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a  b  s  t  r  a  c  t

Although  Stochastic  Context-Free  Grammars  (SCFGs)  appear  promising  for the  recognition  and  threat
assessment  of complex  radar  emitters  in  radar Electronic  Support  (ES)  systems,  techniques  for  learning
their  production  rule  probabilities  are computationally  demanding,  and  cannot  efficiently  reflect  changes
in operational  environments.  On-line  learning  techniques  are  needed  in  ES  applications  to  adapt  SCFG
probabilities  rapidly,  as  new  training  data  are  collected  from  the  field.  In this  paper,  an  efficient  on-line
version  of the  fast learning  technique  known  as  the  graphical  Expectation-Maximization  (gEM)  technique
–  called  on-line  gEM  (ogEM)  –  is  proposed.  A second  technique  called  on-line  gEM  with  discount  factor
(ogEM-df)  expands  ogEM  to  allow  for tuning  the  learning  rate. The  performance  of  these  new  techniques
has  been  compared  to  HOLA,  the  only  other  fast  on-line  learning  technique,  from  several  perspectives  –
perplexity,  error  rate, complexity,  and  convergence  time  –  and  using  complex  radar  signals.  The  impact
on performance  of  factors  like  the  size  of  new  data  blocks,  and  the  level  of  ambiguity  of grammars  has
raphical Expectation-Maximization
OLA
adar Electronic Support

been observed.  Results  indicate  that  on-line  learning  of new  training  data  blocks  with  ogEMand  ogEM-df
provides  the  same  level  of accuracy  as  batch  learning  with gEM  using  all  cumulative  data  from  the  start,
even  for small  data  blocks.  As  expected,  on-line  learning  significantly  reduces  the  overall  time  and  mem-
ory  complexities  associated  with  updating  probabilities  with  new  data  in an  operational  environment.
Finally,  while  the  computational  complexity  and  memory  requirements  of  ogEM  and  ogEM-df  may  be
greater  than  that  of  HOLA,  they  both  provide  a  significantly  higher  level  of  accuracy.
. Introduction

Electronic Support (ES) involves the passive interception, detec-
ion and analysis of radiated electromagnetic signals in the
ontext of military surveillance. It provides valuable information
or real-time situation awareness, threat assessment, and timely
eployment of counter-measures [1,2]. Two critical functions of
adar ES are the recognition of radar emitters from intercepted
ignals, and the estimation of the instantaneous level of threat
hat they pose. The recent proliferation and complexity of electro-

agnetic signals encountered in modern environments is greatly
omplicating these functions.

In conventional ES systems, radar signals are typically rec-
gnized using temporal periodicities within the pulse train in
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

onjunction with histograms of the pulses in some parametric
pace, such as carrier frequency, pulse repetition frequency, and
ulse width. With the advent of automatic electronic switching
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designed to optimize radar performance, modern radars, and espe-
cially multifunction radars (MFRs), are often too complex to be
recognized in this way. MFRs will continuously and autonomously
change their transmitted signals in response to various events in
their dynamically changing environment. In order to exploit the
dynamic nature of modern radar systems, Stochastic Context Free
Grammars (SCFGs) [3] have been proposed for modeling MFR sig-
nals [4,5], resulting in compact formal representations that can be
exploited for recognition of radar emitters, and for estimation of
their instantaneous level of threat.

With the advent of automatic electronic switching designed to
optimize radar performance, modern radars, and especially multi-
function radars (MFRs), often have complex functioning, and will
continuously and autonomously change their transmitted signals
in response to various events in their dynamically changing envi-
ronment. Stochastic Context Free Grammars (SCFGs) [1] have been
proposed for modeling MFR  signals [2,3], resulting in compact for-
mal  representations that can be exploited for recognition of radar
 on-line learning of grammatical probabilities in radar Electronic

emitters, and for estimation of their instantaneous level of threat.
Given a set of training sequences collected in the field,

one challenge to the practical application of SCFGs is the task
of estimating or learning probability distributions associated

dx.doi.org/10.1016/j.asoc.2012.02.022
dx.doi.org/10.1016/j.asoc.2012.02.022
http://www.sciencedirect.com/science/journal/15684946
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ith their production rules. Their estimation is typically per-
ormed based on Maximum Likelihood (ML) optimization using an
xpectation-Maximization (EM) technique. The most popular EM-
ased techniques are the Inside–Outside (IO) [4] and the Viterbi
core (VS) [5] algorithms. Unfortunately, the application of IO and
S to real-world problems is restricted due to the time and mem-
ry complexity per iteration and to the large number of iterations
eeded to converge. Computing the probability, for each iteration,
hat a SCFG with Mnt non-terminal symbols will generate a given
tring of length L has a time complexity of O(M3

nt · L3) and a memory
omplexity of O(Mnt · L2). Moreover, neither one of these techniques
llows for on-line learning of new data that may  become available
uring operations.

In radar ES applications, new data from an operational envi-
onment or other sources often becomes available at different
oints in time. This data may  be incorporated into blocks of train-

ng sequences collected in the field at those times. The ability to
fficiently adapt SCFG probabilities as new data become available,
hrough on-line learning, is therefore an undisputed asset for accu-
ate recognition of radar emitters. With on-line learning, training
equences are not accumulated and stored in memory, and SCFGs
robabilities are not learned from the start on all accumulated data.
herefore, it can considerably reduce the memory requirements
nd computational complexity needed to update a SCFG.

Several alternatives to IO and VS have been proposed to acceler-
te learning of SCFG probabilities in different application domains
6]. A promising approach for fast learning involves pre-computing
ata structures, using tools like the Earley [7] or CYK [8,9] chart
arsers during the pre-processing phase, and then exploiting these
ata structures to accelerate the iterative probability re-estimation
rocess [6,10–13]. In practice, all techniques based on this approach
ompute exactly the same values as IO or VS during the iterative
rocess, yet may  give lower time complexity per iteration, at the
xpense of an increased memory complexity.

One of the more recent techniques to adopt this approach is the
raphical Expectation-Maximization (gEM) algorithm [12]. During
re-processing, a chart parser produces a special representation
f the training data called support graphs,  where only the combi-
ation of rules leading to the analyzed sequence are represented.
hen, during the iterative process, a variant of the IO-like algorithm
s applied, based on these support graphs. The time complexity
er iteration and memory complexity is O(M3

nt · L3). In contrast, the
echnique called HOLA [14] is based on summary statistics, and on
arsing that does not directly optimize the likelihood of a training
ata. Instead, it optimizes the relative entropy between the distri-
ution of the rules obtained after having parsed the training data,
nd the distribution of the rules obtained after having parsed a data
enerated by the grammar. At each iteration, a new data is gener-
ted by the grammar and compared with the training set until the
ample distribution converges to the training distribution. It has
he advantage of having a very low time complexity per iteration
nd memory complexity of O(M3

nt), that is independent of L.
Results from a comparative study with radar data [6] indicate

hat gEM systematically provides a higher level of accuracy than
OLA. However, the execution time and memory requirements of
OLA are orders of magnitude lower than that of gEM, since the
omputational complexity of HOLA is bound by the number of SCFG
ules, not by the amount of training data. Furthermore, HOLA can
erform on-line learning – it can learn SCFG probabilities from new
ata without accessing previous data. Given a new block of training
ata, the summary statistics are updated, and learning may  resume
sing the SCFG probabilities produced from previous training data.
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

ith the exception of HOLA, the iterative re-estimation process of
ll the algorithm already cited must start from the beginning, on
ll cumulative data, to account for new training data. The result
rom the pre-processing is stored and remains unchanged during
 PRESS
puting xxx (2012) xxx–xxx

the iterative process if new data is added, yet the result from the
iterative process is rendered obsolete. In light of these results, an
on-line version of gEM, that can efficiently reflect the changes in
an operational environment, would be very desirable for radar ES
applications.

In this paper, two novel derivations of gEM are proposed for
on-line learning. The first one, called on-line gEM (ogEM), allows
for efficient on-line learning based on sufficient statistics, whereas
the second one, called on-line gEM with discount factor (ogEM-
df), expands on ogEM by allowing to tuning the learning rate
during on-line learning. Both algorithms are compared to HOLA.
Given the need for a learning procedure that offers both accu-
rate results and computational efficiency, the performance of these
techniques is examined from several perspectives – perplexity (the
likelihood of a test data set), classification rate over radar states,
convergence time, and time and memory complexity. The data sets
used in our proof-of-concept computer simulations describe elec-
tromagnetic signals transmitted from different MFR  systems. An
experimental protocol has been defined such that the impact on
performance of factors like the size of new data blocks for on-line
learning, and the level of ambiguity of grammars, may  be observed.
Other relevant areas of application for ogEM and ogEM-df include
bio-informatics, video content analysis, and character and speech
recognition.

The rest of this paper is structured into five sections as follows.
The next section provides some background information on gram-
matical modeling in the context of radar ES applications. Section
3 presents the approach behind EM-based learning of SCFG prob-
abilities, as well as the original gEM technique. The main features
of ogEM and ogEM-df are outlined in Section 4, and the experi-
mental methodology used to compare these techniques (protocol
for computer simulations, radar datasets, performance measures)
is described in Section 5. Finally, the results of computer simu-
lations and complexity estimates are presented in Section 6. The
advantages and drawbacks of these techniques for learning SCFG
probabilities on radar data are discussed with ES application in
mind.

2. Grammatical modeling for radar signal recognition in
Electronic Support

In modern pulsed radar applications, a signal may  be gener-
ated by a multifunction radar (MFR) in response to its operating
environment, and pulse patterns, also called words hereafter, can
be identified in order to form a sequence. The algorithm control-
ling the function of a MFR  is typically designed as an automaton
whose state transitions are driven by the stochastic behavior of
the environment, target returns and operator controls [15]. Since
radar systems are expected to behave in a causal fashion with finite
memory, it should satisfy the formal requirements of a regular lan-
guage [8] and admit a syntactic description in terms of a finite-state
machine. However, some radar systems exhibit a signal behavior
that requires a large number of states and sub-states [15].

Alternative syntactic models that are not based on finite-state
machines offer the analyst more flexibility to include and exclude
different arrangements of operational tasking without resorting
to a proliferation of model parameters. One simple extension of
the finite-state model, known as a Context-Free Grammar (CFG) [8],
naturally permits a sequential arrangement of operational tasks.
Mathematically, a CFG is a quadruplet G = (V, N, R, Start) consisting of
a finite set V of terminal symbols known as a vocabulary (which will
 on-line learning of grammatical probabilities in radar Electronic

consists in the set of words possibly emitted by the MFR), a finite
set N of non-terminals symbols including the states of the MFR, and
satisfying V∩ N = ∅, a set R of production rules, and a unique starting
non-terminal symbol Start ∈ N. Each production rule in R has the

dx.doi.org/10.1016/j.asoc.2012.02.022
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orm A → �, where A ∈ N is a single non-terminal symbol and � is a
nite sequence of symbols drawn from N ∪ V.

Each CFG G can be used to define a deterministic formal language
g(G) using a graphical construction. A parse tree [8] is a labeled,
irected, rooted tree graph. Each parent node must be labeled by

 non-terminal symbol from N and each child node is labeled by a
ymbol from either N or V. If a parent node is labeled by A ∈ N and its

 children are labeled by X1, X2, . . .,  Xk ∈ N ∪ V, then the production
ule A → X1X2, . . .,  Xk must appear in R. Any sequence of terminal
ymbols that is yielded by a parse tree rooted at the Start symbol is
n the language Lg(G).

In practice, the syntactic radar models must be designed by an
S domain analyst with sufficient prior intelligence to construct
rammatical production rules for threat systems of interest. How-
ver, given the behavior of MFRs and the imperfections of signals
bserved on a battlefield, it is not possible to design a robust
eterministic CFG to model the behavior of a radar system. To
obustly model the signal degradations, noise and uncertainties,
n element of stochasticity is introduced into the definition of
rammars by assigning probability distributions to the production
ules. Such grammars are called Stochastic Context-Free Grammars
SCFGs) [1].  SCFGs form an important class of grammars that is
idely used to characterize the probabilistic modeling of language

n computational linguistic and automatic speech recognition and
nderstanding [1],  or in RNA secondary structure prediction [16].

A SCFG is defined as a pair of the form Gs = (G, �)  where G is a
FG and � is a vector containing probability distributions for each
on-terminal symbol. The components of � are simply denoted
y �(A → �) which represents the probability of the production rule

 → � ∈ R. These define distributions for each A ∈ N in the sense that
 ≤ �(A → �) ≤ 1 for ∀�, and

∑
��(A → �) = 1. The probability of one

arse tree dx of the sequence x of terminal symbols is defined as:

(x, dx|Gs) =
∏

A

∏
�

�(A → �)N(A→�,dx) (1)

here N(A → �, dx) is the frequency of appearance the rule A → �
n dx. The probability of the sequence x with respect to �x, a set of
ossible parse trees dx leading to the sequence x, is defined as:

(x, �x|Gs) =
∑

dx∈�x

P(x, dx|Gs) (2)

nd the probability of the best parse tree of the sequence x from a set
f parse trees �x is defined as:

(x|Gs) = max
dx

P(x, dx|Gs) (3)

inally, the best parse tree, d̂x = argmaxdx
P(x, dx|Gs), is defined as

he argument that maximizes Eq. (3).

. Fast learning of SCFG probabilities with graphical EM

Most Expectation-Maximization (EM)-based techniques for
earning the production rule probabilities of a SCFG are based on
he classical Maximum Likelihood approach. Given a SCFG Gs, a joint
ikelihood of any finite collection of training sequences  ̋ ⊂ Lg(Gs)

ith repetitions allowed, and a specified set of parse trees �x for
ach x ∈ ˝,  is given by [17]:

(˝, �˝|Gs) =
∏
x∈˝

P(x, �x|Gs) (4)

here P(x, �x|Gs) is the sequence probability given by Eq. (2).  Here
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

˝ represents the set of derivation trees considered to form the
equences in ˝.  It can be noted that Eq. (4) coincides with the like-
ihood of the entire set  ̋ [17] when �x is identified with the set

x consisting of every possible parse tree permitted by Gs rooted at
 PRESS
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Start and yielding x ∈ ˝.  It coincides with the likelihood of the best
parses when �x contains only the single most probable parse tree
d̂x determined by Eq. (3) for each x ∈ ˝.  An alternative possibility
[17] would be for �x to represent the k most probable parse trees
for each sequence in the training set, for k > 1.

The Maximum Likelihood (ML) approach for learning the prob-
abilities of the grammar consists of maximizing the likelihood Eq.
(4) with respect to the production rule probabilities �(A → �). Opti-
mization of Eq. (4) is typically implemented using an iterative EM
re-estimation technique. At each iteration, the following function
can be applied to re-estimate the production rule probabilities to
approach a local maximum of Eq. (4) [17]:

�′(A → �) = �(A → �)∑
��(A → �)

. (5a)

where

�(A → �) =
∑
x∈˝

1
P(x, �x|Gs)

∑
dx∈�x

N(A → �, dx)P(x, dx|Gs) (5b)

is known as a balanced frequency of the production rule A → � ∈ R
with respect to the training set ˝.  For any non-terminal A ∈ N such
that

∑
��(A → �) = 0, production rule is not updated so that Eq. (5a)

is simply replaced by �′(A → �) = �(A → �).
The most well-known EM-based techniques is the

Inside–Outside (IO) [4],  which seeks to maximize the overall
likelihood Eq. (4) of a training dataset, and proceeds as follows. For
a SCFG with specified production rule probabilities, and a sequence
(w1, . . . , wL), define an inside probability

˛A(i,j) = P(A ⇒ wi+1, . . . , wj)

to account for all possible sub-trees rooted at each A ∈ N and
yielding each sub-sequence (wi+1, . . . , wj). One can also define a
corresponding outside probability

ˇA(i,j) = P(Start ⇒ w1, . . . , wiAwj+1, . . . , wL)

to account for all possible sub-trees rooted at Start and yielding the
sequence (w1, . . . , wL) in which the non-terminal A ∈ N takes the
place of a specified sub-sequence,

The IO algorithm [4] proceeds as though all inside and out-
side probabilities are non-vanishing for any sequence x, while
some relevant probabilities may  necessarily vanish as dictated by
the structure of the grammar. The graphical EM (gEM) technique
proposed by Sato and Kameya [12] operates in a similar way to
the IO algorithm. The main difference lies in the fact that, to re-
estimate the probabilities, gEM evaluates only those probabilities
˛A(i,j) and ˇA(i,j) for which the grammatical production rules permit
the non-terminal A to appear at the root of a sub-tree yielding the
subsequence (wi+1, . . . , wj). A set of data structures known as sup-
port graphs is constructed by means of a parser, such as the CYK or
the Earley parser, to represent exactly those parse trees that may
lead to each training sequence. Fig. 1 shows the support graphs cre-
ated from the sequence (6, 6, 6, 6, 10), resulting from an MFR  of type
Mercury, and whose CNF context-free grammar is described in [6].

Once the support graphs have been pre-computed, each itera-
tion of the gEM algorithm may  be applied on the support graphs
using the following four steps [12].

1. Compute inside and explanation probabilities for each support
graph: Each inside probability ˛A(i,j) is computed only if A(i, j)
is true, and therefore represents the root node of some support
 on-line learning of grammatical probabilities in radar Electronic

graph. For support graphs rooted at nodes of the form A(j − 1, j),
corresponding to a sub-sequence containing one non-terminal
(wj), the inside probability is ˛A(j−1,j) = �(A → wj). For longer
sub-sequences, only those summation terms that correspond to

dx.doi.org/10.1016/j.asoc.2012.02.022
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etween a production rule and the fact that a non-terminal produces a sub-sequen

branches of the relevant support graph need to be considered. If
i < j − 1 and A(i, j) is true, then an explanation probability

˛A(i,j)→B(i,k)C(k,j) = �(A → BC)˛B(i,k)˛C(k,j). (6a)

is computed for each branch of the support graph of the form
A(i, j) → B(i, k)C(k, j). The inside probability of the entire support
graph rooted at A(i, j) is then given by

˛A(i,j) =
∑

A(i,j)→B(i,k)C(k,j)

˛A(i,j)→B(i,k)C(k,j) (6b)

where the summation extends over all branches of the support
graph. The recursive procedure proceeds in a bottom-up fashion
with respect to the partial ordering since ˛B(i,k) may  contribute
to ˛A(i,j) only if the support graph rooted at A(i, j) precedes that
of B(i, k).

. Compute outside probabilities: Each outside probability ˇA(i,j) is
computed only if the condition A(i, j) is true, and consequently
appears at the root of a support graph. The outside probability of
the highest support graph is ˇStart(0,L) = 1. The recursion relation
for ˇA(i,j) has a straightforward interpretation in terms of support
graphs since the two summations receive non-vanishing contri-
butions only from combinations for which B(i, k) → A(i, j)C(j, k)
and B(k, j) → C(k, i)A(i, j) are true respectively. Other combina-
tions for which no such support graph branches exist will not
contribute. The outside probability of the support graph rooted at
A(i, j) is may  be written in terms of the explanation probabilities
as follows:

ˇA(i,j) =
∑

B(i,k)→A(i,j)C(j,k)

ˇB(i,k)˛B(i,k)→A(i,j)C(j,k)

˛A(i,j)

+
∑ ˇB(k,j)˛B(k,j)→C(k,i)A(i,j)

˛A(i,j)
. (7a)
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

B(k,j)→C(k,i)A(i,j)

The summation in Eq. (7a) extends over every branch of every
support graph in which A(i, j) appears as specified. The sum-
mation can be efficiently implemented using a running tally for
f type Mercury. In this graph, simple and concentric circles are used to distinguish
ords, respectively.

each ˇA(i,j) by sequentially examining each branch of each sup-
port graph and adding the summand to the appropriate outside
probability. These equations are implemented using a top-down
recursion since, for example, ˇB(k,j) contributes to ˇA(i,j) only if
the support graph rooted at B(k, j) precedes that of A(i, j).

3. Compute balanced frequencies of the rules: The balanced frequen-
cies are computed using

�(A → a) =
∑
x∈˝

⎛⎝ ∑
A(j−1,j)→wj

ˇA(j−1,j)˛A(j−1,j)

˛Start(0,L)

⎞⎠
�(A → BC) =

∑
x∈˝

⎛⎝ ∑
A(i,j)→B(i,k)C(k,j)

ˇA(i,j)˛A(i,j)→B(i,k)C(k,j)

˛Start(0,L)

⎞⎠ (7b)

where the inner-most summation extends over every branch of
every support graph that meets the a criterion of the specified
form. Algorithmically, this is implemented using a running tally
for each �(A → BC)  by examining each branch of each support
graph in order to identify the balanced frequency to which it
contributes.

4. Re-estimate the probabilities: Production rule probabilities are
re-estimated using Eq. (5a).

The results produced by the gEM are the same as the results
given by the IO algorithm [12]. While the IO passes through all
the possible combinations of a grammar to produce a sequence,
the graphical EM only uses the combinations given by the support
graphs. Consequently, gEM is more efficient than IO in most prac-
tical cases, although the worst case time complexity per iteration
is equal to that of IO. A greater memory complexity of O(Mnt

3L2) is
however needed to store the support graphs.

For reference, the algorithms for gEM are presented in Section
 on-line learning of grammatical probabilities in radar Electronic

4.2 and Appendix A. Each iteration of the algorithms follow a struc-
ture that is analogous to the standard IO technique. The inside
and explanation probabilities are computed using Get-Inside-
Probs() (Algorithm 2). The outside probabilities and balanced

dx.doi.org/10.1016/j.asoc.2012.02.022
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requencies are computed using Get-Expectations() (Algorithm
), while the routine shown in Algorithm 1 allows to re-estimates
he production rule probabilities.

. Derivations of graphical EM for on-line learning

In practical radar ES applications, the collection and analysis
f representative data for learning of SCFG probabilities is expen-
ive and time consuming. Only a limited amount of training data
ay  be available to train a SCFG. It is however common to acquire

ew information from an operational environment or from other
ources at different points in time, after the ES system has originally
een deployed for operations. Moreover, in modern ES environ-
ents, the characteristics of MFR  signals may  vary dynamically in

ime. For timely and accurate recognition of threats, SCFG proba-
ilities should be updated as new data becomes available.

In literature, the terms incremental and on-line are often used
n reference to the type of learning described above. In the present
aper, the term on-line is retained,1 and an algorithm for supervised
n-line learning possesses the following properties [18]. Training
ata should not be accumulated and stored in memory, and learn-

ng should not be performed from the start on all accumulated data.
n addition, accommodating new training data should not corrupt
reviously acquired knowledge structure (i.e., SCFG probabilities).

t should not suffer from catastrophic forgetting, and thereby com-
romise ES system performance.

Since the performance a SCFG depends heavily on the availabil-
ty of representative training data, on-line learning would provide
he means to efficiently maintain an accurate and up-to-date model
f an MFR  of interest. It would also has the advantage of decreas-
ng the memory requirements, since there is no need for storing
he data from previous training phases. Furthermore, since train-
ng is performed only on the new training sequences, and not on
ll accumulated data, on-line learning would lower computational
omplexity. Finally, on-line learning may  provide a powerful tool in

 human-centric approach to radar ES, where domain experts are
alled upon to propose new data to gradually design and update
FR  models as the operational environment unfolds.
Assuming that new radar signals are collected, analyzed and

ncorporated into blocks of training data, the following approach
ay  be employed to design and maintain a SCFG that models the

ynamics of a MFR. During the initial phase of SCFG design, the
tructure of the SCFG is described for the MFR  system, and its
roduction rule probabilities are initialized, either randomly, or
ased on prior domain knowledge. Then, the SCFG probabilities are

earned based on an initial set of representative training sequences.
s new blocks of training sequences are progressively gathered
nd analyzed for the theater of operation, or provided from other
ources of electronic intelligence, on-line learning is performed to
pdate and refine the SCFG probabilities of the MFR.

The classical EM-based techniques (IO and VS) are not suitable
or on-line learning of SCFG probabilities. If new data becomes
vailable, the SCFG must be re-trained using all cumulative data. Of
he fast alternatives to IO and VS, only the HOLA [14] technique is
uitable for learning new information in an on-line fashion – once it
as trained the SCFG using an initial training set ˝,  it can efficiently
efine the summary statistics and SCFG probabilities to account for
dditional training set ˝′. The training for an augmented train-
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

ng set  ̋ ∪ ˝′ can be completed by analyzing the new sequences
n ˝′ without having to re-compute the contributions from ˝.  A
rief summary of this approach applied to the learning of SCFG

1 The term incremental alone will refer to a batch learning process that updates
arameters using a subset of a training dataset, yet requires all the dataset to be
tored in memory.
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probabilities is presented in [6].  The other fast learning tech-
niques, including gEM, are not on-line. In those cases, the additional
training set ˝′ can be incrementally incorporated into the data
structures during pre-processing, but the iterative process must
learn new probabilities from the beginning, using  ̋ ∪ ˝′. The abil-
ity of HOLA, gEM or other techniques to preserve their previously
acquired knowledge structure has not been addressed in literature.

The results from a comparison revealed that gEM can provide a
significantly higher level of accuracy than HOLA [6] on radar data.
Therefore, gEM may  have great potential for preserving a SCFG’s
previously acquired knowledge structure during on-line learning.
The rest of this section surveys EM algorithms for incremental and
on-line learning, and describes two new versions of gEM that allow
for efficient on-line learning of SCFG probabilities.

4.1. On-line and incremental learning with EM

Suppose that the values x of some random variable X has been
observed, but not the values z of some other variable Z. The EM
algorithm performs maximum likelihood estimation of parameters
of an underlying distribution for problems in which some vari-
ables are not observed [19,20]. Assume the joint probability of X
and Z is parameterized by �, thus P(x, z|�). Given observed data
x, EM estimates the value of � such that the log-likelihood of the
marginal probability for X, LL(�) = log {P(x|�)} = log {

∑
zP(x, z|�)}, is

maximized.
Let �(m) denote the value of parameter � after m iterations. The

EM algorithm starts with some initial guess of the model parame-
ters �(0). Then it iteratively generates successive estimates �(1), �(2),
. . . by applying the Expectation (E) and Maximization (M)  steps
repeatedly, until a stopping criterion is achieved. The mth iteration
of the algorithm is as follows [21]:

1. E-step: given the known values x for the observed variables X
and the current estimate of parameters �(m), compute the dis-
tribution P̃(m) over the range of unobserved variables Z, where
P̃(m)(z) = P(z|x, �(m)). This allows to construct the conditional
expectation for the complete data log-likelihood:

Q (�, �(m)) = EP̃(m) [log P(x, z|�)|x, �(m)]. (8)

2. M-step: re-estimate the parameters such that
�(m+1) = argmax�Q(�, �(m)).

3. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations.

Each one of the iteration described above is guaranteed to increase
the log-likelihood or leaves it unchanged. Wu  [22] showed that this
only ensured that EM would converge towards a stationary points.
However, whether this stationary point is a local maximum, a global
maximum, or an inflection point, depends on the initial parameters,
and this issue is therefore easily handled by executing the algorithm
several times, for a representative set of parameter combinations.

Note also that another stopping criterion is to use a condition
based on the estimated parameters, such as the following [23]:

|�(m+1) − �(m)|
|�(m)|+ı1

< ı2 (9)

As explained by Wu  [22], convergence towards a combination of
parameters implies convergence towards a likelihood value (under
an assumption of continuity), while the opposite is not true. How-
ever, this kind of stopping criterion does not consider the issues of
over-training, that are critical in on-line problems, since training is
 on-line learning of grammatical probabilities in radar Electronic

performed on limited data, while it can be handled by measuring
a likelihood based measure on some validation data, as described
in Section 5. That is why hereafter, to maintain coherence through
the paper, a likelihood based criterion was considered.

dx.doi.org/10.1016/j.asoc.2012.02.022
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2. M-step: re-estimate �(m+1) using Eq. (5a) on �(m+1).
3. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations and

store �i = �(m+1)
i

.
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The batch learning EM algorithm described above requires the
ntire training dataset to be available at each iteration for updat-
ng the parameters, which can become an issue when the training
ataset becomes large, or is partially available at a given moment.
o bypass this limitation, several on-line, stochastic, incremental
nd sequential versions of EM have been proposed to update the
idden parameters when a single datum, or when a subset of the
raining dataset is available.

Neal and Hinton [21] proposed the incremental EM algorithm to
ccelerate the convergence of the EM algorithm. Assuming that a
nite training data set  ̋ is divided into n blocks, each iteration of
his algorithm performs a partial E-step (for a selected block) before
erforming the M-step on all the training data. One can choose to
pdate the parameters by selecting data blocks cyclicly, or by giv-

ng preference to some scheme for which the algorithm has not
onverged. A variant of incremental EM that is relevant for on-
ine learning exploits the fact that parameters may  be re-estimated
sing a vector of sufficient statistics for each block [21]. It consists in
pdating the sufficient statistics corresponding to a selected block
f data during the E-step, and then re-estimating the parameters
uring the M-step, by combining the updated sufficient statistics
ith the existing ones (corresponding to the unused blocks). A
rawback is that the M-step of this algorithm either requires all
he training data or additional storage variables for all the training
ata. Although incremental EM is not suitable for on-line learn-

ng, the general approach has formed the basis for several efficient
n-line learning algorithms, mainly for updating HMM  parameters
24–27].

The recursive learning algorithm proposed by Titterington [28]
s related to on-line estimation of parameters using EM.  In particu-
ar, stochastic approximation procedures have been considered for
he recursive estimation of parameters that can be linked to the EM
lgorithm [26]. This approach is adapted to EM as follows. A recur-
ive approximation of Eq. (8) is computed during the E-step, and
ecursion is used to approximate the re-estimation of � during the
-step. At iteration m + 1, the recursion computes �m+1 using the

revious value �(m), a Fisher matrix corresponding to a complete
bservation of the data, and a vector of scores. Chung and Bohme
29] attempted to accelerate the convergence rate of this technique
y proposing an adaptive procedure to determine the step size at
ach recursion. Based on Titterington’s algorithm, Jorgensen [20]
nvestigated a dynamic form of EM to re-estimate mixture propor-
ions that requires a single EM update for each observation.

Sato and Ishii [30] proposed an on-line version of EM for nor-
alized Gaussian networks that features a discount factor. The

uthors show that their on-line EM may  be considered as a stochas-
ic approximation method to find the ML  estimator. It is based on
n approximation from its previous value of the weighted means
f parameters with respect to the posterior probability. These
eighted means are then combined during the re-estimation phase

o provide new estimations of the parameters.
On-line versions of the EM algorithm have recently been pro-

osed for Hidden Markov Models (HMM), which can be seen as
 very simple grammar. Andrieu and Doucet [31] use sufficient
tatistics to formulate an on-line Em algorithm for parameter esti-
ation in general state-space models. Extending this idea, Mongillo

nd Deneve [32] developed an on-line version of EM for HMM,
hat allows to integrated new data without keeping memory of
reviously learned data, in the case where both the states and
bservations take a finite number of values. Cappé and Moulines
33] propose a recursive EM algorithm for latent variable models of
ndependent observations. Vasquez et al. use a on-line algorithms
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

or incrementally learning both the parameters and the structure of
rowing Hidden Markov Models, in order to learn motion patterns.
hese two contributions led Cappé [34] to designing an on-line
lgorithm for general HMM,  with possibly continuous observations.
 PRESS
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For more details on on-line learning techniques of HMM,  Kreich
et al. [35] made an extensive review of on-line techniques for esti-
mating HMM  parameters, comparing the different techniques in
terms of performance and convergence.

4.2. On-line gEM algorithm (ogEM)

This section describes a new version of gEM for efficient on-
line learning of SCFG probabilities that is called the on-line gEM
(ogEM), and it is inspired by the incremental EM algorithm [21],
and based on sufficient statistics2 instead of raw data. Note that
in the present context, the observed variables xi corresponds to a
given sequence, while the unobserved ones zi corresponds to the
associated derivation trees dxi

.

4.2.1. Incremental EM using sufficient statistics
Assume that the original dataset  ̋ = {x, z} has been divided into

n blocks {˝1, . . .,  ˝n} = {x1, z1, . . .,  xn, zn}, where {x1, . . .,  xn} is the
set of observed values of variable X, and {z1, . . .,  zn} is the set of
unobserved values of variable Z. Then, a vector of sufficient statistics
corresponding to each block ˝j is set to an initial guess sj, for j = 1,
2, . . .,  n. For the mth iteration, successive E and M steps are applied
as follows:

1. E-step: select a block ˝i to be updated.

set s̃(m+1)
j

= s̃(m)
j

for every j /= i. (10)

compute s̃(m+1)
i

= EP̃i
[s(x, z)] where P̃i(z) = P(zi|xj, �(m)). (11)

set s̃(m+1) = s̃(m+1)
i

+ s̃j. (12)

2. M-step: set �(m+1) to the maximum likelihood value of � based
on s̃(m+1).

3. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations and
store s̃i = s̃(m+1)

i

4.2.2. Incremental EM for SCFGs
Given the previous definition of sufficient statistics, � is defined

as the vector of sufficient statistics of � in gEM, and s̃ can be iden-
tified with �. The E-step now consists in computing the vector �,
while the M-step consists in re-estimating the associated vector
of production probabilities �. As shown below, gEM can be mod-
ified to re-estimate SCFG production probabilities incrementally.
For the mth iteration, after having divided the original dataset ˝
into n blocks {˝1, . . .,  ˝n}, each one containing a certain number
of sequences, incremental EM may be adapted to gEM as follows:

1. E-step: select a block ˝i to be updated.

set �(m+1)
j

= �(m)
j

for every j /= i. (13)

compute �(m+1)
i

using Algorithm 2 and 3 on ˝i.

set �(m+1) = �(m+1)
i

+ �(m+1)
j

.
(14)
 on-line learning of grammatical probabilities in radar Electronic

2 Given a sample {x1, . . .,  xn} governed by the density function f(x|�), the statistic
S(x) of x is sufficient for � if the conditional distribution of x given S(x) = s is indepen-
dent of �. Accordingly, any inference strategy based on f�(x) may  be replaced by a
strategy based on f�(s) [36].

dx.doi.org/10.1016/j.asoc.2012.02.022
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.2.3. On-line gEM for SCFGs
With the incremental EM algorithm, all the data  ̋ is required

o compute �(m+1). For on-line learning of a new block of data ˝n+1,
he following on-line approximation to the algorithm is proposed.
onsider that the SCFG probabilities have previously been learned
rom a block of sequences ˝1, and that the final value of �, referred
o as �1, is stored. To learn a new block ˝2, the mth iteration of the

 and M-steps of the on-line gEM (ogEM) algorithm is:

. E-step:

compute �(m+1) using Algorithms 2 and 3 on ˝2.
set �′(m+1) = �(m+1) + �1.

(15)

. M-step: re-estimate � using Eq. (5a).

. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations and
store the new �2 = �′(m+1).

he main difference with the incremental gEM algorithm lays in the
act that ˝2 was not employed during the initial estimation of �. If
nother dataset ˝3 is available after training has been performed
n {˝0, ˝1, ˝2}, the procedure remains the same, using �2 and
pplying the E-step on ˝3.

A version of the ogEM algorithm is provided in Algorithm 1.
teps of this algorithm allow to manage updates to the value �. Note
hat in contrast to the original gEM, Get-Inside-Probs() is per-
ormed only on new data ˝i+1, and Get-Expectation() produces
(m+1). Steps 2, 3, 7, 9, 10 and 14 highlight the difference between
he algorithms of gEM, ogEM, and ogEM-df, described hereafter.

lgorithm 1 (gEM(), ).

.3. On-line gEM with discount factor (ogEM-df)

In this section, the on-line EM algorithm of Sato and Ishii [30] is
dapted for on-line learning of SCFGs using gEM. The new algorithm
s called the on-line gEM with discount factor (ogEM-df), and can be
een as an extension of ogEM that allows for tuning the learning
ate during on-line learning.
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

.3.1. Batch EM for Gaussian networks
Consider an application in which parameters can be re-

stimated using the weighted mean of a given function f(), and that
his function depends on both observable and hidden variables. The
 PRESS
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mth iteration of the batch EM algorithm for such an application is
the following:

1. E-step: compute P(zi|xi, �(m)), where �(m) is the estimation of
parameter � to estimate at iteration m;

2. M-step: compute the weighted mean over n samples of a func-
tion of parameters x with respect to the posterior probability:

f ∗(x, z)(m) = 1
n

n∑
i=1

f (xi)P(zi|xi, �(m)) (16)

and re-estimate the parameters �(m+1) using f∗(x, z)(m). The reader
is referred to [30] for more details on the re-estimation steps for
this algorithm.

3. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations.

4.3.2. Incremental EM for Gaussian networks
Based on the preceding algorithm, an incremental version can

be derived. The principle of this incremental EM algorithm consists
in estimating f∗(x, z) iteratively. This estimate, f̃  (x, z), can be derived
from f(x, z) with:

f̃ (x, z) = 	

n∑
i=1

⎛⎝ n∏
j=i+1


(j)

⎞⎠ f (xi, zi)P(zi|xi, �(i − 1)) with

	 =

⎛⎝ n∑
i=1

n∏
j=i+1


(j)

⎞⎠−1

(17)

where 
(j) is a time dependent discount factor, 0 ≤ 
(j) ≤ 1, 	 is a
normalization coefficient that plays the role of a learning rate, and
�(i − 1) is the estimator of the parameter after the (i − 1)th obser-
vation xi−1. The modified weighted mean of f(x, z) can be computed
iteratively by presenting the samples xi sequentially, one after the
other. Consider that f̃ (xi

1, zi
1) has already been computed on {x1, . . .,

xi, z1, . . .,  zi}:

f̃ (xi+1
1 , zi+1

1 ) = f̃ (xi
1, zi

1) + 	(i + 1)(f (xi+1, zi+1)P(zi+1|xi+1, �(i))

− f̃ (xi
1, zi

1)) (18)

It has been shown [30] that, with an appropriate value of 	, Eq.
(18) is equal to Eq. (16), and that this incremental EM algorithm is
equivalent to the batch version. Considering a dataset  ̋ = x1, . . .,
xn, and the fact that training has already been completed on {x1,
. . .,  xi} the on-line EM algorithms can be applied as follows:

1. E-step: compute P(zi+1 = j|xi+1, �(i));
2. M-step: compute f̃ (xi+1

1 , zi+1
1 ) using Eq. (18) and re-estimate the

parameters.
3. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations.

4.3.3. Incremental gEM with discount factor for SCFGs
The incremental EM algorithm described above can be applied

to learning of SCFGs by considering that xi is a given sequence, and
 on-line learning of grammatical probabilities in radar Electronic

that zi corresponds to dxi
. The weighting probability P(dx|x, �) then

corresponds to the probability of having a particular derivation tree
dx, given x and �, and f is now identified with the frequency of the
rules, N. Indeed, Bayes’ theorem gives the relation between N∗ and

dx.doi.org/10.1016/j.asoc.2012.02.022
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 for a particular production rule A → � and a set of derivation trees

˝ = {dx}:

N∗(A → �, d˝) = 1
|˝|

∑
x∈˝

N(A → �, dx)P(dx|x, Gs)

= 1
|˝|

∑
x∈˝

N(A → �, dx)
P(x, dx|Gs)

P(x|Gs)

= 1
|˝|

∑
x∈˝

N(A → �, dx)
P(x, dx|Gs)
P(x, �x|Gs)

= �(A → �, d˝)
|˝|

(19)

All the derivation trees must however be considered to re-
stimate the production rule probabilities. For each sequence, one
ust sum the weighted frequency of the rules over all the corre-

ponding derivation trees as follows:

N∗(A → �) =
∑

d˝∈�˝

N∗(A → �, d˝)

=
∑

d˝∈�˝

1
|˝|

∑
x∈˝

N(A → �, dx)
P(x, dx|Gs)
P(x, �x|Gs)

= 1
|˝|

∑
x∈˝

1
P(x, �x|Gs)

∑
dx∈�x

N(A → �, dx)P(x, dx|Gs)

= �(A → �)
|˝|

(20)

hus, the re-estimation equation (Eq. (5a)) can be modified accord-
ng to Eq. (20):

(A → �) = �(A → �)
�(A)

= �(A → �)/|˝|
�(A)/|˝| = N∗(A → �)∑

�N∗(A → �)
(21)

Assuming that Ñi(A → �) has already been computed from {x1,
 . .,  xi}. It is now possible to compute Ñi+1(A → �) iteratively using
q. (20), and the updated version of N∗(A → �) is computed on {x1,

 . .,  xi}, as follows:

Ñi+1(A → �) =Ñi(A → �) + 	(i + 1)[
∑

dxi+1 ∈�xi+1

N(A → �, dxi+1 )

×P(dxi+1 |xi+1, Gs) − Ñi(A → �)]

= Ñi(A → �) + 	(i + 1)[�(A → �, xi+1)

−Ñi(A → �)]

(22)

here 	(i + 1)−1 is a discount factor [26] and allows for tuning the
earning rate of the algorithm. Setting 	(i + 1) to 0 (i.e., 	(i + 1)−1 = 1)

eans that no learning is performed, while setting 	(i + 1) to 1 (i.e.,
(i + 1)−1 = 0) means that previously learned blocks are no longer
onsidered. Based on Eq. (22), this incremental EM algorithm can
e adapted to gEM as follows. After training was completed on {x1,

 . .,  xi}, the mth iteration gives:

. E-step:

compute �i+1 using Algorithms 2 and 3 on xi+1;
set Ñi+1 = Ñi + 	(i + 1)[�i+1 − Ñi];

(23)

. M-step:

re-estimate �(i+1)(A → �) = Ñi+1(A → �)
; (24)
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

Ñi+1(A)

. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations and
store Ñi+1.
 PRESS
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4.3.4. On-line gEM with discount factor (ogEM-df)
Up till now, the algorithms described in this subsection are said

to be incremental because they consists in presenting all the sam-
ples of a training dataset in sequence, from first to last, and then
looping until convergence. However, it can be adapted to on-line
learning of data as follows. Consider two data blocks {˝1, . . .,  ˝i}
and ˝i+1 of sizes |˝1,. . .,i| and |˝i+1| and suppose that after training
on {˝1, . . .,  ˝i}, Ñi(A → �) was already computed:

Ñi+1(A → �)
= Ñi(A → �) + 	(i + 1)

×
[∑

x∈˝i+1

∑
dx∈�x

N(A → �, dx)P(dx|x, Gs)

|˝i+1| − Ñi(A → �)

]

= Ñi(A → �) + 	(i + 1)

[∑
x∈˝i+1

�(A → �, x)

|˝i+1| − Ñi(A → �)

]

= Ñi(A → �) + 	(i + 1)

[
�i+1(A → �)

|˝i+1| − Ñi(A → �)

]
(25)

The on-line gEM with discount factor (ogEM-df) can be defined,
based on ogEM. For each block, the SCFG is trained over several iter-
ations until convergence. Suppose that training has already been
successfully performed on the first block ˝1, and that, for each
rule A → �, the final value of Ñ1(A → �) is stored. In order to learn
a new block ˝2, Ñ2(A → �) can be computed for the mth  iteration
according to:

1. E-step:

compute �(m+1) using Algorithms 2 and 3 on ˝2;

set Ñ(m+1) = Ñ1 + 	(m + 1)

[
�(m+1)

2
|˝2| − Ñ1

]
;

(26)

2. M-step:

re-estimate �′(A → �) = Ñ(m+1)(A → �)

Ñ(m+1)(A)
; (27)

3. Stopping criterion: if LL(�(m+1)) − LL(�(m)) ≤ ε, end iterations and
store Ñ2 = Ñ(m+1).

Algorithm 1 presents the ogEM-df technique. The steps of this
algorithm allow to updates the value Ñ. In contrast to the original
gEM, Get-Inside-Probs() is performed only on new data ˝i+1,
and Get-Expectation() produces �(m+1). Steps 2, 3, 7, 9, 10 and
14 highlight the difference between the algorithms of gEM, ogEM,
and ogEM-df.

4.4. Comparison of ogEM, ogEM-df and HOLA

The main difference between ogEM and ogEM-df lies in the fact
that tuning parameter 	 in ogEM-df adjusts the relative importance
of the new dataset. It is straightforward to demonstrate that by set-
ting 	(i + 1) = 	(i)/(1 + 	(i)), these two  algorithms become identical.

Note that using these two  algorithms, consistency is ensured
and local optima are likely to be avoided thanks to the random
re-initialization of the SCFG probabilities when new data is added.
Suppose that training was  previously performed on a block ˝1 and
that a new one, ˝2, becomes available. Both ogEM and ogEM-df
use only the support graphs from ˝2 to compute �2, while infor-
 on-line learning of grammatical probabilities in radar Electronic

mation on ˝1 is already stored in �1. Consider that each block is
not fully representative of the whole phenomenon, and that their
distributions are possibly disjoined in the input feature space. In
this case, the production rules obtained after training on ˝1 are

dx.doi.org/10.1016/j.asoc.2012.02.022
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ot the basis for training on ˝2, and re-initialization is more likely
o yield solutions that do not correspond to a local optimum.

As mentioned, HOLA [6,14] is a gradient-descent algorithm
ased on relative entropy that allows for on-line learning of SCFGs
robabilities. When ˝2 becomes available, an histogram repre-
enting the distribution of rules (created using ˝1) is updated.

hen performing on-line learning of ˝2, the SCFG probabilities
btained from training with ˝1 constitute the starting point for
he training process. HOLA seeks to reproduce the histogram using
equences produced by the grammar. Since the new histogram
ncludes information on ˝1, learning is not biased by using the
roduction probabilities obtained from training with ˝1. On the
ontrary, they represent a priori information, which allows HOLA
o avoid local optima.

The time complexity per iteration and space complexity of
gEM and ogEM-df are identical to that of gEM since their com-
lexity depends on the computations in Get-Inside-Probs and
et-Expectation. These are left unchanged during the on-line
daptation. Since HOLA uses a fixed size distribution, the time
equired for an iteration is independent of the size of the blocks,
nd it may  therefore be significantly faster than ogEM and ogEM-df.

. Experimental methodology

.1. MFR  radar data

Four fictitious but representative families of MFR  systems, called
ercury, Pluto, VenusA and VenusB were considered in this paper.
hile a real application requires a complex analysis of received

ulses in order to get a clean sequence of words, this aspect is out
f the scope of this work, and it is considered that the sequences of
ords actually emitted by the radar are accessible.

The Mercury MFR  has a vocabulary of 9 distinct words. It can be in
ne of five functional states, each state emitting a phrase of 4 words.
he combinations of four-word phrases that are available to each
tate are given in [6]. The Pluto MFR  has a vocabulary of 6 distinct
ords. It can be in one of four functional states, each state emitting

 phrase of 3 words. The combinations of three-word phrases that
re available to each state are given in [6].

Two word-level CFGs in Chomsky Normal Form were designed
or these MFRs from their functional descriptions [37,6].  Datasets
re generated for Mercury and Pluto, and consist of 400 sequences
ach, where each sequence corresponds to the set of words
hat would be produced by these MFRs during one target detec-
ion, while switching through all their internal states. Mercury
equences have a length that ranges from 108 to 1540 words, with
n average of 588 words. Pluto sequences have a length that ranges
rom 397 to 953 words, with an average of 644 words.

The data sets of both MFRs were then partitioned into four
qual parts – a training subset (MTrain/PTrain), a validation sub-
et (MVal/PVal), a test subset (MTest/PTest), and an ideal test
ubset (MTI/PTI). Inside an ES system, the MFRs words would
rst be detected from within the stream of intercepted radar
ulses, and then sequences of words would be recognized using
he SCFGs. Prior to sequence recognition, errors occur if (1) a word
s incorrectly detected, (2) a word is missing or not detected, or
3) multiple words are detected simultaneously. If only the best-

atching detection is retained for sequence recognition, these 3
ases are equivalent to incorrectly detected words (case 1). Accord-
ngly, two noisy versions of MTI – MTN1 and MTN2 – and PTI – PTN1
nd PTN2 – were generated. Each noisy test set consists of the 100
equences from MTI and PTI. Then, to select incorrectly detected
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

ords to be modified, a Poisson process was applied with a mean
f 50 words for MTN1 and PTN1, and 10 words for MTN2 and PTN2.
inally, a different word of the vocabulary was randomly chosen to
eplace the each incorrectly detected word. For each sequence in
 PRESS
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each database, the corresponding states of the MFRs were stored
for reference.

Given the need for assessing the capacity of the trained SCFGs
to recognize the associated MFR  system among several other MFR
systems, two  other fictitious MFRs, known as VenusA and VenusB,
were simulated. The languages of VenusA and VenusB are described
in details in [6].  Since these MFRs are only used for tests, and not
for training, there was no need to design corresponding CFGs. In
each case, a dataset of 100 sequences, named VATI for VenusA and
VBTI for VenusB, were generated. During the simulations, the dwell
durations of the different states were fixed, or set using a Pois-
son law, dependently of the state considered. At each state dwell,
the choices of the corresponding emitted phrases was  determined
randomly over the possible phrases.

In radar ES applications, pulses are received from an illumi-
nating radar and converted into the most probable sequences of
words corresponding to each radar of its library. This can also be
interpreted as follows: one original sequence is converted into sev-
eral sequences in the languages of the MFRs of its library. A radar
ES systems library may  only contain the descriptions of Mercury
and Pluto. Therefore, an intercepted sequence of pulses would be
translated into a sequence corresponding to the most probable
sequence of words belonging to the Mercury language, and into
another sequence corresponding to the most probable sequence of
words belonging to the Pluto language.

In order to model this functioning, the sequences of PTI, PTN1,
PTN2, VATI and VBTI were translated into Mercury language,
and the sequences from MTI, MTN1, MTN2, VATI and VBTI were
translated into Pluto language, using the conversion tables pre-
sented in [6].  This conversion process allows to create 6 databases
of 400 sequences in the corresponding MFR  language, belonging
to the 4 different MFRs: MROCTI (containing the translation of PTI,
VATI and VBTI); MROCTN1 (containing the translation of PTN1, VATI
and VBTI); MROCTN2 (containing the translation of PTN2, VATI and
VBTI); PROCTI (containing the translation of MTI, VATI and VBTI);
PROCTN1 (containing the translation of MTN1, VATI and VBTI);
PROCTN2 (containing the translation of MTN2, VATI and VBTI).

A grammar is said to be ambiguous if several derivation trees
can lead to the same sequence. In the radar ES application, MFRs
grammars were constructed so that they are ambiguous if two con-
secutive states can produce a same phrase. The Pluto grammar is
found to be more ambiguous than Mercury grammar because it
satisfies these conditions more often. A measure of the ambiguity
can be defined as the number of phrases shared by two consecutive
states divided by the total number of phrases emitted by these two
states. Accordingly, Mercury has an ambiguity of 0.2 and Pluto has
an ambiguity of 1. Even if no grammar was  designed for VenusA
and VenusB, it can be seen in [6] that that their ambiguity would
be null.

5.2. Experimental protocol for computer simulations

The protocol used in this paper involves on-line learning of
SCFG probabilities and hold-out validation. Subsets MTrain, MVal,
PTrain, and PVal, described in Section 5.1,  are subdivided into 20,
10, 5, 4 or 2 subdatasets of 5, 10, 20, 25 or 50 sequences, resulting in
new training and validation subdatasets. These sets will be referred
herein as MTraini(j), MVali(j), PTraini(j) and PVali(j), where i indi-
cates the size of the subdatasets (i = 5, 10, 20, 25 or 50), while j
indicates the number of the subdataset. It is assumed that when a
new block of training sequences ˝j of i sequences becomes avail-
able, it is divided equally among a training MTraini(j) (PTraini(j))
 on-line learning of grammatical probabilities in radar Electronic

and a validation MVali(j) (PVali(j)) subset.
Prior to each simulation trial, the SCFG probabilities are ini-

tialized randomly. During each trial with a given block size, batch
learning with the ogEM and ogEM-df techniques is performed

dx.doi.org/10.1016/j.asoc.2012.02.022
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n MTraini(1) (PTraini(1)) using hold-out validation on MVali(1)
PVali(1)), until the difference between the approximate negative
og likelihoods of the sequences on MVali(1) (PVali(1)) is lower
han 0.001 for two consecutive iterations. At the end of each trial,
he set of SCFG probabilities corresponding to the minima of the
egative log likelihood of the sequences of MVali (PVali) is kept.
inally, the performance on the first block is assessed using MTest
PTest), and the vectors of sufficient statistics corresponding to
ach result are stored.

Once MTraini(1) (PTraini(1)) has been learned via batch learn-
ng, MTraini(2) (PTraini(2)) is learned in an on-line fashion. With
gEM and ogEM-df, 10 new sets of SCFG probabilities are generated
andomly. For on-line learning with HOLA, the 10 sets of SCFG prob-
bilities from the previous iteration are used. Re-estimation of SCFG
robabilities is performed for each set of probabilities based on
he vectors of sufficient statistics stored after learning MTraini(1)
PTraini(1)). The same process is repeated for successive blocks
f training data, until

∑
i|MTraini(1)| = 100 (

∑
i|PTraini(1)| = 100).

verage results, with corresponding standard error, are always
btained, as a result of the 10 independent simulation trials. To
implify computer simulations, perplexity and recognition of radar
tates are assessed using MTI, MTN1 and MTN2 (PTI, PTN1 and PTN2),
ith the best set of SCFG probabilities once the last block has been

earned. Finally, the capacity to recognize the MFR  corresponding
o the trained grammar is assessed using MROCTI, MROCTN1 and
ROCTN2 (PROCTI, PROCTN1 and PROCTN2). The diagram of Fig. 2
ummarizes the experimental protocol used to assess performance.

.3. Performance measures

The performance of learning techniques was compared in terms
f the amount of resources required during training, and the accu-
acy of results on the test sets. The accuracy of the SCFGs produced
sing a learning technique was assessed in terms of the perplex-

ty measure, the classification error rate over radar states, and ROC
urves. The amount of resources required to implement these tech-
iques is measured using the time and memory complexity and the
onvergence time. Estimation of the worst-case and average-case
xecution time per iteration and storage requirements allows for
he assessment of computational complexity, while the remain-
ng performance measures are assessed via computer simulation,
sing radar data sets. The outcome of numerous computer sim-
lations are combined to yield an average performance measure.
hese measures are now briefly defined. (The reader is referred to
6] for detailed definitions.)

Perplexity (PP) is measured with PP = 2 −1/L  log2P(x), where
(x) =

∑
dx∈�x

P(x, dx|Gs) (Eq. (2))  with every possible parse tree)
s the probability of the sequence x being produced by a language
38] and L is the length of x. Perplexity can be interpreted as the
umber of words that the SCFG has to choose from to complete a
iven sequence, and is based on information theory. The closer this
alue is to 1, the more a model can predict the language.

Classification error rate on estimated radar states is estimated by
he ratio of incorrectly estimated states over all occurrences of the
tates in the test sets.

Given a SCFG corresponding to a specific MFR, each sequence
an be considered as a Positive if it belongs to this specific MFR, or
s a Negative if it belongs to any other MFR. Thus, by computing
he corresponding perplexities produced by a SCFG and setting a
ecision threshold, a binary classification can be performed on each
equence. Four results can then be extracted – True Positive and False
egative for correctly and wrongly classified Positives, and True
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

egative and False Positive for correctly and wrongly classified Neg-
tives. Varying the decision threshold allows to create an ROC curve
39] based on perplexity, which represents the True Positive Rate –
r Hit Rate – versus the False Positive Rate – or False Alarm Rate. An
 PRESS
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indicator of performance is the area under this curve (AUC), which
ranges from 0.5 (no discrimination) to 1.0 (full discrimination).

During a computer simulation, each complete presentation of
the sequences in the training set is called an iteration. Conver-
gence time I is measured by counting the number of iterations
needed by a technique to learn Train before the termination
condition is reached. Convergence of gEM and HOLA techniques
is reached, respectively, once the perplexity or relative entropy
remain approximately constant for two  successive presentations
of the training set.

Time complexity (T) can be estimated analytically from the time
required during one iteration, to re-estimate production rule prob-
abilities of a SCFG from a single training sequence. The result is a
total average-case or worst-case running time formula, T, which
summarizes the behavior of an algorithm as a function of key
parameters, such as the number of sequences in the training dataset
or their lengths. For simplicity, time complexity is measured by the
total number of multiplications and divisions evaluated during each
iteration. The worst-case represents the case in which all the possi-
ble productions are possible, whereas the average-case is estimated
by introducing the stochastic parameters, some of which are spe-
cific to an algorithm. Finally, the growth rate is obtained by making
the parameters of the worst-case complexity tend to infinity.

This last measure is independent from convergence time, since
a technique may  require several iterations to converge using very
simple processing, or vice-versa. The product of the two measures
provides useful insight into the amount of processing required
by technique to produce its best asymptotic performance. The
overall time complexity T∗ associated with a learning technique
is T∗ = Tinit + I · T · � T, where Tinit is the time required initially to pro-
duce data structures (such as support graphs or histograms), I is
the number of iterations needed to converge, T is the time com-
plexity per iteration, and � T is a multiplicative factor that depends
on the size of the training subset |MTrain|(|PTrain|). It indicates
the number of sequences a technique must process during the iter-
ative process. For batch training with EM-based techniques (i.e.,  IO,
VS and gEM), � T = |MTrain|(� T = |PTrain|), but it varies according
to the technique with on-line training.

Memory complexity (M) is estimated as the number of 8 bit reg-
isters needed during learning process to store variables. Only the
worst-case or average-case memory space required during pre-
processing phase was  considered. For gEM, as described in Fig. 1,
one branch of a support graph consists in 3 vectors of 3 registers
(for example [Start, Acq, �] ; [Acq, 0, 4] ; [�, 4, 5], which means that
the non-terminal Start is expanded by Acq � to produce the subse-
quence {w1, . . . , w5}), or 2 vectors of 2 and 3 registers ([W6, 6] ; [6,
0, 1], which means that W6  is expanded by to produce w1 = 6),
as shown in Fig. 1. For HOLA, one counting register is needed to
represent the frequency N(r) . o for each rule r ∈ R.

The measure M contains limited information since only one
sequence is considered. In order to measure the impact of on-line
learning on memory requirements, as for the time complexity, the
overall memory complexity M∗ is M∗ = M · � M is computed, where
M is the basic memory complexity, and � M is a multiplicative factor
that depends on the size of the training subset |MTrain|(|PTrain|).
It indicates the number of sequences a technique has to store during
the iterative process. For batch training with EM-based techniques
such as IO, VS and gEM, � M = |MTrain|(� M = |PTrain|), but varies
with the techniques for on-line training.

6. Results and discussions
 on-line learning of grammatical probabilities in radar Electronic

Figs. 3 and 4 show the average perplexity achieved by a SCFG
after on-line learning with ogEM, ogEM-df and HOLA of the Mer-
cury and Pluto data, using different block sizes |MTrain(i)| and

dx.doi.org/10.1016/j.asoc.2012.02.022
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Fig. 2. Data flow diagram representation of the experimental protocol used to

PTrain(i)|, respectively. With Mercury data, the perplexity of a
CFG obtained with either ogEM or ogEM-df tends towards the
ehavior that could be achieved through batch learning on one sin-
le cumulative block of data, even for small block sizes. It appears
hat |MTrain(i)| = 50 sequences is required to reach the lowest
ossible perplexity. At that point, on-line learning with ogEM or
gEM-df gives the same performance as batch learning with gEM.
n contrast, the perplexity of a SCFG obtained with HOLA never
ends toward that of a SCFG trained though learning using one sin-
le cumulative block. It can be observed that the standard error of
he sample mean remains very small for ogEM and ogEM-df, what-
ver the value of 	. In contrast, for HOLA, it increases with the size
f blocks.

The ambiguity of the Pluto grammar is greater, yet its complex-
ty is lower. With Pluto data, the perplexity of a SCFG obtained

ith either ogEM or ogEM-df also tends toward the behavior of
 SCFG obtained by batch learning with gEM. It appears that a
PTrain(i)| = 5 sequences is sufficient to reach the lowest possible
erplexity. At that point, on-line learning with ogEM or ogEM-df
ives the same result as batch learning with gEM. HOLA requires

 training block size of at least 20 sequences to converge. The fact
hat HOLA converges for Pluto and not for Mercury may  be linked
o the lower number of production rules with Pluto.

Tuning the learning rate 	 of ogEM-df has no significant impact
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

n the overall perplexity when using training blocks larger than
0 sequences. For training block sizes of 5 and 10 sequences, the
erplexity is more variable from trial to trial if 	 is high, which

s consistent with allocating greater importance to the new data
ate the performance of techniques for on-line learning of SCFG probabilities.

in the learning process. As mentioned in Section 4.4, as blocks
become smaller, each block contains fewer samples to represent
the phenomenon, and their distributions are quite different in
the input feature space. It can be observed that, for experiments
with Pluto data, the standard error of the sample mean for the
training on the first blocks of sequences for |PTrain(i)| = 5 and
10 with ogEM and ogEM-df becomes very small once the algo-
rithm has converged to a minimum perplexity. The standard error
of the mean with HOLA is always very small, whatever the size
of blocks.

Fig. 5 displays an example of the average convergence time
needed by ogEM-df(	 = 0.25) and HOLA to learn Pluto data, for
different block sizes. The average convergence time on the Mer-
cury data fluctuate in a range from 4 to 7 iterations across block
sizes for ogEM and ogEM-df, whereas it ranges from 50 to 100
iterations for HOLA. This is consistent with the behavior of HOLA,
since it has difficulty converging toward a minimum. A peak was
observed for the second of the third block for ogEM-df(	 = 0.25),
when |MTrain(i)| = 5. Peaks do not appear for larger blocks, since
they share a greater number of similar sequences from one block
to another. From these results, one can conclude that the size of
training blocks does not seem to have significant influence on the
convergence time.

For experiments with Pluto data (shown in Fig. 5), the conver-
 on-line learning of grammatical probabilities in radar Electronic

gence time is higher than with Mercury data, and ranges from 4
to 16 iterations. As new blocks are added, the convergence time
decreases for experiments with ogEM-df(	 = 0.25). However, the
convergence time remains almost constant for ogEM-df(	  = 0.50),

dx.doi.org/10.1016/j.asoc.2012.02.022
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Fig. 3. Average perplexity of SCFGs obtained by on-line learning with HOLA, ogEM and iogEM on Mercury data for different block sizes. Error bars are standard error of the
s h lear
c

a
n
t
m
a
s
n
t
s

t
a
|
l
t
n
f
e
r
s

e
d
s
f
b
s

o

ample mean. Since ogEM and ogEM-df are equivalent to gEM when used for batc
orresponds to the performance of gEM.

nd increases for ogEM-df(	  = 0.75). The ogEM and ogEM-df tech-
iques have similar convergence times when 	 = 0.25, although it
ends to increase for ogEM-df when 	 > 0.25. As expected, giving

ore importance to new data implies that a greater number of iter-
tions is needed to adapt to the new data. Experiments with HOLA
how that by going from |PTrain(i)| = 10 to |PTrain(i)| = 20 sig-
ificantly decreases the convergence time. This is consistent with
he results displayed in Fig. 4(a), indicating that a minimum of 20
equences per block is required in order to make HOLA converge.

Tables 1 and 2 show the confusion matrices of the SCFGs
hat obtain the lowest perplexity on MTI/PTI, MTN1/PTN1,
nd MTN2/PTN2 datasets, after training with |MTrain(i)|=5 or
PTrain(i)| = 5 sequences. It can be seen that SCFGs obtained after
earning with ogEM and ogEM-df perform consistently well, while
hose obtained after learning with HOLA produce a considerable
umber of classification errors for TN1 and TN2. Moreover, HOLA is

ar more sensitive to situations in which two contiguous states can
mit the same subsequence of words. This leads to the recognition
ate per state shown for state S, and the confidence on estimated
tate shown for state Na.

For MTI, the estimation errors only occur in Table 1 when Na is
stimated instead of Acq, while far more errors occur in Table 2. As
iscussed in Section 5.1,  classification errors can only appear when
everal parse trees exist for a same sequence. Ambiguity emerges
rom the fact that Acq and Na can produce the same phrase. As with
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

atch learning experiments, the ability of SCFGs to estimate radar
tates degrades with noisy data.

Table 3 shows the mean perplexity obtained for the SCFG that
btains the lowest perplexity on the MTI/PTI, MTN1/PTN1, and
ning of a single block of data, the first point of each ogEM and ogEM-df curve also

MTN2/PTN2 test sets. Although perplexity tends to grow with the
level of noise for all three techniques, the perplexity obtained with
ogEM and ogEM-df is always significantly lower than that of HOLA.
All the algorithms give the same results for PTN2 (within the com-
puter’s limit on precision).

Fig. 6 shows the example of ROC curves for the Mercury gram-
mar, using the SCFGs that obtain the lowest perplexity on MROCTI,
MROCTN1, and MROCTN2 databases. Recall that in these databases,
the first 100 sequences of MROCTI, MROCTN1, and MROCTN2 belong
to Mercury language, whereas the last 300 sequences belong to the
three other MFRs languages. It can be observed that performance
degrades when noise is introduced for the Mercury grammar, but
that the results remains very discriminant even for a noise fre-
quency of one error in 10 words. The analysis of the perplexity
obtained on the whole databases MROCTI, MROCTN1, and MROCTN2
shows that the errors come from sequences from VenusA and
VenusB, since their language are quite similar to that of Mercury,
while Pluto’s language is more distinct from the three others. In
results not presented here, ROC curves show that increasing noise
to a frequency of one in 10 words for the replacements never has a
significant impact on the performance obtained with Pluto SCFGs.
Overall, it appears that the SCFGs can always detect the MFR of
interest with very high level of accuracy. The worst results, given
by HOLA on MROCTN2, correspond to an extreme case in which only
the sequences emitted by the MFR  of interest are noisy, with a high
 on-line learning of grammatical probabilities in radar Electronic

level of noise. Finally, Table 4 displays the decision threshold ∗

that corresponds to the best point of operation, when the difference
between HR and FAR is maximized: ∗ = argmax{HR() − FAR()},
and when the relative cost of errors is equal. For this point of

dx.doi.org/10.1016/j.asoc.2012.02.022
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ig. 4. Average perplexity of SCFGs obtained by on-line learning with HOLA, ogEM
ample mean.

peration, HOLA requires a significantly higher FAR of 37% to pro-
uce a HR of 97%.

The importance for ogEM and ogEM-df of re-initializing the
CFG probabilities with each new block of data is shown in Figure 7,
nd results confirm the statements in Section 4.4.  This figure shows
he evolution of perplexity obtained with ogEM versus the train-
ng set sizes, after training on Mercury data when |MTrain(i)| = 1
equence. Online learning of blocks is performed with and without
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

e-initializing the probabilities prior to learning each new block.
he figure clearly shows that the perplexity is significantly lower if
he production rule probabilities are re-initialized. It indicates that
gEM is more likely to avoid local minima.

ig. 5. Average convergence time SCFGs obtained by on-line learning with HOLA, and og
iogEM on Pluto data for different block sizes. Error bars are standard error of the

Tables 5 and 6 present the estimates of time complexity (T) per
iteration and memory complexity (M) of the learning techniques
used for on-line training. For one sequence, time complexity per
iteration and memory complexity of gEM, ogEM, and ogEM-df only
depend on the computational process of Get-Inside-Probs and
of Get-Expectation, and these two  procedures are left unchanged
during the on-line learning of new data. Since the difference
between gEM, ogEM and ogEM-df therefore lies only in the re-
 on-line learning of grammatical probabilities in radar Electronic

estimation equation, their time complexity per iteration and their
memory complexity are the same.

In the presented experiments, the time (T) and memory (M)
complexity required to train a SCFG may  be computed in terms of

EM-df(	 = 0.25) on Pluto data for different block sizes. The results found in Fig. 4.

dx.doi.org/10.1016/j.asoc.2012.02.022
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Table 1
Confusion matrix associated with MTI, MTN1, and MTN2 for SCFGs obtained through on-line learning of MTrain with ogEM, ogEM-df and HOLA, using |MTrain(i)| = 5. The
classification rate per state are represented from two different points of view. The last row indicates the confidence that can be associated with an estimated state, that is,
the  ratio of corrected estimated state on the total number of times this states was  estimated. The last column indicates the ability to recognize the real states, that is, the
ratio  of corrected estimated state on the total number of times this states really appears.

Estimated states Recognition
rate per state
(%)

S Acq Na Rr Tm
TI/TN1/TN2 TI/TN1/TN2 TI/TN1/TN2 TI/TN1/TN2 TI/TN1/TN2

Real states ogEM 4178/3174/2381 0/110/347 0/138/161 0/33/119 0/103/416 100/89.2/69.5
S  ogEM-df 4178/3641/2273 0/121/360 0/114/222 0/18/142 0/101/422 100/91.1/66.5

HOLA 4178/1043/840 0/473/522 0/159/188 0/133/202 0/153/398 100/53.2/39.1
ogEM 0/10/32 1734/1511/948 235/333/350 0/9/60 0/22/76 88/80.2/64.7

Acq  ogEM-df 0/8/45 1734/1516/926 235/332/364 0/10/54 0/13/79 88/80.7/63.1
HOLA 0/0/23 1734/986/467 235/129/158 0/89/110 0/2/111 88/81.8/53.7
ogEM  0/0/0 0/7/10 736/599/388 0/92/199 0/0/39 100/85.8/61.0

Na  ogEM-df 0/0/0 0/8/27 736/608/383 0/82/193 0/0/40 100/87.1/59.36
HOLA 0/0/2 0/10/7 736/399/335 0/158/99 0/0/21 100/70.4/72.2
ogEM  0/31/34 0/0/32 0/79/167 2073/1802/1150 0/66/373 100/91.1/65.5

Rr  ogEM-df 0/31/39 0/0/29 0/51/182 2073/1845/1133 0/56/358 100/93/65
HOLA 0/2/49 0/3/47 0/373/422 2073/1129/592 0/168/354 100/67.4/40.4
ogEM 0/759/1099 0/62/192 0/280/427 0/75/274 6243/5111/4272 100/81.3/68.2

Tm  ogEM-df 0/485/1265 0/61/193 0/380/465 0/74/246 6243/5340/4094 100/84.2/65.4
HOLA 0/2814/2342 0/149/363 0/690/852 0/200/580 6243/1915/1691 100/33.2/29

Confidence on
estimated state (%)

ogEM 100/79.9/67.1 100/89.4/62 75.8/41.9/26 100/89.6/67.6 100/96.4/82.5

ogEM-df 100/87.4/62.8 100/88.8/60.3 75.8/40.9/23.7 100/90.9/53.9 100/96.9/82
HOLA 100/27/25.8 100/60.8/33.2 75.8/22.8/17.1 100/66.1/37.4 100/85.6/65.7

Table 2
Confusion matrix associated with PTI, PTN1, and PTN2 for SCFGs obtained through on-line learning of PTrain with ogEM, ogEM-df and HOLA, using |PTrain(i)| = 5.

Estimated states Recognition
rate per state
(%)

S Na Rr Tm
TI/TN1/TN2 TI/TN1/TN2 TI/TN1/TN2 TI/TN1/TN2

Real states ogEM 9041/12912/9856 5517/2728/1668 0/9/1042 1582/124/1671 56/81.9/69.2
S  ogEM-df 9041/13034/9726 5517/2561/1663 0/9/1098 1582/151/1689 56/82.7/68.6

HOLA 183/7/178 14375/14391/8642 0/579/2168 1582/435/2857 1.1/0.03/1.3
ogEM 0/326/325 1845/1151/263 0/314/809 0/0/327 100/64.3/15.6

Acq ogEM-df 0/322/323 1845/1141/251 0/324/784 0/0/356 100/63.9/14.6
HOLA 0/4/30 1845/1102/260 0/563/605 0/86/812 100/62.8/15.2
ogEM 0/66/306 0/0/29 2016/1647/431 0/266/1061 100/83.2/23.6

Na  ogEM-df 0/66/306 0/0/24 2016/1637/416 0/274/1073 100/82.8/22.9
HOLA 0/25/54 0/104/392 2016/1242/421 0/591/932 100/63.3/23.4
ogEM 2685/3245/4049 0/142/486 0/0/421 8928/8026/5535 76.9/70.3/52.8

Tm  ogEM-df 2685/3250/4053 0/142/486 0/0/405 8928/8017/5520 76.9/70.3/54.3
HOLA 17/7/197 2668/3896/4899 0/87/1400 8928/7171/3757 76.9/64.3/36.6

Confidence on ogEM 77.1/78/67.8 74.9/28.6/10.7 100/83.6/15.7 85/95.4/64.8

9.7/10
.57/0.

n
r
t
9
t
m
M

T
P

estimated state (%)
ogEM-df 77.1/78.2/67.5 74.9/2
HOLA 91.5/0.96/38.8 0.98/0

umber of multiplication and divisions operations, and registers,
espectively. The time and memory complexity associated with
he SCFG model for Mercury are: THOLA = 176 < TgEM/ogEM/ogEM−df =

3 3
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

.78 × 10 and MHOLA = 352 < MgEM/ogEM/ogEM−df = 8.49 × 10 , and
he time and memory complexity associated with the SCFG

odel for Pluto are: THOLA = 70 < TgEM/ogEM/ogEM−df = 1.88 × 104 and
HOLA = 140 < MgEM/ogEM/ogEM−df = 1.74 × 104. As expected, HOLA

able 3
erplexity of SCFGs obtained with ogEM, ogEM-df and HOLA on different test subsets.

Test subset Mercury 

ogEM ogEM-df HO

MTI/PTI 2.85 2.51 3
MTN1/PTN1 4.09 3.96 6
MTN2/PTN2 9.99 8.72 10
.4 100/83.1/15.4 85/95/64.9
18 100/50.3/0.92 85/91.2/45

always results in the lowest time complexity per iteration and
memory complexity.

The overall measures of time (T∗) and memory (M∗) complexity
 on-line learning of grammatical probabilities in radar Electronic

needed to learn a new block of training sequences would however
reveal the true impact on performance of on-line learning. Consider
that on-line learning algorithms are trained on a dataset MTrain
(PTrain), divided into n blocks MTrain(i = 1, . . .,  n) (PTrain(i = 1,

Pluto

LA ogEM ogEM-df HOLA

.34 1.14 1.28 2.56

.93 1.76 1.76 1.60

.39 4.49 4.49 4.49

dx.doi.org/10.1016/j.asoc.2012.02.022
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Fig. 6. Examples of ROC curves for HOLA and ogEM from SCFGs that obtain the lowest perplexity on MROCTI, MROCTN1 and MROCTN2 data. Curves for ogEM and ogEM-df are
almost  identical.

Table 4
HR(∗) and FAR(∗) for SCFGs obtained with ogEM, ogEM-df and HOLA on MROCTI, MROCTN1, and MROCTN2.

ogEM
MROCTI/MROCTN1/MROCTN2

ogEM-df
MROCTI/MROCTN1/MROCTN2

HOLA
MROCTI/MROCTN1/MROCTN2

∗ 15.97/15.97/17.70 8.48/9.37/17.86 8.33/9.72/18.29
HR 1/1/0.99 1/1/1 1/1/0.97
FAR  0/0/0 0/0/0 0/0/0.37

Table 5
Estimates of time complexity per iteration of learning techniques. In this table, |r| is the number of rules of the grammar, L is the length of a training sequence, Mt is
the  number of emission rules, |ϕt| and |ϕe| are the average numbers of subgraphs in support graph corresponding to transition and emission rules, |�lt| is the average
number of branches per subgraph corresponding to a transition rule. In order to compute the worst-case estimations, the following approximations have been considered:

|ϕt | = Mnt ·
∑L

i=1

∑i−1

j=1
L = Mnt · (L2 − 1), |ϕe| = Mnt · L, |�lt | = M2

nt · L.

Techniques Time complexity (T)

Average Worst-case Growth rate

gEM, ogEM and ogEM-df 6 |ϕe| + 9 · |ϕt| · |�lt| 6 · Mnt · L + 9 · M3
nt · L · (L2 − 1) O(M3

nt · L3)
HOLA  2 · |r| 2 · (M3

nt + Mnt · Mt ) O(M3
nt )

Table 6
Estimates of memory complexity of learning techniques. In this table, |�l| is the average number of emission rules per tree. In order to compute the worst-case estimations,
the  following approximation has been considered: |�l| = L.

Techniques Memory complexity (M)

Average Worst-case Growth rate

gEM, ogEM and ogEM-df L2 · Mnt · (2 + |�l|) + 4 · |ϕe| + 9 · |ϕt| · |�lt| 2 · Mnt · L · (2 + L) + M3
nt · (10 · L3 − 8) O(M3

nt · L3)
HOLA  4 · |r| 4 · (M3

nt + Mt · Mnt ) O(M3
nt )

Table 7
Multiplicative factors for the computation of the overall time and space complexities associated with gEM, ogEM and ogEM-df techniques used for on-line learning. n is the
total  number of blocks. Train accounts for either MTrain or PTrain.

gEM ogEM/ogEM-df HOLA

n

i=1
|

Train

.
p
l
�
s
o
s
t
i
p

� T

∑n

j=1

∑j

i=1
|Train(i)|

∑
� M

∑n

i=1
|Train(i)| |

 . .,  n)), and that each new block is available once training was  com-
leted on the previous ones. The multiplicative factors for on-line

earning techniques, � T and � M, are presented in Table 7. For gEM,
T corresponds to the sum of the number of sequences for all the

uccessive databases, and � M corresponds to the current number
f sequences to store. For ogEM and ogEM-df, � T and � M corre-
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

pond to the current number of sequences of the block. For HOLA,
he values of � T and � M corresponds to the number of sequences
t generates at each iteration. Results indicate that on-line learning
rovides a considerable saving in terms of computational resources.
Train(i)| Number of generated sequences

(i)| 1

In addition HOLA provides the lowest overall time and memory
complexities.

If the influence of preprocessing, Tinit, is not considered, the
overall time and memory complexity may  be computed. Factor � T

takes the values 1050, 100, and 5, and � T takes the values 100,
5, and 1, for gEM, ogEM/ogEM-df, and HOLA, respectively, when
 on-line learning of grammatical probabilities in radar Electronic

considering that on-line learning has been performed on a database
of 100 sequences, with |MTraini| = 5 (|PTraini| = 5). Assume that
HOLA also generates 5 sequences each time. Since M∗ is indepen-
dent from the convergence time, it has the same value for ogEM

dx.doi.org/10.1016/j.asoc.2012.02.022
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ng  on Mercury data with |MTrain(i)| = 1 sequence. On-line learning of blocks is
erformed with and without re-initializing the probabilities prior to learning each
ew  block of training sequences.

nd ogEM-df. Therefore, for the experiments on Mercury data, T∗

nd M∗ are:

∗
HOLA = 7.05 × 104 < T∗

ogEM = 4.69 × 106 < T∗
ogEM−df (	=0.25)

= 4.79 × 106, . . . , < T∗
ogEM−df (	=0.75) = 4.89 × 106

< T∗
ogEM−df (	=0.50) = 4.99 × 106 < T∗

gEM = 5.13 × 107;

∗
HOLA = 14.08 × 103 < M∗

ogEM/ogEM−df = 2.18 × 108 < M∗
gEM

= 4.36 × 109.

For the experiments on Pluto data, T∗ and M∗ are:

∗
HOLA = 3.15 × 104 < T∗

ogEM = 9.40 × 106 < T∗
ogEM−df (	=0.25)

= 11.28 × 106, . . . , < T∗
ogEM−df (	=0.50) = 14.10 × 106

< T∗
ogEM−df (	=0.75) = 18.80 × 106 < T∗

gEM = 98.70 × 106;

∗
HOLA = 7.00 × 103 < M∗

ogEM/ogEM−df = 1.12 × 108 < M∗
gEM

= 2.24 × 109.

Results show that HOLA still has the lower overall time T∗ and
emory M∗ complexities. However, ogEM and ogEM-df can be

ignificantly faster to re-estimate the probabilities of a SCFG than
EM. The influence of 	 on T∗ is of course the same as its influence
n I. Varying the value of parameter 	 does not have a considerable
mpact on T∗. Since M∗ is independent from I, 	 does not affect its
umerical values.

. Conclusion

Radar Electronic Support (ES) systems are employed in the
Please cite this article in press as: G. Latombe, et al., Graphical EM for
Support, Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2012.02.022

ontext of military surveillance, to search for, intercept, locate,
nalyze and identify radiated electromagnetic energy. Two criti-
al functions of these systems are the recognition of radar emitters
ssociated with intercepted pulse trains, and the estimation of their
 PRESS
puting xxx (2012) xxx–xxx

instantaneous level of threat. In modern environments, the prolif-
eration and complexity of electromagnetic signals encountered by
radar ES systems is greatly complicating these functions. In order
to exploit the dynamic nature of many modern radar systems,
Stochastic Context Free Grammars (SCFGs) have been proposed
for modeling the signals produced by multi-function radar (MFR)
systems.

A challenge to the practical application of SCFGs is the task of
learning probability distributions associated with the production
rules of the grammars. Unfortunately, application of the popular
Inside–Outside (IO) and Viterbi Score (VS) techniques is limited
due to the time and memory complexity per iteration and to the
large number of iterations needed for learning. Moreover, since
new information from a battlefield or other sources often becomes
available at different points in time, efficient on-line learning of
SCFG probabilities is important for rapidly reflecting changes in
operational environments.

Two fast techniques for learning SCFG probabilities, named gEM
and HOLA, were previously compared [6].  The gEM techniques is a
variant of IO, that uses results from pre-processing to reduce the
time complexity per iteration, whereas HOLA is an on-line tech-
nique based on gradient descent. In this paper, two new on-line
derivations of gEM, called on-line gEM (ogEM) and on-line gEM
with discount factor (ogEM-df), are proposed and compared to
HOLA. As with the original gEM, they rely on the pre-computation of
data structures to accelerate the probability re-estimation process.
In addition, they allow to learn new training data in a on-line fash-
ion, without accumulating and storing all training sequences, and
without re-training a SCFG from the start using all cumulative data.
An experimental protocol has been defined to assess impact on per-
formance of factors such as the size of training blocks, and levels of
grammar ambiguity. Proof-of-concept computer simulations have
been performed on using synthetic radar data from different types
of MFR  systems. The performance of these techniques has been
measured in terms of resource allocation and accuracy.

Results indicate that on-line learning of data blocks with ogEM
and ogEM-df provides the same level of accuracy as learning all
cumulative data from scratch, even for small data blocks and
for complex grammars. As expected, on-line learning significantly
reduces the overall time and memory complexities. The ogEM and
ogEM-df algorithms systematically provide a higher level of accu-
racy than HOLA on the radar data, especially for small block of
data, in terms of perplexity and estimation error over radar states.
Assuming the MFR  is not modeled by a very ambiguous SCFG, all
techniques can efficiently learn SCFG probabilities at the expense
of significantly higher memory resources. The execution time and
memory requirements of HOLA are orders of magnitude lower than
that of ogEM and ogEM-df.

Other relevant areas of application for ogEM and ogEM-df
include bio-informatics, video content analysis, and character and
speech recognition. Heeringa and Oates [40] compared HOLA to IO
in a variety of application and observed that performance was simi-
lar. They used an English phrase grammar, a palindrome-generating
grammar, and a simple ambiguous grammar. The main difference
between these grammars and the ones used to model MFR  lies
in its underlying structure, and in particular the transition rules
between non-terminal symbols. The English phrase grammar has
the largest vocabulary (16 words), followed by the MFR  grammars
(5 words), and then the palindrome-generating and the simple
ambiguous grammars (2 words). However, the Mercury grammar
contains 40 non-terminal symbols and uses 88 different transition
rules, the Pluto grammar contains 18 non-terminal symbols and
 on-line learning of grammatical probabilities in radar Electronic

uses 29 different transition rules, while the English phrase gram-
mar  contains only 6 non-terminal symbols and uses 17 different
transition rules, the palindrome-generating grammar contains 3
non-terminal symbols and uses 6 different transition rules, and the

dx.doi.org/10.1016/j.asoc.2012.02.022
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imple ambiguous grammar contains 3 non-terminal symbols and
ses 4 different transition rules. Therefore, a more exhaustive com-
arison of the three on-line algorithms compared in this paper,
ver a wider variety of grammars and applications, would proba-
ly reveal that HOLA is more suitable for simpler grammars and

arge samples, while ogEM and ogEM-df would be more suited for
omplex grammars. Indeed, all three algorithms would probably
erform similarly, while HOLA’s complexity is only bounded by the
rammar complexity.

ppendix A. Description of the gEM algorithm.

lgorithm 2 (Get-Inside-Probs()).

lgorithm 3 (Get-Expectations()).
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