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a  b  s  t  r  a  c  t

Practitioners  often  rely  on  search  results  to  learn  about  the  performance  of  a  particular  optimizer  as
applied  to  a  real-world  problem.  However,  even  the  best  fitness  measure  is  often  not  precise  enough
to  reveal  the  behavior  of the  optimizer’s  added  features  or the  nature  of the interactions  among  its
parameters.  This  makes  customization  of  an  efficient  search  method  a rather  difficult  task.

The aim  of this  paper  is to  propose  a diagnostic  tool  to help  determine  the  impact  of parameter  setting
by monitoring  the  exploration/exploitation  balance  (EEB)  of  the  search  process,  as  this  constitutes  a  key
characteristic  of  any  population-based  optimizer.  It  is  common  practice  to  evaluate  the EEB  through  a
diversity measure.  For  any  diagnostic  tool  developed  to perform  this  function,  it  will be  critical  to  be  able
to  certify  its reliability.  To achieve  this,  the  performance  of the  selected  measure  needs  to  be assessed,
and  the  EEB  framework  must  be  able  to  accommodate  any  landscape  structure.  We  show  that  to devise  a
diagnostic  tool,  the  EEB  must  be  viewed  from  an  orthogonal  perspective,  which  means  that  two  diversity
measures  need  to  be  involved:  one  for  the  exploration  axis,  and  one  for the  exploitation  axis.  Exploration
is  best  described  by  a  genotypic  diversity  measure  (GDM),  while  exploitation  is  better  represented  by
a phenotypic  convergence  measure  (PCM).  Our  paper  includes  a  complete  review  of  PCM  formulations,
and  compares  nearly  all  the  published  PCMs  over  a validation  framework  involving  six  test  cases  that
offer  controlled  fitness  distribution.  This  simple  framework  makes  it possible  to portray  the  underlying
behavior  of  phenotypic  formulations  based on three  established  requirements:  monotonicity  in fitness
varieties,  twinning,  and  monotonicity  in  distance.  We  prove  that  these  requirements  are  sufficient  to

identify  phenotypic  formulation  weaknesses,  and, from  this  conclusion,  we  propose  a  new  PCM,  which,
once  validated,  is  shown  to comply  with  all the  above-mentioned  requirements.  We  then  compare  these
phenotypic  formulations  over  three  specially  designed  fitness  landscapes,  and,  finally,  the  new  pheno-
typic  formulation  is combined  with  a  genotypic  formulation  to  form  the  foundation  of  the  EEB  diagnostic
tool.  The  value  of  such  a tool  is substantiated  through  a comparison  of the  behaviors  of  various  genetic
operators  and  parameters.
. Introduction

To estimate the performance of a particular optimizer, practi-
ioners commonly rely on search results, such as the best fitness.
owever, this information alone may  not reveal the underlying
ehavior of a customized search strategy. Furthermore, theories

n the field of metaheuristics are generally difficult to translate into
he realities of real-world problems. In fact, these theories are usu-
lly either restricted to specific landscape problems or derived for
n isolated component of the search process [1].  For these reasons,

nd considering the No Free Lunch theorem, which stipulates that
o one optimizer can dominate in all situations [2],  designing an
fficient search strategy may  be difficult. In this paper, efficiency
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refers to the ability to find a valuable solution, or solutions, in the
shortest possible time.

Diagnostic tools for optimizers may  help practitioners deter-
mine the impact of different strategies implemented during the
search process. More importantly, the information gathered can
serve to devise a better search strategy, customized for the problem
at hand.

Monitoring the search exploration/exploitation balance (EEB)
offers a valuable description of the working of an algorithm [3].  In
other words, as it is responsible for the specific search path pur-
sued, the EEB may  be regarded as a basic efficiency characteristic
for any population-based optimizer. The EEB summarizes the way
in which resources are allocated. Samples directed toward explo-

ration help in the gathering of knowledge on infrequently visited
landscape areas, while exploitation relates to resources dedicated
to digging in promising regions. Clearly, excessive exploration can
lead to random searching and a waste of computational resources.

ghts reserved.
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t the same time, excessive exploitation can lead to local searching
nd convergence to a suboptimal solution. In fact, what is needed
or conducting a search over unknown landscapes with limited
esources is a precise EEB, and tools that capitalize on EEB infor-
ation can be a powerful means for diagnosing the impact of a

earch strategy and for selecting the best combinations of search
arameters.

In a similar line of thought, Bassett and De Jong [4] have provided
n evolutionary algorithm (EA) customization tool for monitor-
ng the EEB, with the aim of diagnosing customized reproductive
perators. They use multivariate quantitative genetics theory to
evelop two indicators, perturbation and heritability. The former
escribes exploration capacity, and the latter estimates exploita-
ion capability. However, this customization tool does not support
earch component interaction. Turkey and Poli [5] considered a dif-
erent approach to describe the emergent collective behavior of
opulation-based search process. They used a self-organizing map
SOM), which is a kind of artificial neural network, for tracking the
opulation dynamics. With this system, they extracted multiple
roperties for characterizing the EEB. Nevertheless, the impact of
he SOM parameters, such as grid size and training approach, on
he quality of the retrieved EEB features remains unclear.

Our objective here is to develop a diagnostic tool based on popu-
ation diversity formulations for indicating the optimizer EEB. Two
inds of diversity descriptors can be used to define this framework:
enotypic diversity measures (GDMs), and phenotypic diversity
easures (PDMs). GDMs characterize the spatial distribution of

he population, whereas PDMs depict its fitness distribution, and
o refer to the quantity and the quality of the population diversity
espectively [6].

To develop the diagnostic tool, two underlying objectives must
e achieved. First, the role of both diversity measures must be
stablished. Moreover, since numerous diversity measures have
een proposed in the literature over the years, the efficiency and
eliability of these formulations must be established. Some studies
ompare the similarities and differences of GDMs [7–9]. However,
o the best of the authors’ knowledge, no such study involving
DMs has been conducted. This leads us to state the second objec-
ive, which is to review and assess the performance of phenotypic
ormulations.

The paper is organized as follows: in the next section, we show
ow the EEB can be represented through diversity measures; in
ection 3, we review the phenotypic formulations proposed in the
iterature; in Section 4, we propose a validation framework and
nalyze some phenotypic formulations; in Section 5, we develop
nd validate a new phenotypic formulation; in Section 6, we  com-
are all these formulations over specially designed landscapes; in
ection 7, we establish and assess the desirable qualities of a for-
ulation; in Section 8, we present the proposed diagnostic tool

nd describe it through an application in a genetic algorithm (GA)
arameter setting context; finally, in Section 9, we  conclude the
aper.

. EEB concept

The EEB can be viewed in terms of one of two  paradigms [10]:
1) exploration and exploitation act as opposing forces, where
ncreasing one reduces the other; or (2) they can be considered
s orthogonal forces. This second perspective offers the possibil-
ty of increasing both exploration and exploitation simultaneously.
n fact, it has been shown that the opposing forces paradigm is a

pecial case of the orthogonal forces paradigm [9].

Consequently, monitoring the EEB must involve two  metrics:
ne for the exploration axis, and one for the exploitation axis.
xploration is best described by the genotypic formulation, as it
Fig. 1. Orthogonal EEB framework with differentiation into four search zones.

summarizes the distribution of the individuals over the search
space, while exploitation is best characterized by phenotypic for-
mulations, as promising regions are targeted based on fitness
information. This orthogonal EEB framework is illustrated in Fig. 1.
With normalized evaluation, unitary genotypic and phenotypic val-
ues relate to maximum exploration and exploitation respectively.

According to this framework, exploration increases with a rise
in genotypic diversity. In contrast, exploitation corresponds to the
intensification of phenotypic convergence. To avoid confusion, we
will refer to the phenotypic convergence measure (PCM) instead
of the phenotypic diversity measure (PDM) when dealing with the
EEB framework.

Since a mode can be generated from neighboring fitness values
belonging to highly scattered individuals, phenotypic conver-
gence should not be employed to terminate a search process.
Generally, for population-based optimizers, advancing toward con-
vergence indicates that individuals are becoming increasingly
similar. Therefore, phenotypic convergence without genotypic con-
vergence indicates that multiple solutions perform equally well.
However, such a condition does not necessarily correspond to a
multimodal landscape. In reality, it could refer to a “ring” formation
produced by the individuals around a particular optimum. Despite
this condition, representation of the orthogonal EEB framework
through a GDM–PCM combination provides a way to depict the con-
cept of useful diversity introduced by Goldberg and Richardson [11].
As they point out, preserving diversity by itself is not the ultimate
goal; it is maintaining diversity that can lead to the identification
of good individuals.

Finally, to further illustrate the value of the orthogonal EEB
framework, four zones are proposed in Fig. 1. Zone 1 characterizes a
population with spatially similar individuals (low genotypic diver-
sity) and heterogeneous fitness (low phenotypic convergence).
Zone 2 is characterized by high exploration capability and low
exploitation strength. A random search, for instance, would be
located in this zone. Zone 3 is the useful diversity area discussed
previously, in which exploration and exploitation are maximized
simultaneously. Finally, in Zone 4, a searching process is directed
toward converges to a single solution. The orthogonal EEB frame-
work appears, therefore, to be more descriptive of the search
process than the concept of opposing forces, where, to some extent,
only the second and the fourth zones are distinguished.

3. Review of phenotypic formulations

For any landscape structure, the orthogonal EEB framework por-
trays the way  resources are allocated, and, consequently, optimizer

performance. In fact, the use of a phenotypic formulation is only jus-
tifiable from this perspective. To reduce computational effort, some
researchers only consider phenotypic diversity (the EEB concept
of opposing forces), on the assumption that fitness differences
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Table  1
Variables defined for this study.

Variable Definition

d(i, j) Distance function used to monitor diversity between i and j
D(F) Diversity of the fitness distribution
i,  j Individual number ∈ {1, . . .,  N}
fi Fitness of individual i
fbest Fitness of the best individual in the population
favg Average fitness of the population
fworst Fitness of the worst individual in the population
�̂f Standard deviation of the fitness distribution
F Fitness distribution of a population
m Interval number
M Total number of intervals
N Population size
pm Fraction of N that belongs to interval m
P Population
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U(F) Fitness distribution F based on a uniform distribution
NMDF Normalization with maximum diversity so far
VMD Virtual maximum diversity

eflect genotypic space diversity [12]. This is a limitation, however,
nd few researchers using this approach take it into account [13]-
16]. The following scenario illustrates the problem: a population
f N individuals located on N different peaks of the same magnitude
ould be considered to be in a state of convergence from the phe-
otypic point of view, whereas from a genotypic perspective, the
iversity would be clearly visible. Therefore, in the presence of an
nknown landscape structure, relying solely on phenotypic mea-
urement could be misleading in the search performance analysis.

Phenotypic formulations have frequently been involved in the
euristic formulations used to adapt EA parameters to control the
EB. However, modifying the EEB during a search considerably
ncreases process complexity. Burke, Gustafson, and Kendall [17]
ummarized the problem as follows: “The type and amount of diver-
ity required at different evolutionary times remains rather unclear.”

The first objective of the paper having been met  with the above
etailed discussion on phenotypic measures, we  present below
ine formulations retrieved from the literature, as well as some
ariants adapted to the present context. This results in a total of 19
ifferent PCMs.

.1. General concept

In this study, minimization problems are considered, which
equires the adaptation of some PCM formulations. Table 1 sum-
arizes the variables used in this study.
Phenotypic formulations can be evaluated from two per-

pectives: (1) based on distance-based measurement, where the
easurements are estimated by the best fitness (fbest), the aver-

ge fitness (favg), the worst fitness (fworst), or the standard deviation
f the fitness distribution ( �̂f ) (evaluations based on the distances
etween solution responses are also possible, and may  be evaluated
ccording to a particular descriptive fitness (fbest, favg), or between
ach individual fitness measure); or (2) by scanning the fitness fre-
uency of a population. However, two points have restricted the

atter perspective from being adopted for phenotypic formulation
valuation. First, since the fitness distribution is generally contin-
ous, the fitness space has to be partitioned. Also, the maximum
ange of the fitness values is unknown, unless the search space is
ompletely enumerated, and so the partitioning process needs to
e adaptive, to account for the extension of the fitness range.

.2. Normalization
In this study, all PCMs are limited to unitary ranges. Full
xploitation in the EEB framework is associated with a PCM value
f 1, as the phenotypic convergence state is achieved, while a
omputing 13 (2013) 9–26 11

0 value represents the maximum phenotypic diversity state.
Aside from the advantage of normalized measures for comparison
purposes, this makes the PCM equal to 1–PDM.

Some existing PCMs are normalized in their original formu-
lation, while others rely on the maximum diversity obtained so
far in the optimization process (NMDF). However, this normaliza-
tion is not suitable in a phenotypic context, as it could distort the
measurement. In fact, NMDF assumes that the starting population
is drawn from a uniform distribution. Since the fitness distribu-
tion is a function of the landscape relief, this assumption cannot
be made. Consequently, this approach would then consider the
initial phenotypic distribution as the most diversified state, regard-
less of its real level. We  therefore propose the virtual maximum
diversity (VMD) as a normalization alternative. For a given popula-
tion size, this approach considers that the most diverse population
state is achieved when the fitness distribution is uniformly dis-
tributed between the worst and the best values obtained up to that
point in the optimization process. This means that the diversity
is computed for a virtual population in which the fitness of the
individuals is uniformly distributed over the absolute fitness range
respecting a predefined distance (|fworst − fbest |/(N − 1)). Since VMD
is established for N individuals, it must be recalculated when the
population size and/or the absolute fitness range are modified.

For fitness frequency measurements, the maximum diversity
value is obtained when the fitness distribution is partitioned uni-
formly over the total number of intervals (M). The maximum value
is calculated by setting pm = 1/M in the formulation. However, for
N < M,  the maximum value is achieved when pm = 1/N.

Finally, the presence of phenotypic outliers could lead to an
overestimation of the convergence state, due to the widening of
the absolute fitness range. However, in real-world problems, iden-
tifying phenotypic outliers is difficult, since they can represent
unvisited regions, instead of a single extreme value.

3.3. PCM formulation

Table 2 presents the PCMs considered in our comparison, some
of which were developed specifically for phenotypic distribution,
while others were proposed in multivariate distribution contexts
and so are reformulated here. The latter are marked with an asterisk
in the reference column of the table.

PCM1 and PCM2 are simple ratio indicators, whereas PCM3 could
be considered as an extreme ratio. Lee and Takagi [18] used PCM1,
PCM2, and the change in best fitness as inputs of fuzzy logic con-
trollers for adapting GA parameters. Subbu et al. [19] later proposed
a similar adaptation scheme, in which they promote PCM1 and
a GDM based on the Hamming distance as inputs. Herrera and
Lozano [6] also used PCM1 and a GDM based on Euclidian distance
as inputs to their fuzzy logic controller. Finally, Vasconcelos et al.
[20] and Pellerin et al. [21] promoted the use of a PCM with the
same meaning as PCM1 to adapt GA parameters following heuristic
rules.

PCM4 represents a family of PCMs based on the difference
between the average and the best fitness. This difference could
serve as a phenotypic convergence detector [22]. PCM4.1 is normal-
ized by the fitness range [23], while PCM4.2 is the absolute version
of PCM4.1 proposed by Neri et al. [24,25] to adapt parameters and
activate local searchers with heuristic rules in a memetic algorithm
(MA) context. Caponio et al. [26] proposed PCM4.3, which is an
NMDF normalized version. They use this indicator with a hybrid
algorithm to detect super-fit individuals, and thus activate differ-
ent local searchers following heuristic rules. PCM4.4 was proposed

by Caponio et al. [14]. Again, it is used to adapt EA parameters and
activate local search procedures following heuristic rules. PCM4.4
was later used for other applications with similar adaptation rules
[13,27,28]. PCM4.5 is the VMD normalized version proposed here.
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Table 2
PCM formulations used for the comparative study.

No. PCM formulation Ref. No. PCM formulation Ref.

1. PCM1 = fbest
favg

[18] 13. PCM6 = 1 −
(1/N)
∑N

i=1
|fi−favg |

VMD [31]*, [32]*

2.  PCM2 = favg
fworst

[18] 14. PCM7 = 1 −
∑N

i=1
(fi−favg )2

VMD [33]*

3.  PCM3 = fbest
fworst

4. PCM4.1 = 1 − favg −fbest
fworst −fbest

15. PCM8 = 1 −
2/(N(N−1))

∑N

i=2

∑i−1

j=1
|fi−fj |

VMD [34]*

5.  PCM4.2 = 1 −
∣∣ favg −fbest

fworst −fbest

∣∣ [24] 16. PCM9 = 1 + 1
log(u)

M∑
m=1

pm log(pm) [36]

6.  PCM4.3 = 1 − |favg −fbest |
NMDF [26] 17. PCM10 = 1 −

1−
∑M

m=1
p˛

m

1−u1−˛ [39]

7.  PCM4.4 = 1 − min
{∣∣ favg −fbest

fbest

∣∣ , 1
}

[14] 18. PCM11 = 1 −
log
(∑M

m=1
p˛

m

)
(1−˛) log(u) [40]

8.  PCM4.5 = 1 − |favg −fbest |
VMD 19. PCM12 = 1 −  ̌ ·

M∑
m=1

pm(1 − pm) [7]*

9.  PCM5.1 = 1 − �̂f
|fworst −fbest | [15] where,

10.  PCM5.2 = 1 − �̂f√
((fworst −favg )2+(fbest −favg )2)/2

[29]  ̌ =

{
M

(M − 1) − (r(M − r)/N2)
if M < N

N

N − 1
otherwise

11.  PCM5.3 = 1 − min

{
�̂f

f
, 1

}
[30]
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12.  PCM5.4 = 1 − �̂f

VMD

The PCM5 family is based on the standard deviation, or dis-
ersion, of the fitness values. We  consider the unbiased standard
eviation in this study. PCM5.1 was proposed by Tirronen and Neri
15] to adapt differential evolution parameters following heuris-
ic rules. PCM5.2 is known as the degree of dispersion, and was
roposed by Miao et al. [29] to adapt a particle swarm optimizer
arameter. PCM5.3 was promoted by Tirronen et al. [30] to activate

ocal searchers in MA  following heuristic rules. In this PCM formu-
ation, as for PCM4.4, the minimum operator suggests normalization
ssues, since the unitary range is not guaranteed. PCM5.4 is the VMD
ormalized version proposed in this paper.

PCM6 to PCM8 are reformulations of multivariate diversity mea-
urements [31–34].  In the phenotypic context, PCM6 describes the
ean location of the fitness values with respect to the average fit-

ess of the distribution. PCM7 is based on the underlying idea of
llocating more importance to fitness values away from the mean
f the distribution. Finally, PCM8 corresponds to the mean pairwise
istance from all fitness values. The idea behind this PCM was used
y Hutter and Legg [35] to motivate the development of the fitness
niform selection scheme (FUSS).

PCM9 to PCM12 belong to the fitness frequency category. This
ategory involves the entropy concept which, at first sight, could
e well suited to being a phenotypic descriptor, since it describes
he level of disorder of a distribution. PCM9 represents the Shan-
on entropy [36]. Rosca [37] uses this formulation to correlate
enetic programming (GP) statistical measures to the phenotypic
tate with the aim of controlling the EEB, whereas Darwen [38] uses
t to compare problem-specific learning strategies involved in a GA
ptimizer. PCM10 and PCM11 are two other entropy families (  ̨ > 0
nd  ̨ /= 1) [39,40].  By letting  ̨ → 1, PCM10 and PCM11 tend toward
CM9. In contrast, PCM12 is an approximation of PCM9 [7].  The vari-
ble u, shared by PCM9 to PCM11, stands for the normalization part,
s u = min{M,  N} (Section 3.2). For PCM12, there is a similar normal-
zation. Nevertheless, in the original formulation, a correction term

r = N mod  M)  was considered for cases where M is not a common
ivisor of N.

As we have shown, most of the phenotypic indicators for-
ulated in the literature have been used alone to describe the
population’s EEB state, and no performance analysis was  conducted
to assess the suitability of these various formulations.

4. Validation of phenotypic formulations

Validation of the phenotypic formulation selected is manda-
tory, in order to ensure the reliability of the EEB diagnostic tool.
Since no framework is available in the literature, three diversity
requirements are proposed to determine the relevance of pheno-
typic formulations. These requirements are validated by means of
a deterministic frozen diversity case framework, which is a simple
framework that can represent them efficiently. In order to avoid
potential issues arising from normalization approaches, phenotypic
formulations are considered here solely by studying their charac-
teristics at the family level, which reflect their computed diversity.

4.1. Requirements for a suitable diversity measure

In pioneering research, Weitzman [41] listed 14 principal char-
acteristics of reliable diversity measures. Weitzman acknowledged
that these properties are not equally important. Later, Solow and
Polasky [42] identified three of them as natural requirements:

1. Monotonicity in species:  adding a species (or individuals, in the
current context) should not decrease diversity or D(P′) ≤ D(P), if
P′ is a subset of population P.

2. Twinning: the addition of an individual or a species already in the
population should not increase the diversity or D(P ∪ i) = D(P), if
d(i, j) = 0, where j ∈ P and i /∈ P.

3. Monotonicity in distance: an unambiguous increase in distance
between individuals should be reflected in the measurement or
D(P′) ≤ D(P), if d(i′, j′) ≤ d(i, j).
The ideas governing these requirements apply to phenotypic
measurement. In reality, the diversity measurement should be
understood as a description of the coverage of the search space. This
concept is completely and rigorously expressed by those diversity
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Table  3
Requirements of the phenotypic formulation.

# Requirement Brief description

1 Monotonicity in fitness varieties Adding a fitness value should not decrease diversity
Uniformly distributed fitness provides upper bound diversity
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3  Monotonicity in distance or shuffling dependence 

equirements. Nevertheless, the three requirements must first be
eformulated in terms of fitness distribution.

Species monotonicity will be referred to here as monotonicity
n fitness varieties. This first quality specifies that diversity will
ncrease with the addition of new fitness values. This implies that
he maximum phenotypic diversity is produced by a uniform dis-
ribution (U(F)) over the fitness range. Therefore, the mathematical
ormulation is: D(F′) ≤ D(F) ≤ D(U(F)), where F′ is a subset of the
tness distribution F.

The initial definition of the twinning requirement is directly
ransferable to the present context. However, for fixed population
izes, the presence of duplicate individuals inevitably reduces the
iversity of a population. The mathematical form then becomes
((F \ fk) ∪ fi) < D(F), if d(fi, fj) = 0, where fj ∈ F, fi /∈ F. Here, fk is a non-
uplicated individual removed from the population F.

The monotonicity in distance requirement also corresponds to
he shuffling dependence property [43]. This requirement states
hat permutation of fitness values impacts the phenotypic mea-
urement directly. In this context, the mathematical formulation
ecomes: D(F′) ≤ D(F), if d(f ′

i
, f ′

j
) ≤ d(fi, fj).

Table 3 lists and describes the final phenotypic formulation
equirements, which will be shown to be sufficient for evaluating
heir relevance.

.2. Validation framework for the requirements analysis

Six deterministic cases of frozen fitness diversity are proposed
o evaluate and illustrate the phenotypic formulation responses, as
ollows:

ase 1: All the individuals are located at fbest.
ase 2: 50% of the population is located at the mid-point between

fworst and fbest, while the remaining portion is at fbest.
ase 3: N − 1 of the population is located at the mid-point between

fworst and fbest, while the remaining individual is at fbest.
ase 4: 50% of the population is located at fworst, while the

remaining portion is at fbest.
ase 5: N − 1 of the population is located at fworst, while the

remaining individual is at fbest.
ase 6: The individuals are uniformly distributed over a predefined

fitness range (VMD  case).

The first case corresponds to a converged situation. Cases 2
nd 3, and Cases 4 and 5 present equivalent phenotypic diversi-
ies. However, Cases 4 and 5 present higher diversities than Cases

 and 3. Furthermore, Cases 2–5 have low phenotypic diversity
two fitness values). In contrast, Case 6 corresponds to the highest
henotypic diversity state.

During the tests, a population size (N) of 100 and a total number
f intervals (M) of 100 are used. In addition, the fitness range is
efined between 150 for fworst and 50 for fbest.
.3. Relevance of the phenotypic formulations

Table 4 presents the diversity levels obtained from each pheno-
ypic family in Table 2 and applied to the validation framework.
Duplicate fitness values should reduce diversity, as the distribution moves
away from the uniform distribution case (diversity upper bound)
Diversity should decrease as fitness values move closer together

Results indicate that all the phenotypic formulations identify
the converged distribution (Case 1 = 0). However, none of them
conforms to the diversity requirements.

In fact, families 1–8 violate the monotonicity in fitness vari-
eties; Case 6 is not identified as the highest diversity level. All
the descriptors found Case 4 or Case 5 to represent the highest
diversity condition, even though they each involve only two fitness
values.

In addition, all but the third phenotypic family violate the twin-
ning requirement; their state evaluations are dependent on the
number of individuals located at a given fitness position (Case
2 /= Case 3, and Case 4 /= Case 5). In fact, the third family is able to
fulfill this requirement only because its extreme ratio takes advan-
tage of the proposed fitness value distribution.

Finally, none of the fitness frequency families (9–12) is capable
of adequately describing the monotonicity in distance requirement.
This is because they all show identical phenotypic measurement,
since they do not take into account the location of the intervals
over the fitness distribution [9] in cases where the individuals are
different distances apart (Cases 2 /< 4, or Cases 3 /< 5).

Table 5 summarizes the behavior of the phenotypic families over
the diversity requirements identified.

5. New phenotypic formulation proposed

To control the EEB within the orthogonal framework, a reliable
PCM is required. The previous section revealed that no phenotypic
formulation available in the literature offers a perfect description of
the scattering of the fitness distribution. Therefore, our aim in this
section is to present a new formulation that meets the requirements
listed in Table 3.

This new formulation is based on multiplication of the pheno-
typic value differences established between neighbors. Once the
fitness distribution has been sorted, the computation can start from
any side of the sorted distribution. The formulation ensures that the
state of maximum phenotypic diversity occurs when all the indi-
viduals are uniformly spread out within the fitness range, which
leads to the VMD case and fulfillment of the monotonicity in fitness
varieties requirement.

To demonstrate, Fig. 2(a) depicts the diversity level of a pheno-
typic distribution with three individuals located within a 10-unit
fitness range. One individual is located at fbest(0), another at
fworst(10), and the third between the boundaries of this range.
This example shows that the behavior of the proposal is generally
good. The maximum diversity state appears when the third indi-
vidual is located at 5, and the performance deteriorates as the third
individual approaches the fitness range boundaries. This response
degradation comes about as a result of the multiplication effect,
and so it appears when the third individual is located closer than
1 unit from any other individual. Furthermore, the multiplication
of the fitness difference between neighbors could rapidly lead to
very high numbers, as the population and fitness range increase.

The multiplication is therefore replaced by the addition of the log-
arithms of the neighbor differences. Moreover, the addition of 1
in the logarithmic operator automatically eliminates duplicate fit-
ness values, which ensures that the twinning requirement is met.
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Table 4
Behavior of phenotypic formulations over the six frozen case framework.

Family Diversity formulation Phenotypic distribution

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
Nbest 50middle/50best (N − 1)middle/1best 50worst/50best (N − 1)worst/1best VMD

1 1 − (fbest/favg ) 0.00 0.33 0.50 0.50 0.66 0.50

2  1 − (favg/fworst) 0.00 0.25 0.005 0.33 0.007 0.33

3  1 − (fbest/fworst) 0.00 0.50 0.50 0.67 0.67 0.67

4 |favg − fbest | 0.00 25.00 49.50 50.00 99.00 50.00

5  �̂f 0.00 25.13 5.00 50.25 10.00 29.30

6 1
N

N∑
i=1

|fi − favg | 0.00 25.00 0.99 50.00 1.98 25.25

7

N∑
i=1

(fi − favg )2 0.00 6.25E+04 2.48E+03 2.50E+05 9.90E+03 8.50E+04

8 2
N(N−1)

N∑
i=2

i−1∑
j=1

|fi − fj | 0.00 25.25 1.00 50.51 2.00 34.01

9  −
M∑

m=1

pm log(pm) 0.00 0.69 0.06 0.69 0.06 4.59

10 1
˛−1

(
1 −

M∑
m=1

p˛
m

)
0.00 0.96 0.70 0.96 0.70 68.34

11 1
1−˛ log

(
M∑

m=1

p˛
m

)
0.00 0.69 0.54 0.69 0.54 4.59

12 N2

2

M∑
m=1

pm(1 − pm) 0.00 2500.00 99.00 2500.00 99.00 4949.00

Table 5
Summary of the diversity requirement fulfillment by the phenotypic formulations.

Family Diversity formulation Requirement (cases): #1 (6 > all others) #2 (2 = 3 and 4 = 5) #3 (4 > 2 and 5 > 3)

1 1 − (fbest/favg ) No No Yes
2 1  − (favg/fworst) No No Yes
3  1 − (fbest/fworst) No (Yes) Yes
4  |favg − fbest | No No Yes
5  �̂f No No Yes

6 1
N

N∑
i=1

|fi − favg | No No Yes

7

N∑
i=1

(fi − favg )2 No No Yes

8 2
N(N−1)

N∑
i=2

i−1∑
j=1

|fi − fj | No No Yes

9  −
M∑

m=1

pm log(pm) Yes No No

10 1
˛−1

(
1 −

M∑
m=1

p˛
m

)
Yes No No

11 1
1−˛ log

(
M∑

m=1

p˛
m

)
Yes No No

12 N2

2

M∑
m=1

pm(1 − pm) Yes No No
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ig. 2. Phenotypic diversity level of the new proposal registered over a populatio
henotypic convergence level of PCM13.

quation 1 gives the descriptor formulation. The previous example
s repeated in Fig. 2(b) with this enhanced formulation.

N−1

i=1

ln(1 + |fi − fi+1|) (1)

inally, (1) can be rewritten as a PCM formulation, as follows:

CM13 = 1 −
∑N−1

i=1 ln(1 + |fi − fi+1|)
VMD

(2)

Fig. 2(c) presents the behavior of PCM13 over the previous
xample. It confirms that the lowest convergence state (or high-
st diversity state) is achieved when the population is uniformly
istributed (with the third individual located at 5). It can also be
bserved that the maximum achieved convergence level is 0.33,
ince at least two individuals are always differentiated by the max-
mum distance allowed from the fitness range.

Analysis of the new phenotypic formulation over the diversity
equirements

The formulation can be evaluated by means of the validation
ramework introduced in the previous section, the results of which
re provided in Table 6. As with the preceding descriptors, the new
roposal in its non-normalized version (1) detects the converged
tness distribution (Case 1 = 0). Moreover, Table 6 reveals that the
ew formulation conforms to the three diversity requirements:
onotonicity in fitness varieties is respected, as Case 6 presents

he highest diversity level. Twinning is followed, since a differ-
nt distribution of fitness values has no impact on the diversity
evel (Case 2 = Case 3, and Case 4 = Case 5). Finally, the mono-
onicity in distance requirement is met, as the distance between
ndividuals is accurately taken into account (Case 2 < Case 4, and
ase 3 < Case 5).
. Analysis of PCMs over specifically designed landscapes

Now that the new phenotypic formulation has been proved to
erform in accordance with the diversity requirements, this section

able 6
iversity levels of the new proposal over the validation framework.

Family Diversity formula Phenotypic distribution

Case 1 Case 2 C
Nbest 50middle/50best (N

13

N−1∑
i=1

ln(1 + |fi − fi+1|) 0.00 3.93 3.
three individuals. (a) Multiplicative formulation. (b) Logarithmic formulation. (c)

examines its behavior over the course of a search process. PCM1 to
PCM12 are also included in the investigation. However, this anal-
ysis requires that the phenotypic state be known quantitatively,
or at least qualitatively, throughout the optimization process. This
would become a serious issue if the search were based on an EA,
since the sampled fitness distribution depends on the search path
followed, which is a stochastic process. The result would be to hide
the phenotypic distribution structure of a chosen benchmark. Fur-
thermore, replications of the simulations, which are essential for
validating the reliability of a PCM, would be useless.

In order to circumvent this problem, a generic benchmark is
proposed to ensure uniform fitness distribution sampling, as well
as control of the phenotypic states by the landscape definition
and the search dynamic. Furthermore, with this benchmark, no
genetic operator is involved in the evolution of the population.
Instead, at each iteration, a new fitness distribution is sampled
over the landscape. Phenotypic convergence is simulated by reduc-
ing the sampling boundary as the process evolves. Consequently,
the process begins in a full phenotypic diversity state (PCM = 0)
and proceeds to a convergence state (PCM = 1) following a prede-
fined schedule. As a result, the phenotypic distribution is known
throughout the evolution process.

We  propose three landscapes here; a linear landscape, a double-
slope landscape, and a saw tooth landscape, as depicted in Fig. 3.
The analysis is conducted with a population size (N) of 100, while
an interval number (M)  of 100 is assigned and applied for PCM9 to
PCM12 inclusive. All the results are averaged over 50 repetitions.

6.1. Linear function

6.1.1. Landscape definition
The first landscape includes a linear function (Fig. 3(a)). A good
PCM has to reflect the intended linear convergence pattern. The
fitness function is given by:

f (x) = −x + b (3)

ase 3 Case 4 Case 5 Case 6
 − 1)middle/1best 50worst/50best (N − 1)worst/1best VMD

93 4.62 4.62 69.12
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Fig. 3. Fitness functions of the generic benchmark. (a) Three translating case

The variable x denotes the genotypic position of the individuals,
nd ranges from 0 to 100. Since the study considers only the fit-
ess of the individuals, a univariate genotype is sufficient. Three
ranslations of (3) are considered: b equal to {75, 100, 125}. These
ases allow the assessment of PCM coherence. Indeed, an accurate
CM should provide a constant evaluation, regardless of the fitness
alue sign. This is important, as the fitness range is often unknown
or real-world problems.

The population is uniformly generated within the genotypic
ange. At each iteration, the convergence of the lower genotypic
oundary is increased by 2% toward the optimum, and the process
oes from PCM = 0 to PCM = 1 in 51 iterations. In addition, in order
o ensure that fbest always represents the optimum value f(x* = 100),
n elite individual is inserted at the optimum position. This land-
cape simulates the dynamics of a search process over a unimodal
andscape.

.1.2. Behavioral results of the PCMs
As demonstrated by the characteristic response curves in Fig. 4,
CM1 to PCM3, PCM4.4, and PCM5.3 appear to be unreliable. The first
hree PCMs fall outside the unitary range for the negative opti-

um  case. However, PCM4.1, PCM4.2, PCM5.1, and PCM5.2 (Fig. 5(a))
re unable to describe the convergence progression, as their value

Fig. 4. PCM behavior observed over the lin
e linear landscape. (b) Double-slope landscape and the saw tooth landscape.

remains constant throughout the entire process. This behavior is
generated by the numerator and the denominator decreasing at
the same rate over the process.

The fitness frequency measures PCM9 to PCM12 present a similar
trend, and do not monitor phenotypic diversity well, as demon-
strated in Figs. 5(b)–6(a). Since the descriptors do not meet the
monotonicity in distance requirement, their convergence values
remain quite low for a significant part of the process. PCM9
and PCM12 are not explicitly presented, as their behaviors are
similar to those of PCM10 (  ̨ = 1.1) and PCM10 (  ̨ = 2.0) respec-
tively.

Fig. 6(b) presents the evolution of the state of convergence of
PCM13. The curves reveal good coherence and show a generally
good trend. Nevertheless, the linear pattern is not perfectly rep-
resented, as the process does not start in a state of full diversity.
This may  be a result of the sampling error of the population. We
investigate this in a section below, as part of a discussion on a sen-
sitivity analysis procedure. The phenotypic state estimation error
at the beginning of the process could also be linked to the random

number generator (RNG) imprecision.

Finally, the remaining PCMs (PCM4.3, PCM4.5, PCM5.4, and PCM6
to PCM8), although they are not included in a figure, provide excel-
lent descriptions of the linear function convergence pattern.

ear landscape. (a) PCM1. (b) PCM4.4.



G. Corriveau et al. / Applied Soft Computing 13 (2013) 9–26 17

he lin

6

6

t
g

f

e
a
g

s
a
l
a
o
f
l
a

Fig. 5. PCM behavior observed over t

.2. Double-slope landscape

.2.1. Landscape definition
The second landscape (Fig. 3(b)) is proposed in order to study

he impact of an increasing fitness range. The fitness function is
iven by:

 (x) =
{

−25/40x + 50 if x ≤ 40

−5/3x + 166.67 otherwise
. (4)

Again, the genotypic position (x) ranges from 0 to 100. An
lite individual, located at f(x* = 100) = 0, is kept in the population,
nd the remaining individuals are uniformly generated within the
enotypic boundaries.

The following convergence schedule is adopted for the analy-
is: during the first 20 iterations, individuals (except the elite one)
re located only on the first slope (0 ≤ x ≤ 40). Thereafter, they are
ocated solely on the second slope (40 < x ≤ 100) (31 remaining iter-
tions). The lower genotypic bound is brought closer to the global

ptimum location by 2% of the total range at each iteration. There-
ore, the jump to the second slope is implicitly controlled by the
ower boundary, while the upper genotypic bound is constrained
s previously defined.

Fig. 6. PCM behavior observed over the lin
ear landscape. (a) PCM5.1. (b) PCM10.

Intuitively, reliable PCMs should reflect the two  linear patterns.
Locating the elite individual at the global optimum ensures that
the first convergence pattern does not cover the total fitness range.
So, the first pattern should start with a phenotypic convergence
level slightly below 0.5, due to the fact that half the fitness range is
covered (fitness ∈ [25,50]) with the presence of an elite individual
at the global optimum. The same pattern should end with a phe-
notypic convergence at around 1, since there are only two fitness
values in the population at iteration 20. The second pattern should
start in a full phenotypic diversity state, as the fitness range grows
and the population is distributed over the entire area. This pattern
should end with a PCM value of 1, due to the full convergence of
the population at the global optimum position (x* = 100).

The double-slope landscape emulates the dynamics of a search
process, which might follow a tuned restart and move the popula-
tion into a second region.

6.2.2. Behavioral results of the PCMs
Figs. 7 and 8 draw the responses over the double-slope land-
scape of the PCMs that presented a good description of the linear
landscape (PCM4.3, PCM4.5, PCM5.4, PCM6 to PCM8, PCM13).

The curves in Fig. 7(a) reveal incorrect descriptions resulting
from the NMDF normalization used by PCM4.3, where the first

ear landscape. (a) PCM11. (b) PCM13.



18 G. Corriveau et al. / Applied Soft Computing 13 (2013) 9–26

e-slop

i
t
P
t
P
o
c
o

N
P
s
f
d
c
s

N
v
A
e

Fig. 7. PCM behavior observed over the doubl

teration is assumed to offer the highest diversities. Moreover,
he first convergence pattern ends far from the convergence state.
CM4.5 also appears to be imprecise, as it does not demonstrate
he two intended patterns. More fundamentally, the response of
CM4.5 does not remain in the unitary range. Since PCM4.5 is based
n VMD  normalization, the negative diversity estimations indi-
ate that |favg − fbest | (the PCM4 family) violates the requirement
f monotonicity in fitness varieties.

PCM5.4 (Fig. 7(b)) shows a relatively good convergence pattern.
evertheless, when the fitness range is increased (iteration 21),
CM5.4 generates negative values. Even though the error remains
mall, the underlying problem is similar to the one described
or PCM4.5. Therefore, phenotypic formulations based on standard
eviation (the PCM5 family) are not recommended, since they
ontravene the monotonicity in fitness varieties requirement. The
ame conclusion applies to PCM6 to PCM8 (Fig. 8(a)).

PCM13 shows a good trend over the two patterns (Fig. 8(b)).

onetheless, the descriptor cannot perfectly predict a null con-
ergence state when the fitness range is increased (iteration 21).
gain, the deviation can be attributed to the population sampling
rror and RNG inaccuracy.

Fig. 8. PCM behavior observed over the doub
e landscape. (a) PCM4.3 and PCM4.5. (b) PCM5.4.

6.3. Saw tooth landscape

6.3.1. Landscape definition
The third landscape (Fig. 3(b)) reproduces a multimodal fitness

distribution. The fitness function is given by:

f (x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(−11/2)x + 450 if x ≤ 20

(−11/2)x + 475 else if x ≤ 40

(−11/2)x + 500 else if x ≤ 60

(−11/2)x + 525 else if x ≤ 80

(−11/2)x + 550 otherwise

(5)

Once again, an elite individual is located at the global optimum,
and the genotypic position (x) ranges from 0 to 100.

The population is divided into five equivalent groups, and each
group is located over a different tooth. This means that the geno-
typic boundaries are relative to a group. Moreover, the process is

divided into five phases, each with 11 iterations. The dynamics of
the landscape demands that every group converge toward its local
tooth optimum. After this first convergence, the phase is consid-
ered completed, and the groups jump to the next tooth, where the

le-slope landscape. (a) PCM8. (b) PCM13.
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Table  7
Convergence schedules for Group 1 (G1) to Group 5 (G5) over the saw tooth landscape.

Phase Iterations Saw tooth number

1 2 3 4 5 Frozen
x  ∈ [0 20] x ∈ [2040] x ∈ [4060] x ∈ [6080] x ∈ [80100] x = 100

Phase 1 1–11 G1 G2 G3 G4 G5
Phase 2 12–22 G1 G2 G3 G4 G5
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Phase 3 23–33
Phase  4 34–44 

Phase  5 45–55 

rocess is repeated. After completion of the last tooth, the groups
emain frozen at the global optimum position (fbest = f(x* = 100) = 0)
ntil the end of the process. This structure is presented in Table 7.

To summarize, at the end of phase 1 (iteration 11), the fitness
istribution is evaluated over five modes. At the end of phase 2
iteration 22), the fitness distribution is evaluated over four modes,
nd so on, up to the end of phase 5 (iteration 55), where all the
ndividuals are located at the global optimum. The evolution of the
rocess proceeds from a 10% increase in the lower genotypic bound
t each iteration, while the upper bound corresponds to the tooth’s
ocal optimum. The groups are generated following a uniform dis-
ribution between their boundaries.

Evaluation of the PCMs should present the following: the first
onvergence phase should start at around 0 (the complete fitness
ange is covered); the second phase should start at around 0.2
the fitness distribution covers 4/5 of the fitness range), and so on.
ll phases should end near convergence, with a value increasing

oward 1 as the process evolves.
The search process simulates an algorithm that clusters its

esources or individuals over different regions of the landscape.

.3.2. Behavioral results of the PCMs
None of the PCMs introduced in Table 2 was  able to adequately

escribe the intended phenotypic convergence pattern of the saw
ooth landscape. However, some characteristic behaviors of these
CMs are depicted in Fig. 9. PCM1, PCM3, and PCM4.4 show a constant
tate of full diversity throughout the process, due to the influence of
best, which is fixed here at 0. PCM2 presents a completely misleading
rend.

Regarding the PCM4 family, PCM4.1 and PCM4.2 show the same

ehavior, and their formulations (similar to those of PCM2) are not
ble to describe the convergence progression within each phase. In
ontrast, PCM4.3 and PCM4.5 show a convergence progression, but
re unable to describe the intended convergence peak at the end

Fig. 9. PCM behavior observed over the saw tooth la
G1 G2 G3 G4 to G5
G1 G2 G3 to G5

G1 G2 to G5

of each phase. PCM4.5 starts below 0 (−0.004), as it does for the
double-slope landscape.

The PCM5 family provides very diversified patterns. This family
appears to be incapable of characterizing the convergence of each
phase, since no converged peak is observable over the five phases. A
similar conclusion can be drawn from the results of PCM6 to PCM8.

The PCM9 to PCM12 estimations show clear evidence of the con-
vergence peaks. As demonstrated in Fig. 9(b), PCM10 with  ̨ = 0.1 is
the best option for estimating diversity at the end of each phase,
whereas PCM9 is best for estimating the diversity at the beginning
of each phase.

Finally, PCM13 accurately represents the convergence pattern
over the five phases (Fig. 9(b)). The converged peaks of each phase
are well established. However, as for the two preceding landscapes,
the convergence state at the beginning of the first phases is slightly
overestimated.

In summary, the proposed landscapes ensure a detailed descrip-
tion of the PCM1 to PCM12 response. PCM13 showed the best overall
description of the phenotypic distributions.

7. Assessment of desirable PCM qualities

Following the very good performance demonstrated by PCM13
over the validation framework and the proposed landscapes, it is
now relevant to establish the quality criteria for a reliable PCM.
These qualities are applicable to any PCM formulation.

7.1. Definition of desirable PCM qualities

The three following characteristics are proposed as desirable

qualities:

(1) Reliability:  A PCM should be reliable over similarly scattered
phenotypic distributions.

ndscape. (a) PCM1 to PCM8. (b) PCM9 to PCM13.
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Table 8
Average range among 96% of the repetition data for PCM13 over the three landscape
designs.

Landscape Population size (N)

50 100 300 500

(
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t
P
t

Linear 0.060 0.035 0.014 0.008
Double-slope 0.050 0.028 0.010 0.006
Saw  tooth 0.058 0.038 0.020 0.013

2) Sensitivity:  A PCM should be as insensitive as possible to the
simulation parameters.

3) Outlier influence: A PCM should adequately consider the impact
of phenotypic outliers.

The performance of PCM13 is evaluated in the following section
ith respect to the desirable qualities. The assessment makes use

f the landscapes introduced in the previous section.

.2. PCM13 reliability analysis

The reliability of PCM13 is studied through a dispersion anal-
sis, based on 50 repetitions per iteration. In a preliminary
tep, normality tests were carried out in this study using the
olmogorov-Smirnov test (0.05 significance level), which indicated

hat, for each iteration, the 50-repetition sample does not follow
 normal distribution. Therefore, to picture PCM reliability, it is
referable to compute the dispersion for 96% of the repetition data.
or the sake of clarity, the dispersion values are averaged over
he whole process. Table 8 illustrates the stability analysis for four
ommon EA populations (N ∈ {50, 100, 300, 500}).

The results clearly indicate that PCM13 gives a stable phenotypic
tate description. On average, for a relatively small population, 96%
f all repetition data are stacked with a range smaller than 0.06.
oreover, the analysis reveals that the stability rapidly increases

s the population increases, which validates the influence of the
ampling error associated with the population size mentioned
bove.

.3. PCM13 sensitivity analysis
The second experiment constitutes an analysis of the sensi-
ivity of a PCM to the simulation parameters. Considering the
CM13 formulation, and since the fitness distribution is univariate,
he population size (N) is the only parameter involved. The high

Fig. 10. Sensitivity of PCM13 with respect to the population size (N) observed
omputing 13 (2013) 9–26

reliability of PCM13 shown during the stability analysis suggests
that the mean curves of the 50 repetitions are representative of
the convergence process. Fig. 10 presents the mean curve results
obtained for the previous population size samples (N ∈ {50, 100,
300, 500}) over the three landscapes described in Section 6.

The trends observed over the three different landscapes are
very similar. The population size parameter shows only a slight
influence, no matter what the landscape. In all cases, the maxi-
mum  difference appears between population sizes 50 and 500. The
maximum discrepancy values are 0.089, 0.095, and 0.019 for the
linear, double-slope, and saw tooth landscapes respectively. More
importantly, this analysis verifies that the linearity and coverage
of the phenotypic responses increase as the population increases,
which validates the explanation given in Section 6 of the behavior
of PCM13.

7.4. PCM13 analysis with outliers

The final experiment assesses the performance of PCM13 in
the presence of outliers within the fitness distribution. In reality,
the impact of outliers on phenotypic distribution remains unclear.
While their presence should normally increase the diversity, they
could also increase the fitness range, leading to an over-converged
state of the remaining population, as compared to a population
without outliers. This analysis will therefore help shed light on the
effect of outliers.

To conduct the analysis, the landscapes introduced in Section 6
are adjusted as follows: from the 10th iteration, a given percent-
age of the population is randomly generated between the lower
genotypic bounds of the 1st and 10th iterations. For the saw tooth
landscape, this group is restricted to the first tooth. So, as the
process evolves, these individuals act as outliers. Herein, the per-
centage of outliers is set to 1%, 2%, 5%, and 10%.

Fig. 11 presents the impact of outliers over the linear, double-
slope, and saw tooth landscapes. The simulations are repeated 50
times, with the population size kept at 100. PCM13 adequately con-
siders the presence of outliers, since the diversity level increases
(or the convergence level decreases) as the number of outliers
increases. With the fitness scaling factor set at 1, there is no sign of
convergence value overestimation.
In real-world problems, however, outliers may  modify the fit-
ness range. This condition is simulated through a scaling factor
applied to the fitness of the outliers. Figs. 12–14 present the results
with 1% and 10% of outliers. Scaling factors of 10 and 100 are

 over: (a) linear and double-slope landscapes, (b) saw tooth landscape.
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Fig. 11. Impact of outliers on PCM13 observed over: (a) linear and double-slope landscape, (b) saw tooth landscape.

Fig. 12. Impact on PCM13 of outliers that are far away, observed over the linear landscape. (a) 1% outliers. (b) 10% outliers.

Fig. 13. Impact on PCM13 of outliers that are far away, observed over the double-slope landscape. (a) 1% outliers. (b) 10% outliers.
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Fig. 14. Impact on PCM13 of outliers that are far away, obser

ompared to both the unit scaling factor and the cases without out-
iers. Even though the results are obtained for a population of 100,
he trend is similar with other population sizes.

The simulations explicitly demonstrate that the enlargement
f the fitness range by outliers leads to an overestimation of the
onvergence levels. More interestingly, increasing the number of
utliers that disrupt the fitness range decreases the convergence
evel overestimation as they increasingly become part of the pop-
lation. Finally, for all the landscapes studied, even with a scaling
actor of 100, the overestimation of the phenotypic convergence
evel does not lead to an early full convergence state. In other words,
ven if outliers disturb the convergence pattern, the remaining
tness values continue to play an active role in the computed phe-
otypic state.

These observations suggest thus that PCM13 is capable of
roperly managing the presence of outliers within the fitness dis-
ribution.

. Application of the EEB diagnostic tool

A good way to increase the efficiency of an optimizer over a
iven problem is to adjust its internal parameters [44]. Parameter
etting can be considered in the broadest sense of the term, so that
he number of populations involved, the type of evolution model,
he diversity promoting features, and the restart strategies are all
iewed as adjustable parameters. Since PCM13 reliability for pheno-
ypic convergence description has been demonstrated, this section
roposes an efficient diagnostic tool developed based on EEB infor-
ation to help evaluate the impact of any particular parameter

etting procedure. The information acquired from PCM13 is com-
leted along the exploration axis of the EEB with DN

LN (6). DN
LN

epresents a generalized multivariate genotypic descriptor based
n PCM13. This measure acts on individual genotypic materials.
he difference between individuals is defined by the minimum dis-
ance with respect to their neighbors. In this formulation, xi,k and
j,k stand for the value of gene k (k ∈ {1, . . .,  n}) of the individuals i
nd j respectively.

N
LN =

∑N−1
i=1 ln

(
1 + min

j ∈ [i+1,N]

1
n

√∑n
k=1(xi,k − xj,k)2

)
NMDF

(6)
To illustrate and demonstrate the efficacy of the EEB diagnos-
ic tool, the following experiments integrate and examine various
election plans, genetic operators, replacement plans, and pop-
lation sizes. The impact of the evaluation of these parameters
er the saw tooth landscape. (a) 1% outliers. (b) 10% outliers.

is measured by means of a real-coded steady-state GA (SSGA).
SSGA, which allows smooth transitions between generations, can
be summarized as follows: two  offspring are created at each gener-
ation; two  individuals are removed from the population, following
a selected replacement plan, to make room for the new individ-
uals; thereafter, the best individuals from this temporary pool are
inserted back into the population.

Five selection plans are considered here: (1) random selection
of the parents; (2–4) a tournament scheme with 2, 5, and 10 com-
petitors; and (5) the recently proposed FUSS approach [35], while
4 genetic operators are integrated: (1) parent-centric crossover
(PCX) [45,46];  (2) unimodal normal distribution crossover (UNDX)
[47,48], which requires three parents; (3) uniform crossover (UX)
[49]; and (4) the blended crossover (BLX-�) [50], where only two
parents are involved. Five values of  ̨ (0.1, 0.3, .0.5, 0.7, and 0.9)
are considered within the BLX operator, leading to a comparison of
eight genetic operators. Note that no mutation is considered in the
search process, as all these crossover operators (except UX) have
the ability to incorporate new genetic material into the population.
Two methods are compared for the replacement plan: (1) randomly
removing individuals, and (2) removing the worst individuals from
the population. Finally, four common population sizes are ana-
lyzed: 50, 100, 300, and 500. The comparisons involve a default
setting with random selection and replacement, a PCX crossover,
and a population size of 300. In other words, the impact of each
choice is evaluated, one choice at a time.

The following figures (Figs. 15–18) present the results of our
comparative studies. Continuous curves correspond to PCM infor-
mation, and dashed curves identify GDM information. The curves
present the median run of 25 repetitions. Since each run has a
unique convergence history, averaging is difficult. Nonetheless, the
curves are completed by a shaded area indicating the range of val-
ues obtained throughout the repetitions. Therefore, narrow shaded
areas indicate that the median run is representative. For the sake of
brevity, only the CEC’05 benchmark 10-D F2 and 10-D F10 functions
from [51] are illustrated in Figs. 15–17, while the genetic operator
study (Fig. 18)  utilizes 10-D F2 and 10-D F21. This latter choice pro-
vides a better demonstration of the relevance of the orthogonal EEB
framework (Section 2). In fact, Fig. 18(b) indicates that exploitation
(PCM) and exploration (GDM) are not complementary measures,
but are complementary concepts portraying the EEB history. This

observation is corroborated by the difference between the shaded
area patterns of the PCM and the GDM.

In order to control the simulation duration, and since the
purpose of the experiments is to monitor the impact of the EA
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Fig. 15. Impact of various selection plans over the EEB. (a) 10D-F2. (b) 10D-F10.
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Fig. 16. Impact of various replacement plans combine

arameters over the EEB (but not performance, in terms of end
f solution quality), termination of the process was  based on

he CEC’05 criterion (100,000 evaluation cutoff) and a threshold
pplied over the PCM value (>0.99). Consequently, none of the
imulated configurations found the global optimum. For instance,

Fig. 17. Impact of various population sizes o
 FUSS selection over the EEB. (a) 10D-F2. (b) 10D-F10.

Fig. 18(a) clearly demonstrates that, in some cases, median runs
ended due to phenotypic convergence, even though genotypic

convergence had not been reached. This condition undoubtedly
confirms that the PCM and the GDM have their own  role to
play. More importantly, it underscores the fact that premature

ver the EEB. (a) 10D-F2. (b) 10D-F10.
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Fig. 18. Impact of various crossover t

onvergence must be evaluated through the GDM instead of the
CM, as identical fitness values came from different locations.

Our experimental results support the conviction of many in the
ommunity that the impact of parameter choice is critically impor-
ant. Regarding selection plans (Fig. 15), FUSS is shown to be the
est option for delaying convergence, even better than the random
earch. In fact, FUSS was designed to avoid convergence [35]. How-
ver, in the presence of other evolutionary mechanisms, specifically
he update plan, which promotes the best individuals, convergence
s the inevitable result for any selection scheme. In contrast, com-
ared to the previous schemes, the rate of convergence is higher for
ournament selection. Obviously, this is accentuated as the tourna-

ent size increases [52].
Fig. 16 shows the impact of the replacement plan when tested

ith FUSS selection. As expected, replacing the worst individuals
ncreases the convergence speed. Considering other simulations
ot included in this paper, this conclusion may  be extended to all
ther selection methods. As a matter of fact, FUSS appears to be the
ost reactive selection method, while random selection appears to

e the least responsive.
Fig. 17 describes the impact of population size on the EEB. It

urns out, as expected, that increasing the population helps main-
ain both genotypic and phenotypic diversity.

Crossover types are examined in Fig. 18.  It is observed that over
2, PCX and UNDX converge the fastest, followed by BLX-0.1, UX,
nd BLX-0.3 to BLX-0.9. The trend is similar for F21. However, no
arked difference appears among PCX, UNDX, UX, and BLX-0.1 to

LX-0.3.
Finally, the search paths look very similar, regardless of the

roblem considered or the parameters selected. This may  be sur-
rising at first glance. However, since no mechanism that explicitly
romotes diversity is incorporated, all the processes lead to similar
earch paths directed toward the best individual.

Even though they are constrained to a limited number of prob-
ems, the experiments presented here provide valuable insights
nto the true behavior of particular parameter choices. Globally, the
esults suggest that monitoring the EEB could serve as a powerful
ool for characterizing EA differences and parameter influence, and

ay  ultimately help in the design of better hybrid or improvement
trategies.

. Conclusion
Designing an efficient optimizer for a given problem is an issue
hat practitioners commonly encounter. It is quite a difficult task,
s no single parameter setting procedure can drive the search path
ver the EEB. (a) 10D-F2. (b) 10D-F21.

toward its optimal course over any landscape. This issue has led
us to develop a diagnostic tool designed to help identify the best
optimizer options for the problem at hand. This tool records the
EEB of the optimizer throughout the search process. As the EEB
is responsible for the way resources are committed, monitoring it
is a basic requirement for achieving efficiency for any population-
based search method.

The study pursued two main objectives. The first objective
was to investigate the conceptualization of the EEB framework.
Our results show that considering exploration and exploitation as
two orthogonal axes offers an effective description of EEB. Sub-
sequently, we  identified the genotypic diversity measure (GDM)
as the best description of exploration, and the phenotypic conver-
gence measure (PCM) as an accurate portrayal of exploitation.

The second objective was  to assess the performance of the diver-
sity measures. Numerous formulations have been proposed in the
literature over the years for doing so. However, to the best of the
authors’ knowledge, performance assessments of the various diver-
sity formulations have only been conducted for GDM, although
this evaluation is an important one. Consequently, we  conducted a
complete review of the PCM formulations, and compared nearly all
the published PCMs over a validation framework involving six test
cases with a controlled fitness distribution. With this simple frame-
work, the underlying behavior of phenotypic formulations can be
represented based on three requirements that we propose: mono-
tonicity in fitness varieties, twinning, and monotonicity in distance.
We proved that these requirements are sufficient for identifying
phenotypic formulation weaknesses.

In summary, all the distance-based formulations fail to meet the
monotonicity in fitness varieties and twinning requirements, and
the fitness frequency formulations fail to meet to the twinning and
monotonicity in distance requirements.

To improve the existing descriptive capacities of the formu-
lations, we developed a new formulation (PCM13), based on the
neighbor fitness difference. Validation of PCM13 proves that it com-
plies with all three requirements. In addition, we compared the
phenotypic formulations over three specifically designed fitness
landscapes. The same landscapes also served as a platform for
assessing the desirable qualities of PCMs. In fact, PCM13 proved
to be reliable over similarly scattered fitness distributions, and
showed slight sensitivity to population size. However, the observed
sensitivity level remained irrelevant for proper convergence eval-

uation. Furthermore, the influence of outliers was investigated,
the results suggesting that PCM13 reliably takes into account the
influence of outliers, even when they greatly disturb the fitness
range.
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The new phenotypic formulation, combined with a genotypic
ormulation based on a generalized version of PCM13, is therefore
roposed as the foundation for an EEB diagnostic tool. Its useful-
ess has been shown by comparing behavior of various genetic
perators and parameters over a real-coded SSGA. With this EEB
iagnostic tool, it is now possible to compare the underlying mech-
nisms of various maintaining/promoting diversity approaches,
nd to better understand them [53]. Finally, the next step would be
o leverage the EEB diagnostic tool to develop an EEB management
ool, to enable the search process to adapt its own  evolutionary
ath as required, based on the PCM and GDM knowledge gathered.
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