordination for
learning, and agents are required either to exchange the informa-
tion on their rewards, or that on their action, or both. For example,
Team Q-learning (Littman, 2001), Joint Action Learners (Claus &
Boutilier, 1998), Optimal Adaptive Learning (Wang & Sandholm,
2002), Infinitesimal Gradient Ascent (Singh, Kearns, Mansour, &
Yishay, 2000), Distributed Q-learning (Lauer & Riedmiller, 2000),
Nonstationary Converging Policies (Weinberg & Rosenschein,
2004), AWESOME (Conitzer & Sandholm, 2003) need to obtain
information on actions of other agents, whereas Nash Q-learning
(Hu & Wellman, 2003), Correlated equilibrium Q-learning (Green-
wald & Hall, 2003) require information on rewards of other agents,
and Hyper-Q (Tesauro, 2003), MetaStragey (Powers & Shoham,
2004) and Asymmetric-Q learning (Koenoenen, 2003) will need
information on both rewards and actions of other agents. Win-
or-Learn-Fast Policy Hill Climbing (Bowling & Veloso, 2002) needs
to know whether an agent is winning or loosing against other
agents, and thus needs information on rewards from other agents
as well. Ironically, all these proposed methods may not be applica-
ble for DSS or DSA, because the potential communication interfer-
ence in environment will prevent any information exchange
required to implement these methods.

In this paper, we argue that neither �-greedy exploration nor
Boltzmann softmax exploration is the best exploration scheme
for multi-state multi-agent RL. Consequently, we propose a novel
exploration strategy that attenuates the learning interference
problem caused by simultaneous learning; the proposed explora-
tion scheme does not require any exchange of information among
cognitive radios, and thus is suitable in an environment with po-
tential communication interference. The proposed exploration
scheme was evaluated and compared with traditional RL explora-
tion schemes on three different scenarios, and the simulation re-
sults suggest that the proposed exploration method shows some
improvements over other RL exploration schemes.

The remaining of this paper is organized as follows. In Section 2,
we introduce conventional reinforcement learning and different
exploration approaches for RL. In Section 3, we make a problem
statement on decentralized non-coordinated dynamic spectrum
access. In Section 4, we formulate our decentralized dynamic spec-
trum assignment scheme. In Section 5, we present the simulation
results comparing cognitive radios with opportunistic access, tra-
ditional reinforcement learning, and proposed scheme, followed
by discussions and conclusions in Section 6.

2. Related work: reinforcement learning and exploration
strategies

A reinforcement learning model consists of: (a) a discrete set of
environment states S; (b) a discrete set of agent actions A; (c) a set
of scalar immediate reward R (Kaelbling, Littman, & Moore, 1996;
Littman & Szepesvári, 1996). The challenge is for an agent to
chooses an action a under an observed state s to maximize the to
be received reward r. The problem is usually modelled as a Markov
Decision Process (Puterman, 1994), in which the state transitions
are independent of any previous environment states or agent ac-
tions (see Figs. 1 and 2). We can thus write state transition function
T as T:S � A ? P(S), and reward function R as R:S � A ? R, where
a member of P(S) is a probability distribution over the set S. To
start, we can define the optimal value of a state:

V�ðsÞ ¼max
a
ðRðs; aÞ þ c

X
s02S

Tðs; a; s0ÞV�ðs0ÞÞ ð1Þ

where s0 means the next state after the action a is carried out, and
the action a is decided based on the strategy p, R(s,a) is the reward
received at the state s by executing the action a, and T(s,a,s0) is the
probability for the state s to be transited to the state s0 after the ac-
tion a. Consequently, we can write the optimal strategy for the
agent at the state s as:

p�ðsÞ ¼ arg max
a
ðRðs; aÞ þ c

X
s02S

Tðs; a; s0ÞV�ðs0ÞÞ ð2Þ

If the agent knows the reward function R and the state transi-
tion function T, it can solve for the best strategy p⁄(s) (Puterman,
1994), but the problem arises when the reward function is un-
known and the state transition probabilities are sparse. In this case,
the agent needs to learn about them through interactions with the
environment. One of the practical model-free reinforcement learn-
ing methods is Q-learning (Watkins & Dayan, 1992), in which we
define Q(s,a) as the expected discounted reward of taking action
a in state s: V⁄(s) = maxaQ(s,a). We can write Q(s,a) in a recursive
way as:
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Qðs; aÞ ¼ Rðs; aÞ þ c
X
s02S

Tðs; a; s0Þmax
a0

Qðs0; a0Þ ð3Þ

The best strategy is the one that maximizes the Q-value: p⁄(s) = arg
maxaQ(s,a). Moreover, because Q function makes the action explicit,
we can update the Q values online (Watkins & Dayan, 1992):

Qðs; aÞ :¼ Qðs; aÞ þ aðRðs; aÞ þ cV�ðs0Þ � Qðs; aÞÞ ð4Þ

where a is the learning rate of Q-learning, and it needs to decay over
time in order to converge. This can be also written as:

Qðs; aÞ :¼ Qðs; aÞ þ aðRðs; aÞ þ cmax
a0

Qðs0; a0Þ � Qðs; aÞÞ ð5Þ

An important issue in Q-learning is that how we explore the solu-
tion space efficiently? In classical reinforcement learning, either �-
greedy exploration or Boltzmann softmax exploration is imple-
mented (Sutton & Barto, 1998). The �-greedy exploration chooses
an action randomly with a probability �, and with a probability
1 � � to choose the action with the maximum Q. At the beginning,
the � should be rather large, but � would gradually decrease. The
Boltzmann softmax exploration chooses an action a with a probabil-
ity based on its Q value and a decreasing temperature function T:

PðajsÞ ¼ expðQðs; aÞ=TÞP
a expðQðs; aÞ=TÞ ð6Þ

As we mentioned in the introduction, multiple agents will inter-
fere with each other and thus result in learning interference
(Busoniu et al., 2008). As a result, the convergence guaranteed in
traditional RL exploration schemes is no more valid in multi-agent
multi-state RL, i.e., neither �-greedy exploration nor Boltzmann
softmax exploration can be guaranteed to converge. Furthermore,
since �-greedy exploration and Boltzmann softmax exploration
are not designed to address the issue of learning interference, they
are especially susceptible to its detrimental effects, and thus result
in less than satisfactory performances in DSA and DSS.

In an effort to address the learning interference problem, we
propose an Enhanced Unequal Exploration (EUE) scheme in the
next section. The proposed scheme is designed to minimize the
simultaneous learning in RL and thus will circumvent learning
interference problems and achieve better performances in DSA
and DSS.

3. Proposed method: Enhanced Unequal Exploration

Given the learning interference problem in multi-agent multi-
state RL, we propose a special exploration scheme that aims at
minimizing the effect of learning interference. To start, we first de-
fine three learning patterns in multi-agent multi-state reinforce-
ment learning: (a) simultaneous exploration/simultaneous
learning; (b) single-agent exploration/single-agent learning; (c)
deterministic exploitation.

3.1. Exploration/learning patterns

We discuss exploration/learning patterns in a simplified case,
i.e., in a two-agent, two-states two-action RL. Assuming that the
Q-values for all states s 2 S and actions a 2 A pairs are given as
Q(s,a), then we define the following exploration/learning patterns:

� Simultaneous exploration/simultaneous learning: Simultaneous
exploration or simultaneous learning is defined as:
pða1js1Þ ¼
1
jAj ; a1 2 A ð7Þ

pða2js2Þ ¼
1
jAj ; a2 2 A ð8Þ
where a1 denotes the action taken by agent-1, and s1 denotes the
observed state of agent-1; a2 and s2 are those of agent-2; and jAj de-
notes the total number of available actions in the action set A. For
simultaneous exploration, both agents try to find out the environ-
mental reward R(s,a) for any given state s and feasible action a.
However, the simultaneous exploration is not effective, because in
reality the reward R is not only a function of the action taken
by agent-1, but also that of the action taken by all other
agents. In case of two agents, we can write Rða1; s1Þ ¼P

s2

P
a2

pðs2Þpða2js2ÞRða1; s1; a2; s2Þ, where p(a2js2) is the probability
for agent-2 to take action a2 given an observed state s2, and p(a2)
is the probability for agent-2 to be in state s2. The exploration/
learning is difficult because s2 and a2 are not observable for
agent-1. As a result, the R(a1,s1) estimated by agent-1 may have
large variance and may not converge at all. Similar phenomenon
may occur for the agent-2. This results in learning interference
and poses a challenge for learning convergence in multi-agent mul-
ti-state RL.

� Single-agent exploration/single-agent learning: Single-agent
exploration or single-agent learning is defined as:
pða1js1Þ ¼
1
jAj ;8a1; a1 2 A ð9Þ

p a�2js2
� �

¼ 1; a�2 ¼ arg max Qðs2; a2Þ; a2 2 A
ð10Þ

p a2js2; a2 – a�2
� �

¼ 0;8a2; a2 2 A
ð11Þ
hence, the agent-1 follows a random exploration strategy, while
agent-2 follows a deterministic exploitation strategy and simply se-
lects the action a2 with the greatest Q(s2,a2). By fixing the behaviour
of agent-2, agent-1 can better explore the environment and esti-
mate the reward R(a1,s1), where Rða1; s1Þ ¼

P
s2

pðs2ÞRða1; s1; a2; s2Þ.
Although s2 and a2 are not observable, the behaviour is fixed in
agent-2 and this thus facilitates the learning of the agent-1. Note
that the roles of agent-1 and agent-2 are interchangeable, such that
one agent explores while other agent exploits.

� Deterministic exploitation: Deterministic exploitation is
defined as:
p a�1js1
� �

¼ 1; a�1 ¼ arg max Qðs1; a1Þ; a1 2 A ð12Þ

p a1js1; a1 – a�1
� �

¼ 0;8a1; a1 2 A
ð13Þ

p a�2js2
� �

¼ 1; a�2 ¼ arg max Qðs2; a2Þ; a2 2 A
ð14Þ

p a2js2; a2 – a�2
� �

¼ 0;8a2; a2 2 A
ð15Þ
In this case, both agents follow a deterministic exploitation strategy
and simply select the respective action with the largest Q-value.
Consequently, the rewards R(a1,s1) and R(a2,s2) are fixed unless
Q(s1,a1) or Q(s2,a2) are adjusted to the extent such that the selected
actions change.

The merits of these three learning patterns are very difficult to
evaluate analytically. Intuitively, we argue that single-agent learn-
ing is the most desirable during the learning process; once learned,
deterministic exploitation should be implemented in an effort to
maximize the rewards to be received; simultaneous learning, in
contrast, brings little benefits to the system and should be mini-
mized. The experimental comparison of the three learning patterns
will be shown in our simulation, where we assert the validity of
single-agent learning.

In the next section, we then propose a novel exploration scheme
that leverage the use of single-agent learning and transits to deter-
ministic exploitation quickly once single-agent learning
terminates.



Fig. 3. Illustration of the proposed EUE learning scheme compared with traditional RL learning scheme. Traditional RL learning moves gradually from simultaneous
exploration to deterministic exploitation, whereas the proposed EUE moves from single-agent exploration to deterministic exploitation.

Fig. 4. Comparison of deterministic exploitation, simultaneous exploration, and
single-agent exploration.
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3.2. Mechanism of the proposed exploration scheme

We argue that single-agent exploration is better suited for mul-
ti-agent multi-state reinforcement learning, which implies that
different agents shall have unequal exploration probabilities such
that single-agent explorations can have a higher chance to take
place, as shown in Fig. 3.

Since learning interference caused by simultaneous exploration
will result in ineffective learning in multi-agent multi-state RL, we
propose an Enhanced Unequal Exploration (EUE) scheme that is
designed to minimize simultaneous learning without coordination
or information exchange among agents. The proposed EUE is based
on an exploration probability Px(s,a) for a state s and a taken action
a. The exploration probability Px(s,a) will decline every time the de-
tected environmental state is s and the taken action is a. We define
a declining function f(x) such that f(x) < x,0 < f(x) < 1, and use this
declining function to update our EUE every time the detected envi-
ronmental state is s and the taken action is a for an agent in
consideration:

Pxðs; aÞ :¼ f ðPxðs; aÞÞ; ð16Þ

where the :¼ indicates an update operation. The declining function
f(x) can be simply implemented using a power function f(x) = gx,
0 < g < 1.

The reason for having a declining function is that agents should
move gradually from exploration to exploitation. However, differ-
ent from conventional �-greedy exploration and softmax explora-
tion, the function Px(s,a) does not decline with the time, but
rather with the number of times that the state s is encountered
and the number of times that the action a is taken. By setting the
exploration probability Px(s,a) dependent on the number of times
that the state-action combination (s,a) is tested and not on the
time, we can make the exploration probability different for each
agent. Moreover, in an exploration mode, different agents are likely
to choose different actions even they detect the same state s, and
consequently they are likely to have rather different Px(s,a). The
exploration probability Px(s,a) is thus likely to be unequal for dif-
ferent agents in multi-agent multi-state RL.

However, the exploration probability Px(s,a) does not actually
tell us whether an agent should explore or exploit in a state s. What
we really need to know is the exploration probability Px(s). Hence,
given there are several possible actions in a given state s, we can
set the overall exploration probability for the state s as fellows:

PxðsÞ ¼max
a

Pxðs; aÞ ð17Þ

The reason to implement a maximum function is to thoroughly
explore all combinations (s,a), and that the exploration probability
for a state s should not decline prematurely in case there are still
actions a that are not thoroughly explored. Moreover, by imple-
menting the maximum operation and not the mean operation,
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each cognitive radio will quite likely has a different Px(s) during
their transition from exploration to exploitation, which is exactly
the property that we need in a decentralized and non-coordinated
environment. The proposed EUE scheme is rather simple and
straightforward, but we will see the beneficial impacts in learning
by implementing the proposed scheme.

Algorithm 1. Pseudo-code of Enhanced Unequal Exploration.
Input: the number of cognitive radios N, the number of states
S, the number of actions A, the RL learning rate a, the RL
discount rate c, the temperature function T(t), subject to
T(t + 1) < T(t), the EUE function f, subject to f(x) < x and
0 < f(x) < 1.

Output: the best channel selection action at,⁄ for an observed
state st for a cognitive radio at any time t

STEP 0 - Initialization:
Initialize Q(s,a) and Px(s,a) for every state-action pair for all N

cognitive radios

Qiðst
i ;a

t
i Þ�Nð0;1Þ; i¼1; . . . ;N;8st

i ;a
t
i ;s

t
i 2 S;at

i 2A; i¼1; . . . ;N;t¼0
Px;iðst

i ;a
t
i Þ�Nð0;1Þ; i¼1; . . . ;N;8st

i ;a
t
i ;s

t
i 2 S;at

i 2A; i¼1; . . . ;N;t¼0

for t = 1, . . . ,M do
for i = 1, . . . ,N do

STEP 1 - Choose a channel to communicate:
Identify the current state st

i , pick a random number
0 < q < 1 and calculate the random action probability
Px;i st

i

� �
¼maxat

i
Px;i st

i ; a
t
i

� �
if Px,i(st) > q then

Select a random channel at
i ; at

i 2 A
else

Select the channel with the maximum Q-value:
at

i ¼ arg max Qi st
i ; a

t
i

� �
end if
Update the Px(s,a): Px;i st

i ; a
t
i

� �
:¼ f Px;i st

i ; a
t
i

� �� �
STEP 2 - Learn from environmental feedbacks:
Given the feedback Rt

i , update the Q-value:

Q i st
i ; a

t
i

� �
:¼ Q i st

i ; a
t
i

� �
þ a Rt

i þ cmax
atþ1

i

Q i stþ1
i ; atþ1

i

� �
� Q i st

i ; a
t
i

� � !

end for
end for
Return the Q(s,a) for every state-action pair for all N cognitive

radios, which indicates the best channel selection action a
for any possible state s

The difficulty of the convergence proof of multi-agent multi-
state RL is well known, and in RL literature there is no analytical
proof even for the traditional �-greedy exploration or Boltzmann
softmax exploration in a multi-agent multi-state context. As a re-
sult, we are unable to provide a thorough rigorous analysis or a
mathematical proof on the validity of the proposed method. How-
ever, we can carry out some intuitive analyses to verify the validity
and to understand the advantage of the proposed method.
3.3. Analysis of the proposed exploration scheme

The basic idea behind EUE is to generate a greater proportion of
single-agent learning rather than simultaneous learning, and then
to transit from single-agent learning to deterministic exploitation
once the learning converges.

To demonstrate that the proposed EUE is valid, we intend to
verify the following points: (a) The merit of single-agent explora-
tion: We should demonstrate that single-agent learning is more
effective than simultaneous learning in multi-agent multi-state
RL; (b) The merit of EUE based on single-agent exploration:
We should demonstrate that EUE can leverage the single-
agent exploration and has desirable behaviours in RL; in other
words, EUE should generate a greater proportion of single-
agent simultaneous during its learning process; and once the
learning converges, EUE should quickly transit to deterministic
exploitation in order to maximize the rewards to be received.
We address these issues below. We demonstrate these tow
points below.

� The merit of single-agent exploration.
First, we need to demonstrate that single-agent learning is more
effective than simultaneous learning and deterministic exploi-
tation in multi-agent multi-state RL. We opt to evaluate the
merits of these three learning patterns numerically. We consid-
ered the case of a two-agent two-state two-action RL, where
S ¼ f1;2g;A ¼ f1;2g, and stþ1

1 ¼ at
2, and stþ1

2 ¼ at
1. Considering

rewards, we simply use binary reward setting, and we set that
any state transitions ended at joint state where s1 – s2 will
receive a reward 1, and those ended at joint state s1 = s2 will
receive a reward 0. For deterministic exploitation scheme, no
random exploration is allowed, and each agent simply chooses
the path with the largest probability; For simultaneous explora-
tion, the system transfers from exploration to exploitation using
a temperature function, but explorations from both agents are
synchronized such that no single-agent learning will occur;
For single agent-learning, the system also transfers smoothly
from exploration to exploitation, but explorations from both
agents are desynchronized such that no simultaneous learning
will occur; for all three learning patterns the Q-values are
updated along the way. Note that none of these three explora-
tion schemes are implemented in conventional reinforcement
learning, but the comparison of these three schemes does pro-
vide important insights.
We tested all three learning patterns with different learning
rates 0 < a < 1 and assumed that the decaying rate c = 0. Simu-
lations were run 1000 times and the average values were eval-
uated. The numerical evaluation results are plotted on Fig. 4.
We can clearly observe that simultaneous exploration does
not bring any benefits to the system, it also seems to interrupt
the dynamics of exploitation and thus its performance is even
worse than that of pure deterministic exploitation. By contrary,
single-agent exploration can be beneficial to the system. It does
not only perform better than simultaneous exploration scheme,
but also can be better than pure exploitation scheme.
The numerical evaluation reveals that single-agent learning can
be beneficial for multi-agent multi-state RL. However, single-
agent learning can be rather difficult to achieve in practice
because this would require coordination among agents, which
is usually infeasible. For this reason, the EUE exploration
scheme is proposed for multi-agent multi-state RL.
� The merit of EUE based on single-agent exploration.

The next point is to demonstrate that the proposed EUE does
make the best use of single-agent exploration. It is not a trivial
task to evaluate the exploration schemes, because neither sin-
gle-agent exploration nor deterministic exploitation should be
maximized. An ideal exploration scheme should start with only
single-agent exploration, but moves to deterministic exploita-
tion swiftly once the learning converges, such as shown in
Fig. 5.
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single-agent
exploration

deterministic 
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learning converges

learning 
mix
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Fig. 5. Illustration of an ideal exploration scheme for multi-agent multi-state RL:
we start with single-agent exploration,and then shift to deterministic exploitation
swiftly once the learning converges.
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In order to evaluate different exploration schemes, we propose
a Single-Agent-Learning-Oriented (SALO) measure w. The SALO
measure w is designed as:
Table 1
The ave

Meth

�-Gr
Boltz
EUE

Table 2
The ave

Meth

�-Gr
Boltz
EUE
w ¼ ws þ wd ð18Þ
The first term ws is the score allocated to single-agent exploration
part, whereas wd is that allocated to deterministic exploitation part.
Given a reward threshold q that is considered as a convergence
threshold and an average reward bR over a sliding window with a
fixed size x, we can further define:
ws ¼ pðSALjbR < qÞ � s1pðDEjbR < qÞ � s2pðSEjbR < qÞ ð19Þ
wd ¼ pðDEjbR P qÞ � s1pðSALjbR P qÞ � s2pðSEjbR P qÞ ð20Þ
where SAL denotes single-agent-learning, DE denotes deterministic
exploitation, SL denotes simultaneous exploration, p denotes the
probability or the portion of learning pattern that is under concern,
s1 and s2 are penalty factors, which satisfy s1 > 0, s2 > 0, and
s2� s1. We argue that the greater the SALO measure, the better a
multi-agent multi-state RL exploration scheme.
The reason behind SALO is to maximize single-agent exploration
probability while learning is still not converged, i.e., bR < q, and to
maximize deterministic exploitation probability after the learning
is converged, i.e., bR P q. By all accounts, simultaneous exploration
generates noise and should be minimized, and thus the penalty for
simultaneous exploration is greater, i.e., s2� s1.
We numerically evaluate the validity of SALO measure by measur-
ing the correlation of SALO measure w and the average reward of
the overall iterations using different exploration schemes and dif-
ferent learning rates. We ran 1000 iterations and repeated the tests
100 times with 10 different learning rates a = 0.1 � 1 and using con-
ventional �-greedy exploration and Boltzmann softmax exploration
in RL, with s1 = 0.5, s2 = 1, x = 7, g = 0.1, and we obtained a correla-
rage of SALO with 1000 iterations and 100 repetitions, s1 = 0.5, s2 = 1, q = 0.6, x =

od/a 0.1 0.2 0.3 0.4 0.5

eedy 0.7938 0.7917 0.7779 0.7140 0.77
mann 0.7790 0.8150 0.8312 0.8401 0.84

0.9430 0.9611 0.9472 0.9139 0.96

rage of SALO based on 1000 iterations and 100 repetitions, s1 = 0.5, s2 = 1, q = 0.7,

od/a 0.1 0.2 0.3 0.4 0.5

eedy 0.7983 0.7891 0.7185 0.7534 0.76
mann 0.7762 0.8190 0.8294 0.8381 0.84

0.9512 0.9709 0.9258 0.9717 0.92
tion 0.8548 of average rewards of overall iterations and SALO mea-
sure with q = 0.6 (Table 1), a correlation 0.8763 with q = 0.7
(Table 2), a correlation 0.8805 with q = 0.8 (Table 3), and a correla-
tion 0.8932 with q = 0.9 (Table 4).
Based on numerical simulation, we can assume that SALO measure
indicates the performance of an exploration scheme, we then use
SALO measure to measure performances of conventional �-greedy
exploration and Boltzmann softmax exploration as well as that of
the proposed EUE. The SALO measures of different exploration
schemes in RL are shown in Tables 1–4. Note that the proposed
EUE has the largest SALO measure regardless of learning rates a
and convergence threshold q. To illustrate the more detailed
dynamics of different exploration schemes, the Fig. 6 shows the
probabilities of simultaneous exploration, that of single-agent
exploration, and that of deterministic exploitation for the proposed
EUE as well as conventional �-greedy exploration and Boltzmann
softmax exploration in RL.

So far, we have shown that single-agent exploration is better
than both simultaneous exploration and deterministic exploitation
for two-agent two-state RL, we have also shown that the proposed
EUE has the desirable behaviour to leverage single-agent explora-
tion, as demonstrated by SALO measure. However, our main inter-
est is on the use of EUE as a cognitive radio learning method for
DSS and DSA. To verify that the proposed EUE can truly be imple-
mentable for DSS and DSC in wireless communications, we evalu-
ate the proposed EUE under three different scenarios in the section
below.

4. Simulations on dynamic spectrum access and dynamic
spectrum sharing

We carried out a number of simulations in an effort to evaluate
the effectiveness of the proposed EUE exploration scheme on mul-
ti-agent multi-state RL. Given N radios in total and C channels, we
consider the three basic scenarios for DSP and DSS: (a) Dynamic
spectrum access with N = C; (b) dynamic spectrum sharing with
N� C; (c) dynamic spectrum access with N = C and with inten-
tional jamming. We first give some experimental protocols below.

4.1. General experimental protocols

For simulation (a), we adopt a binary setting, i.e., a cognitive
radio gets a reward 1 if it selects a channel that is not occupied
by any other radios; otherwise it gets a reward 0. We tested
N = C = 2 � 5, with learning rates a ranges from 0.05 � 1, and the
experiments were repeated 1000 times and the average perfor-
mances were calculated.
7. The correlation between SALO and the average reward is 0.8548.

0.6 0.7 0.8 0.9 1.0

20 0.7684 0.7571 0.7649 0.7660 0.5966
70 0.8496 0.8533 0.8516 0.8506 0.8450
12 0.9686 0.9738 0.9374 0.9505 0.9648

x = 7. The correlation between SALO and the average reward is 0.8763.

0.6 0.7 0.8 0.9 1.0

38 0.7269 0.6842 0.7604 0.7566 0.5719
62 0.8529 0.8561 0.8540 0.8524 0.8588
91 0.9499 0.9702 0.9732 0.9755 0.9616



Table 3
The average of SALO based on 1000 iterations and 100 repetitions, s1 = 0.5, s2 = 1, q = 0.8, x = 7. The correlation between SALO and the average reward is 0.8805.

Method/a 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

�-Greedy 0.7881 0.7454 0.7820 0.7607 0.7486 0.7620 0.7658 0.7404 0.7920 0.5812
Boltzmann 0.7778 0.8138 0.8320 0.8403 0.8479 0.8520 0.8516 0.8472 0.8476 0.8363
EUE 0.9555 0.9700 0.9426 0.9431 0.9677 0.9443 0.9730 0.9743 0.9290 0.9652

Table 4
The average of SALO based on 1000 iterations and 100 repetitions, s1 = 0.5, s2 = 1, q = 0.9, x = 7. The correlation between SALO and the average reward is 0.8932.

Method/a 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

�-Greedy 0.7837 0.7635 0.7578 0.7649 0.7753 0.7416 0.7359 0.7707 0.7612 0.5938
Boltzmann 0.7782 0.8127 0.8313 0.8435 0.8433 0.8497 0.8473 0.8533 0.8510 0.8360
EUE 0.9560 0.9709 0.9577 0.9578 0.9375 0.9588 0.9727 0.9420 0.9623 0.9628

Fig. 6. Comparison of �-greedy exploration, Boltzmann softmax exploration and the
proposed EUE based on the average of 1000 evaluations with 1000 iterations in a
two-agent two-state RL. Five curves are shown: simultaneous exploration proba-
bility (agent-1 explore – agent-2 explore), two single-agent exploration probabil-
ities (agent-1 explore – agent-2 exploit and agent-1 exploit – agent-2 explore),
deterministic exploitation probability (agent-1 exploit – agent-2 exploit), and
average reward over a sliding window.
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For simulations (b) and (c), we adopt a more realistic setting,
and including effects such as Rayleigh fading and shadowing. Given
any two radios ri and rj, we model the power received by radio rj
from radio ri as gi,j if the two radios tune to the same channel, then
gi;j ¼

ci;jxi;jpi

dl
i;j

, where di,j denotes the Euclidean distance, ci, j denotes

for coupling effect, pi is the power emitted by the radio ri, and l
is the path loss factor, which we set l = 3.8, and xi,j denotes a com-
bination of shadowing effect and Rayleigh fading between the
radio ri and the radio rj, xi,j = si,j � fi,j. Both shadowing (slow fading)
and Rayleigh fading (fast fading) are taken into account in our sim-
ulations. The shadowing effect si,j is modelled with Gaussian distri-

bution, si;j � Nð0;8Þ � 10
2

10. Note that the shadowing effect si,j is set
once and fixed during a simulation, because it represents a geo-
graphical effect on communication and should not change when
radios are not moving. The Rayleigh fading is modelled with Gauss-

ian distributions, fi;j ¼
z2

1þz2
2

2 , where z1 � N (0,1), z2 � N (0,1). Note
that the Rayleigh fading effect is calculated whenever there is a
communication or interference sensing.

Due to the shadowing and Rayleigh fading effects embedded in
our communication simulation, there is a considerable variance in
the interference detected as well as the estimated channel capacity
in simulations (b) and (c). In an effort to attenuate the large vari-
ance effect, we apply a windowing scheme on time series signals.
With a window length l, a time series with n observations will be
transformed into W ¼ n

l adjacent windows. For the simulation
(b), we set N = 16 and C = 3. We also set n = 30,000 and l = 30,
and thus there are 1000 observation windows in each tested time
series. The experiments were repeated 30 times and the average
performances were calculated. For the simulation (c), we set
N = C = 4, and five different jamming strategies were implemented
to evaluate the performances of cognitive radios, including free
channel jamming, busy channel jamming, channel rotation jam-
ming (channel sweeping), random jamming and unproportional
random jamming. We set n = 90,000 and l = 30, and thus there
are 3000 observation windows in each tested time series. The
experiments were repeated 30 times and the average perfor-
mances were calculated. Due to performance variations caused
by jamming, we calculate the average rewards of the last 500 iter-
ations among 3000 overall iterations, instead of calculating only
the rewards of the last iteration.

For all simulations, we assume that all radios take actions
simultaneously. The environment is thus dynamic, and it is hence
impossible for any radios to predict other radios’ actions, nor do
they have knowledge on other radios’ actions. Unless specifically
mentioned, we also set g = 0.1 and c = 0.1 for all simulations. For
environmental states are simply the interference level at each
channel measured by each cognitive radio independently (Haykin,
2005). For the reward function, we measure the channel capacity
of the selected channel (Ma, Shen, & Ryu, 2007). For actions, we fo-
cus on channel hopping, i.e., each cognitive radio should decide
which channel it is to use to communicate with its neighbours.



Fig. 7. Evaluation of three exploration schemes on average reward at the end of
iterations with N = C = 2–5.

Table 5
The p-value of different performances of dynamic spectrum access with N = 2 radios
and C = 2 channels, with learning rate a = 0.5 and c = 0, based on 1000 iterations and
1000 repetitions.

Exploration
method

Opportunistic
approach

�-Greedy Boltzmann EUE

Opportunistic 1 7.2566e�176 4.1014e�175 0
�-Greedy 7.2566e�176 1 0 0
Boltzmann 4.1014e�175 0 1 1.5588e�19
EUE 0 0 0 1

4122 A.H.R. Ko et al. / Expert Systems with Applications 40 (2013) 4115–4126
The emission power for cognitive radios is set to 6 mW. Tempera-

ture function is implemented using TðtÞ ¼ h
expð1� d

dtþ1Þ
, where

t ¼ 1
T ;

2
T ; � � � ;1 is the iteration step, h is a normalization factor to en-

sure that 0 < T(t) < 1, "t, and d controls the temperature declining
speed in exploration. Unless specially mentioned, we set d = 8,
T = 1000, and h such that T(1) = 1.

4.2. Dynamic spectrum access with N@C

We first consider a simple case for DSA, where the number of
radios N is equal to the number of communication channels C. In
this case, an optimal solution is to simply allocate a radio to a dis-
tinct channel. Assuming there are no exchange of information and
coordination among cognitive radios, each cognitive radio imple-
ments its own reinforcement learning to optimize its own
objective.

We evaluated different exploration schemes with different
learning rates a, including �-greedy exploration, Boltzmann soft-
max exploration, and the proposed EUE. As shown in Fig. 7, the
proposed EUE scheme clearly outperforms both �-greedy explora-
tion and Boltzmann softmax exploration based on the rewards re-
ceived at the end of iterations (See Table 5). Moreover, all three RL-
based schemes have better performances than opportunistic chan-
nel access approach, which simply detects interference levels of all
channels and then chooses the channel with the least interference
to occupy.

Furthermore, if we define exploration cost as the proportion of
iterations that do not receive positive rewards, i.e., Ecost ¼ Tneg

T ,
where Tneg is the number of iterations where agents do not receive
positive rewards and T is the total number of iterations, we can
evaluate the convergence speed by calculating exploration cost of
each exploration scheme. Again, Fig. 8 shows that the proposed
EUE has the lowest exploration cost, and outperforms both �-gree-
dy exploration and Boltzmann softmax exploration. Not surpris-
ingly, all three RL-based DSA methods have lower exploration
costs than that of an opportunistic channel access approach.

4.3. Dynamic spectrum sharing with N� C

Assuming that there are N legitimate cognitive radios sharing a
set of C channels, N� C. We design a geographic area that is com-
posed of adjacent hexagonal regions, and the length of each side of
a hexagonal region is 200 m. Each hexagonal region is centered at a
point where there is a transmitter, and a receiver moves inside
each region with a distance of 2

3 of diameter from the center (see
Fig. 9). At any given time point, a receiver would move from one
corner to the next corner following a counter clockwise trajectory.
The simulation area is composed of 16 adjacent hexagonal regions
with 3 channels available, and the learning rate is set to a = 0.5, and
c = 0.1. The geometric mean of rewards of 16 radios was calculated
to evaluate performances. Note that we cannot calculate the explo-
ration cost Ecost in this case, because there rewards are not binary
any more and are under influence of Rayleigh fading and shadow-
ing (See Fig. 10).

We shall note that the only coordination is the handshake be-
tween the transmitter and the receiver located in the same hexag-
onal region. There are no communications or coordination between
transmitters and receivers from different hexagonal regions.



Fig. 8. Evaluation of three exploration schemes on average exploration cost at the
end of iterations with N = C = 2–5. Exploration cost is defined as the proportion of
iterations that are not converged to a stable state transition sequence with positive
rewards.

Fig. 9. Dynamic spectrum sharing with N� C setting: Black circle represents a
transmitter, and white rectangle represents a receiver. The receiver moves inside
the region following a hexagonal path. The distance between transmitter and
receiver is 2

3 of that between transmitter and each corner of the region.

Fig. 10. DSS with N� C: The final channel assignment of Q learning after 1000
iterations with optimal parameters using: (a) Boltzmann Softmax exploration with
d = 0.5. (b) �-Greedy exploration with d = 6.5. (c) The proposed EUE scheme with
g = 0.5.

A.H.R. Ko et al. / Expert Systems with Applications 40 (2013) 4115–4126 4123
Furthermore, no radios have the absolute knowledge, i.e., radios do
not know the actions that their neighbours are taking, nor do they
know the interference levels in the neighbouring regions. The only
knowledge that they can obtain is the detected interference level
by the receiver in its hexagonal region. Once again, this interfer-
ence is subject to Rayleigh fading, and consequently the radios can-
not know exactly whether other radios are using the channel that
is being detected, but could only learn to choose an action that may
be the most adequate under the currently detected environmental
state.

In order to compare different exploration schemes, we tested
different parameters with d = 0.5, 2, 3.5, 5, 6.5, 8, and with
g = 0.1, 0.2, � � � ,0.9, and we selected the best performances with
optimal parameters for each exploration scheme (Table 6). We
notice that the proposed EUE has a better performance than both
�-greedy exploration and Boltzmann Softmax exploration, the
statistical significance was shown on Table 7. Moreover, all three
RL-based DSS schemes perform better than simple opportunistic
approach, which serves as a baseline in our simulation.

4.4. Dynamic spectrum access with N = C and with intentional
jamming

We now consider the case when malicious jammers are present
and have the intention to interrupt communications among cogni-
tive radios and consequently deteriorate the Quality of Service
(QoS) in wireless communications. We arrange the setting as in
Fig. 11, where three cognitive radio pairs need to communicate,
and there is a malicious jammer present. Every radio is 20 m apart
from each other. Note that no coordination or exchange of informa-
tion is allowed between different cognitive radio pairs, which we
believe is usually the case in the real world.

Five different jamming strategies are tested: free channel jam-
ming, busy channel jamming, channel rotation jamming (channel
sweeping), random jamming and unproportional random jam-
ming. For unproportional random jamming, we define a normaliz-
ing factor s ¼

PC�1
c¼1 , and the jamming probabilities among C

channels are set as pðcÞ ¼ c�1
s , for 1 6 c 6 C. Each cognitive radio



Table 6
The comparison of performances of dynamic spectrum sharing with N = 16 radios and C = 3 channels, with learning rate a = 0.5 and c = 0.1, based on 1000 iterations and 30
repetitions.

Exploration method Opportunistic approach Best �-greedy Best Boltzmann Best EUE Average EUE

Average rewards 3.1203E+07 3.6018E+07 3.5072E+07 5.0565E+07 4.8793E+07
Standard deviation of rewards 7.1693E+06 3.0112E+06 2.7778E+06 2.8679E+06 9.5278E+06
Optimal parameters N.A. d = 6.5 d = 0.5 g = 0.5 g = 0.1 � 0.9

Table 7
The p-value of different performances of dynamic spectrum sharing with N = 16 radios and C = 3 channels, with learning rate a = 0.5 and c = 0.1, based on 1000 iterations and 30
repetitions.

Exploration method Opportunistic approach Best �-greedy Best Boltzmann Best EUE

Opportunistic 1 0.0030 0.0109 6.0077e�14
Best �-greedy 0.0030 1 0.1550 1.5558e�18
Best Boltzmann 0.0109 0.1550 1 1.5588e�19
Best EUE 6.0077e�14 1.5558e�18 1.5588e�19 1

Fig. 11. The location setting for intentional jamming: three cognitive radio pairs on
the periphery and a malicious jammer in the middle.

Fig. 12. The evaluation of mixed jamming strategies with N = C = 4, where y-axis shows
are cognitive radios whereas one radio is an malicious jammer. We set c = 0.1, and we t

4124 A.H.R. Ko et al. / Expert Systems with Applications 40 (2013) 4115–4126
pair has reward as the channel capacity of the selected channel;
to evaluate different exploration schemes, we calculated the geo-
metric mean of rewards of three cognitive radio pairs, and the re-
sults are shown in Fig. 12. We evaluated different learning rates
a = 0.05, 0.1, � � � ,1, and the performance with the best learning
rate is chosen for each schemes. Again, we did not calculate the
exploration cost Ecost in this case, because there rewards are not
binary any more and are under influence of Rayleigh fading and
shadowing.

In all evaluated jamming strategies except for random jamming,
the proposed EUE did perform better than traditional both �-gree-
dy exploration and Boltzmann softmax exploration (see Fig. 12, Ta-
ble 8). We thus believe that the proposed EUE may be useful in the
real world to reduce communication interference. Also note that all
RL-based methods outperform opportunistic channel access ap-
proach, even in case of a random jamming. This is because a cogni-
tive radio using an opportunistic approach is prone to the
interference not only from a malicious jammer but also from other
cognitive radios.
the average channel capacity of selected channel as rewards. Note that three radios
ested a = 0.05,0.1, � � � ,1, and selected the best performance for each scheme.



Table 8
The p-value of different performances of dynamic spectrum sharing in a free channel jamming scenario with N = 4 radios including one malicious jammer and C = 4 channels, with
learning rate g = 8 and c = 0.1, based on 3000 iterations and 30 repetitions. We tested a = 0.05, 0.1, � � � , 1, and selected the best performance for each scheme.

Exploration method Opportunistic approach Best �-greedy Best Boltzmann Best EUE

Opportunistic 1 3.6236e�07 5.0531e�04 1.9050e�16
Best �-greedy 3.6236e�07 1 4.7041e�05 0.0027
Best Boltzmann 5.0531e�04 4.7041e�05 1 8.1884e�33
Best EUE 1.9050e�16 0.0027 8.1884e�33 1
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5. Conclusion

In this paper, we regard cognitive radios as a flexible and
adaptive solution for dynamical spectrum access (DSA) and dy-
namic spectrum sharing (DSS). We consider non-coordinated
DSA and DSS problems with decentralized cognitive radios, and
introduce a novel multi-agent multi-state reinforcement learning
exploration for DSA and DSS. Multi-agent multi-state reinforce-
ment learning can be implemented in a decentralized way, and
thus has potential to solve DSA and DSS problems. However,
the implementation of multi-agent multi-state reinforcement
learning on DSA or DSS will face two main challenges: (a) com-
munication interference in DSA or DSS: communication among
different radios might not be feasible due to interference or geo-
graphical conditions, and an agreement on channel assignment
might never be achieved or honoured by all participants; (b)
learning interference in multi-agent multi-state reinforcement
learning: the existence of multi-agent and the lack of coordina-
tion and information exchange will result in simultaneous learn-
ing by multiple agents, which causes inefficient and ineffective
learning.

The problem due to dual interference is not yet properly
addressed in the literature, and thus we propose a Enhanced
Unequal Exploration (EUE) scheme based on multi-agent multi-
state reinforcement learning for DSA and DSS problems. We first
identify and define three distinct exploration patterns in multi-
agent multi-state reinforcement learning, namely simultaneous
exploration, single-agent exploration, and deterministic exploita-
tion. We then argue that single-agent exploration should be fa-
voured compared with simultaneous exploration, and that
agents should transit quickly from single-agent exploration to
deterministic exploitation to maximize benefits once learning
converges. This desired learning behaviour can be quantified by
a Single-Agent-Learning-Oriented (SALO) measure, which has a
correlation between 85–89% with the performance of multi-
agent multi-state reinforcement learning. We then show that
the proposed EUE scheme has a greater SALO measure compared
with other traditional exploration schemes in multi-agent multi-
state reinforcement learning.

To demonstrate that the proposed EUE can excel in DSA and DSS
problems, we tested it in three different scenarios, and took into
account of Rayleigh fading and shadowing. Using conventional
opportunistic channel access approach as the baseline, we demon-
strate that all multi-agent multi-state reinforcement learning
based schemes can perform better than this baseline; we also dem-
onstrate that the proposed EUE clearly outperforms other multi-
agent multi-state reinforcement learning based schemes in all
three DSA and DSS problems.
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