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Abstract—Hidden Markov Models (HMMs) have been shown to be useful in handwritten pattern recognition. However, owing to their

fundamental structure, they have little resistance to unexpected noise among observation sequences. In other words, unexpected

noise in a sequence might “break” the normal transmission of states for this sequence, making it unrecognizable to trained models. To

resolve this problem, we propose a leave-one-out-training strategy, which will make the models more robust. We also propose a leave-

one-out-testing method, which will compensate for some of the negative effects of this noise. The latter is actually an example of a

system with a single classifier and multiple classifications. Compared with the 98.00 percent accuracy of the benchmark HMMs, the

new system achieves a 98.88 percent accuracy rate on handwritten digits.

Index Terms—Hidden Markov Models, ensemble of classifiers, sequence, noise, leave one out, pattern recognition.
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1 INTRODUCTION

THE purpose of handwritten pattern recognition systems
is to achieve the best possible recognition rate, and the

Hidden Markov Model (HMM) is one of the most popular
classification methods for sequential pattern recognition
problems [3], [7], [24], [25], [28]. The objective of the HMM
is to model a series of observable signals, and it is this
signal-modeling ability that makes HMMs a better choice
than other classification methods for recognition problems.
As a stochastic process, an HMM is constructed with a finite
number of states and a set of transition functions between
two states, or over the same state [3], [24], [28]. Each state
emits some observation(s), according to a codebook setting

out corresponding emission probabilities. Such observa-
tions may be either discrete symbols or continuous signals.

One important result in research on HMMs is the
emergence of ensemble of HMMs (EoHMM) as a promising
scheme for improving HMMs [1], [9], [10], [11], [12], [13],
[14]. This is because an ensemble of classifiers (EoC) is
known to be capable of performing better than its best
single classifier [6], [8], [19], [27]. These classifiers can be
generated by changing the training set, the input features,
or the parameters and architecture of the base classifiers
[13]. The applicable ensemble creation methods include
Bagging, Boosting, and Random Subspace. There may be
other methods for creating HMM classifiers, based on the
choice of features [10] for isolated handwritten images, and
both column HMM classifiers and row HMM classifiers can
be applied to enhance performance [4], [5]. The use of
various topologies, such as the left-right HMM, and the
semijump-in HMM, semi-jump-out HMM [11], and circular
HMM [1], can also be applied.

However, even with EoHMMs, we see that the perfor-
mance of HMMs is somehow more limited than in other
types of classifiers [17], [18], such as Multilayer Perceptrons
(MLPs) [21] or Support Vector Machines (SVMs) [20]. We
believe that such a limited performance in some aspects
might be attributed to the fundamental structure of HMMs,
especially first-order HMMs. For first-order HMMs, all
observations are supposed to stay at the same state or to
move from current state to next state. This mathematical
method allows us to match a given observation sequence
with a model by examining the relationship between each
current observation and its next observation.
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QC H3C 1K3, Canada. E-mail: robert.sabourin@etsmtl.ca.

. A. de Souza Britto Jr. is with the Programa de Pós-Graduação em
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Nevertheless, when there is unexpected noise in a
sequence, the mathematical structure of an HMM will not
enable us to discover the relationship between each
current observation and its next observation. Thus, this
sequence will become unrecognizable to trained models.
We explain this phenomenon as noise which “breaks” the
transmission of states for a sequence of observations. In
fact, it is possible that more than one observation in a
sequence might be noise.

We face two types of problems: 1) unexpected noise
occurring in a sequence of observations used for training;
and 2) unexpected noise occurring in a sequence of
observations used for testing. The former might bring about
negative effects in a trained model, and the latter will make
a sequence unrecognizable. It is difficult to handle these
problems, since we have no information on whether or not
an observation of a sequence is actually noise.

To resolve these problems, we presume that each
observation has the same chance to be noisy. We thus
propose a leave-one-out-training (LOOT-training) strategy:
for a sequence of M observations, we leave an observation
out of the original sequence and make a new sequence
without this observation. We then apply the same process
on all observations in this sequence and create M new
sequences. We use all M sequences and the original
sequence for training. For testing, we carry out the same
process for each observed sequence, and create M new
sequences from one original sequence for leave-one-out-
testing (LOOT-testing). We sum up the likelihood of all new
M sequences to make a final decision. Note that this is
actually an example of a system with a single classifier and
multiple classifications. The key questions that need to be
addressed are the following:

1. Will leave-one-out-training HMMs perform better
than the original HMMs?

2. Will leave-one-out-testing HMMs perform better
than the original HMMs?

To answer these questions, we constructed leave-one-
out-training and leave-one-out-testing HMMs (LOOT-
HMM), and carried out an experiment on the handwritten
digit recognition problem. We used the HMM-based hand-
written numeral recognizer in [4], [5], which includes a
numeral string segmentation stage and a single character
verification stage (Fig. 1). In this paper, we focus on
improving the verification stage to recognize isolated
handwritten digits. At this stage, column and row HMM
classifiers are used to enhance classification accuracy, and
the sum of the outputs from the single best column HMM
and the single best row HMM constitutes the final decision.
With this system, we were able to improve verification by
constructing a LOOT-HMM on both column HMM classi-
fiers and row HMM classifiers.

It is important to note that the LOOT-HMM is different
from the EoHMM, in that it does not need to train more
than one classifier. However, the nature of leave-one-out
sequences can generate multiple subsamples for testing,
and thus the LOOT-HMM is similar to the EoHMM in the
sense that it also relies on multiple classifications. Never-
theless, since the LOOT-HMM requires only one classifier,
there is no cost associated with classifier selection, as in the

multiple classifier system. Furthermore, the cost of classifier
training for the LOOT-HMM would be much lower than
that for the EoHMM if only LOOT-HMM testing is
implemented. We will see later that, even though the
LOOT-HMM has a lower time cost, it actually has a better
performance than the EoHMM.

The paper is organized as follows: first, we present the
main concepts underlying HMMs, and briefly discuss the
main techniques; then, we introduce the basic concepts of
LOOT-HMMs in Section 3; in Section 4, we report on
experiments we carried out on the NIST SD19 handwritten
numeral database. A discussion and our conclusion are
presented in the final sections.

2 HMM STRUCTURE, STATE,

AND TRANSITION MODELS

The HMM is one of the most useful techniques for pattern
recognition, especially for speech recognition and hand-
written recognition [4], [5], [7], [9], [24], [25]. The objective
of the HMM is to model a real-world process containing a
series of observable signals. The signal might be discrete or
continuous, pure or noisy. The HMM characterizes such
real-world signals via a statistical approach: The signal can
be well characterized as a parametric random process, and
the parameters of the stochastic process can be determined
in a precise, well-defined manner [24], [25].

As a stochastic process, the HMM is a construct with a
finite number of states S1; S2; . . . ; SN and a set of transition
functions aij between two states or over the same state. At
each point in time, only a state exists, but states can change
from one to another via a transition probability. Each state i
emits some observation according to a codebook with a
corresponding emission probability bi. Given a series of
observations O ¼ O1; O2; . . . ; OT , the function of the HMM
is to determine the original states or models.

To carry out this task, an HMM must first be
constructed to describe observed phenomena well, accord-
ing to a certain class. In other words, each class would have
its own HMMs. An observation might consist of either
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Fig. 1. The benchmark HMM classifiers in [4], [5]: Features are extracted

from each column and each row, a column HMM classifier and a row

HMM classifier are thus constructed for isolated handwritten numeral

recognition.
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discrete symbols or continuous signals. Discrete symbols
can be characterized as quantized vectors in its codebook,
and so vector quantization is needed. In contrast, contin-
uous signals are represented by samples from a continuous
waveform. More precisely, five kinds of parameters can
alter the structure of an HMM:

1. the number of states in the model N ;
2. the number of distinct observation symbols per

state M;
3. the state transition probability distribution aij ¼

P ½qtþ1 ¼ Sj j qt ¼ Si�;
4. the observation symbol probability distribution

biðkÞ ¼ P ½vk j qt ¼ Si� for codebook k; and
5. the initial state distribution �i ¼ P ½q1 ¼ Si�. Note that

we implement discrete HMMs in our experiment.

To train and recognize signals using HMMs, there are
three fundamental problems of HMM design: 1) evaluation
of the probability of a sequence of observations given a
specific HMM; 2) determination of a best sequence of model
states; and 3) adjustment of model parameters so as to best
account for observed signals, including the observation
symbol probability distribution biðkÞ and the state transition
probability distribution aij. Meanwhile, the number of
states and the number of distinct observation symbols per
state are also important issues for HMM, but they are often
heuristically defined.

To evaluate the probability of a sequence of observations,
the HMM must consider how well a given model matches a
given observation sequence. This can be achieved by a
forward-backward procedure, a calculation step which can
also contribute to solving the following two problems:
determination of the best sequence of model states, and the
adjustment of model parameters.

To determine the best sequence of model states, the
solution is to find an optimal state sequence with given
observations. The most widely used criterion is to find the
single best state sequence, i.e., to maximize the path
probability. This can be achieved by dynamic programming
methods, such as the Viterbi algorithm [24], [25], which will
determine the probability of the observation for each model.
However, when the length of the observation is unknown,
the issue might become how many models should fit into the
sequence. The Level Building Algorithm (LBA) solves this
problem by finding the sequence of HMMs that best matches
the patterns of unknown lengths [24], [25]. In our experi-
ment, we implement the Viterbi algorithm for HMM testing.

For the adjustment of model parameters, there is no known
way to analytically solve for a model which maximizes the
probability of the observation sequence, since an optimiza-
tion surface is complex and has many local maxima.
However, it can be re-estimated to obtain a better approxima-
tion using the Expectation-Maximization (EM) algorithm.
The HMM implements the Baum-Welch (BW) algorithm,
which is essentially the same as the EM, to calculate transition
probabilities [24], [25]. This algorithm is an implementation of
EM, and can guarantee that a model will converge to a local
maximum of the observation probability according to the
maximum likelihood criterion. We use the Baum-Welch
algorithm for HMM training in our experiments.

Concerning the problem of the length of each HMM, it is
shown that the possible number of HMM states can be

calculated by duration statistics from training data, which
take into account the mean length and variance of all
observation sequences. Another argument might be that an
observation is better produced by the transition of states
than by the states themselves. It is also argued that an
empty transition in which no observation can be obtained
might help the stochastic process, as well as the space state
and the end state [4], [5]. This is the mechanism we have
chosen to implement.

Following a brief overview of HMMs, we introduce the
three new schemes for the implementation of the LOOT-
HMM in the next sections.

3 GENERATION OF LOOT-HMMs

The LOOT-HMM has three components: codebook optimi-
zation, LOOT-training, and LOOT-testing. We first explain
the codebook optimization process using a clustering
validity index, and then we explain the leave-one-out
method for creating sequences of observations in HMM
training and testing.

3.1 Codebook Optimization Using Xie-Beni (XB)
Index

The first step in LOOT-HMM is codebook optimization. In
general, an HMM codebook is generated from a vector
quantization procedure, and each code word can be
regarded as a centroid of a cluster in the feature space.
The fitness of clustering depends on a number of different
factors, such as clustering methods and the number of
clusters. In this work, we focus on optimizing codebooks by
finding the optimal number of clusters, i.e., by finding the
optimal codebook size. In order to select the optimal
number of clusters, we need to perform clustering with
different numbers of clusters and evaluate them with using
a clustering validity index, and then select the clustering
with the best clustering validity index. For this purpose, a
clustering validity index is designed to evaluate clustering
results, as well as to assign a level of fitness to those results.
Note that a clustering validity index is not a clustering
algorithm in and of itself, but a measure with which to
evaluate the results of clustering algorithms and give an
indication of the partitioning that best fits a data set. Note,
then, that a clustering validity index is independent of
clustering algorithms and data sets.

We use the XB index as the clustering validity index for
codebook optimization. This index [2], [15], [16], [23] was
originally a fuzzy clustering validity index. For a fuzzy
clustering scheme, suppose we have the data set
X ¼ fxi; 1 � i � Ng, where N is the number of samples
with centroids vj of clusters cj, 1 � j � nc, where nc is the
total number of clusters. We seek to define the matrix of
membership U ¼ ½uij�, where uij denotes the degree of
membership of the sample xi in the cluster cj. To define the
XB index, the sum of the squared errors must first be
defined for fuzzy clustering, which is achieved as follows:

JmðU; V Þ ¼
XN
i¼1

Xnc
j¼1

ðuijÞmkxi � vjk2; ð1Þ

where 1 � m � 1. In general, we use J1 for the calculation.
U is a partition matrix of fuzzy membership U ¼ ½uij�, and V
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is the set of cluster centroids V ¼ ½vi�. In addition, the
minimum intercluster distance dmin must also be defined,
which is achieved as follows:

dmin ¼ mini;jkvi � vjk: ð2Þ

If we generate M clusters from the data, then the
XB index can be defined as

XB ¼ Jm

M � ðdminÞ2
: ð3Þ

The XB index is designed to measure the fitness of fuzzy
clustering, but it is also suitable for crisp clustering. The
XB index has been mathematically justified in [30]. The lower
the value of theXB index, the better the clustering should be.
We can use the XB index to scan the data and determine the
number of clusters with the smallestXB index. This number
is then chosen to be the codebook size, and codewords are
generated using simple K-Means clustering.

We illustrate more details of codebook optimization
below. Given a data set of X ¼ fxi; 1 � i � Ng, where N is
the number of samples, and defining a possible range M for
the numbers of clusters j, 1 � j �M, the XB index should
give the fitness FtðjÞ for theseM clusterings, with 1 � j �M.
Because of the large size of the data set in question, we used a
smaller data set with Ns samples extracted from N samples
for clustering goodness evaluation, Ns ¼ � _N , where � is the
proportion of samples used. The selection of theNs sample is
conducted just to make the machine work, and at the same
time to have much data as possible.

Assuming that we intend to select the best clustering to
determine the optimal codebook size, then this clustering
could be selected in accordance with the minimum
XB index Ft̂, where Ft̂ ¼ minFtðjÞ; 1 � j �M. The selected
number of clusterings then serves as the size of the
codebook of our HMM classifier. The selected codebook
size is used again for the clustering on all N samples, with
the result that the respective codebooks are generated.

Note that the XB index is one of a few clustering indices
which can be implemented in codebook optimization, the
others being the R-squared (RS) index, the Root-Mean-Square
Standard Deviation (RMSSTD) index, Dunn’s Index, the PBM
index, and the Davies-Bouldin (DB) index [17], [18]. We chose
the XB index for theoretical reasons as well as for practical
ones. From a theoretical perspective, Dunn’s Index, the DB
index, and the XB index have been proved mathematically,
but the use of Dunn’s index could be relatively time
consuming for a large data set. From a practical perspective,
a clustering validity index must have several optima which
can depict a data set at multiple levels of granularity, and the
XB index is found to have this desirable property in our
problem context [17], [18]. Consequently, we chose the XB
index for codebook selection.

After the codebooks have been created, we apply the
leave-one-out process for HMM training.

3.2 Leave-One-Out Training for HMMs

We use the Viterbi algorithm for standard HMM testing
[25], but also implement a LOOT-testing process as a
metatesting. The leave-one-out process for HMM training is
a simple one, which generates several sequences of

observations from one sequence of observations. Suppose

that, for any sequence Si, we have the observations

o1; o2; . . . ; oMi
, where Mi is the number of observations for

the sequence Si.
From this original sequence of observations, we then

generate new sequences of observations by simply remov-

ing one observation at a time (Fig. 2). The longer the original

sequence, the more new sequences it will generate.
Given a set of S ¼ fSi; 1 � i � Ng, where N is the

number of sequences and each sequence has Mi observa-

tions, an original sequence can generate Mi new sequences,

and so, for all N sequences, the total number of sequences is

XN
1�i

Mi: ð4Þ

For HMM training, all new sequences, as well as the

original sequences, are used for training, giving us a total of

XN
1�i

Mi

 !
þN

sequences for training.
LOOT-training gives us more training samples. Further-

more, it may reduce noise from, or induce noise into, a

sequence. If it reduces the noise in a sequence, then HMMs

have a more reliable sample for training; if it induces noise

in a sequence, then HMMs can be trained to recognize noisy

sequences in testing. LOOT-training is thus meant to make

HMMs more robust. As a by-product, it also partially solves

the problem of insufficient samples.
After LOOT-training has been completed, the HMMs are

created and ready to classify any sequence tested. However,

before doing this, we need to apply the LOOT-testing

process on the sequences to be tested.

3.3 Leave-One-Out Testing for HMMs

LOOT-testing is similar to LOOT-training. The only

difference is that, for testing, the leave-one-out process is

applied on test sequences instead of on training sequences.
In a test sequence Sti, we have the observations

o1; o2; . . . ; omi
, where mi is the number of observations for

the sequence Sti. Again, we generate new sequences of

observations from the original sequence of observations by

simply eliminating one observation at a time (Fig. 3).
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Fig. 2. The process of LOOT-training for HMMs: The sequence leaves

out each observation once and forms a new sequence for training.
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After new sequences have been generated, all new mi

sequences and the original test sequence are submitted for
testing. There are two schemes for generating final outputs
based on these sequences. The first scheme (a) involves
simply combining the likelihood of all sequences (all newmi

sequences and the original test sequence) for each class, and
selects the class with the highest likelihood. This scheme
uses a mechanism similar to the SUM rule in multiclassifier
systems, and relies on the fact that most classifications will
make diverse errors and that such errors can be reduced
through the combination of probability, likelihood, or votes
from different classifications. Method (a) forces a sequence
of observations to ignore one single observation at a time,
and then combines the likelihood of each sequence. We
regard this method as a hard scheme for LOOT-testing,
because all new mi sequences and the original test sequence
will affect the final output. The second scheme (b) involves
directly selecting the class with the highest likelihood among
all the classifications from all sequences, i.e., among all new
mi sequences and the original test sequence. To illustrate, if
there areC classes, then the overall sequences produce ðmi þ
1Þ � C likelihoods LjðkÞ, 1 � j � C and 1 � k � mi þ 1. By
directly selecting the class Cj as arg maxLjðkÞ, we can decide
on the most possible class, taking into account that one of the
observations might be noise. Although this scheme seems
similar to the MAX rule in multiclassifier systems, there is
another interpretation of it if we remember that the purpose
of LOOT-testing is to reduce the adverse effect of possible
noise in test patterns. In the traditional HMM classification
scheme, the objective is to determine the class Cĵ with the
highest likelihood among all classes Cj, 1 � j � C from one
sequence of observations. LOOT-testing generates mi new
sequences for classification, and, since all observations have
the same probability of being noise, all new sequences will
have the same importance. By selecting the class with the
highest likelihood for each class, method (b) allows a
sequence of observations to skip any single observation in
order to achieve the highest likelihood. Then, by comparing
the highest likelihood of each class, this method can assign
the best class to the sequence by taking into consideration
that one observation might be noise. As a result, method
(b) suggests that there is no need to constrain the comparison
of likelihoods to one class, and it is justifiable to compare the
likelihoods among all classes from all sequences at the same

time. We regard method (b) as a soft scheme for LOOT-
testing, because only the best sequence among all new mi

sequences and the original test sequence will affect the final
output. We denote method (a) as LOOT-testing(SUM) and
method (b) as LOOT-testing(MAX).

Also note that there are two premises in LOOT-testing.
First, we presume that we are unable to distinguish noise
from a normal signal in a sequence of observations. Thus,
each observation is treated with an equal chance of being
noisy. Second, we presume that a sequence is, in most cases,
still recognizable without one of its observations. Based on
these two premises, we can remove a single observation
from a sequence of observations and submit it for
classification. When we repeat this process, we submit a
sequence of observations for classification multiple times by
removing different observations.

As in LOOT-training, LOOT-testing generates several
test sequences from a single test sequence. If the leave-one-
out process takes away a true noise, then the new sequence
has a better chance of being correctly classified. However, if
the leave-one-out process takes away a normal observation,
then all we can hope is that the new sequence will still be
recognizable without the removed observation.

The latter can be true when an omitted observation is not
the only observation emitted by the current state. In other
words, if the current state emits more than one observation,
then the new sequence has a chance of being correctly
recognized. In contrast, if the current state emits only one
observation, i.e., the current state just moves from the
previous state and will then move to the next state right
away, then the new sequence might be unrecognizable.

Nevertheless, if there are more recognizable new
sequences than unrecognizable new sequences, then the
final classification result is likely to be correct. This might be
the case when states are likely to undergo self-transition
and emit more than one observation in a sequence.
Therefore, if the number of observations in a sequence is
significantly higher than the number of states, then the
leave-one-out process might work well.

To verify whether or not the leave-one-out process will
work for HMMs, we perform some experiments on a
benchmark database.

4 EXPERIMENTS WITH HMMs

The experimental data were extracted from NISTSD19 as
a 10-class handwritten numeral recognition problem. As a
result, there is an HMM model for each class, and
10 HMM models for 1 HMM classifier. Five databases
were used: The training set with 150,000 samples ðhsf f0�
3gÞ was used to create 2 HMM classifiers, one being the
column HMM classifier and another being the row HMM
classifier. The large size of a data set for training can lead
to a better recognition rate for each individual classifier.
For codebook size selection evaluated by clustering
validity indices, due to the extremely large data set
(150,000 images are equivalent to 5,048,907 columns and
6,825,152 rows, with 47 features per column or per row),
we use only the first 10,000 images from the training data
set to evaluate the quality of the clustering, and they are
equal to 342,910 columns and 461,146 rows. However,
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Fig. 3. The process of LOOT-testing for HMMs: The sequence leaves

out each observation once and forms a new sequence for testing, and

HMMs will assign a likelihood of each class for each new sequence. The

final decision is made based on the sum of the likelihoods of each class.
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codebooks were generated with the whole training set. The
training validation set of 15,000 samples was used to stop
HMM training once the optimum had been achieved.
Using the best solution from this archive, the test set
containing 60,089 samples (hsf f7g) was used to evaluate
the accuracy of EoCs.

Each column HMM used 47 features obtained from each
column, and each row HMM used 47 features obtained
from each row (see Fig. 1). The features were extracted by
the means described in [4], [5], and K-Means was used for
vector quantization to generate codebooks for HMMs. The
number of HMM states was optimized by the method
described in [29]. The HMMs were trained by the Baum-
Welch algorithm [24], [25]. The benchmark HMM classifiers
used 47 features, with a codebook size of 256 [4], [5]. Note
that optimization of the number of states was carried out
using the method in [29] (see Table 1). For benchmark
column HMM, we have a recognition rate of 97.60 percent,
and for benchmark row HMM, the classification accuracy
was about 96.76 percent, and the combination of benchmark
column HMM and benchmark row HMM achieved a rate of
98.00 percent. Note that the combination of column HMM
and row HMM is simply the combination of likelihoods of
column HMM and row HMM for each class (e.g., weighted
sum of log likelihoods), and the class with the highest
combined likelihood is chosen as the final output.

We describe the process of generating LOOT-HMMs in
the sections below (Fig. 4).

4.1 Optimization for HMMs

To decide on suitable codebook sizes for HMMs, we
carried out clustering analyses on HMM features. Because
of the large data set, it is clear that we could not use the
entire training set to perform the clustering. As a result,
the first 10,000 images in the training set were used for
clustering, these images containing 342,910 columns and
461,146 rows. We scanned the data with the number of
clusters from 1 to 10,000.

We believe that 10,000 is a reasonable upper limit for the
size of a codebook with 47 features. If all the features are
binary, then we will have a dimension of 247 in the
clustering space. Moreover, most features are not binary,
but real-value features. Since 247 � 10;000, we believe that
the number of clusters is not overextended. Note that the
optimal cluster number is highly dependent on the number
of feature vectors per state.

For column HMMs, we determined that the optimal
codebook size is 9,525; for row HMMs, the best codebook
size is 9,783. Following the codebook optimization process,
we optimized the number of states [29] (see Table 2). Note

that the difference in the numbers of states between
benchmark HMMs and LOOT-HMMs is relatively small,
where most HMMs have a nearly identical number of states.

Note that the number of states is important, especially for
LOOT-testing. Even though it is difficult to obtain direct
proof, we suspect that the leave-one-out process might
perform well only if the number of observations in a
sequence is significantly greater than the number of states.
We shall compare these two numbers later in our experiment.

4.2 Leave-One-Out Sequences

For sequences of column and row observations, the leave-
one-out process significantly increases the number of
sequences in both training samples and testing samples
(Table 3).

Once these sequences have been generated, they can be
used for HMM training and testing. However, it is
interesting to see the number of observations generated
for LOOT-testing (Table 4).

We note two things: first, row sequences have a larger
number of observations than column sequences; second, the
digit 1 has a relatively smaller number of observations of
column sequences. Nevertheless, all these digits have a
larger number of observations than their number of states
(Table 2), which means each state generally emits more than
one observation.

We then carried out LOOT-training and LOOT-testing
for HMMs.

4.3 Column LOOT-HMMs and Row LOOT-HMMs

The optimization of codebooks and the numbers of states can
improve the accuracy of column HMMs from 97.60 percent
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TABLE 1
The Number of States for Base HMM Classifiers

with the Codebook Size of 256 (Column HMMs (Col-S)
and Row HMMs (Row-S))

Fig. 4. The process of LOOT-training and LOOT-testing HMMs (note

that this process applies to both column HMMs and row HMMs).

TABLE 2
Number of States for Column HMMs (Col-S)

and Row HMMs (Row-S) with Codebook Optimization
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to 98.66 percent, and that of row HMMs from 96.76 percent to
97.78 percent. However, the use of LOOT-training does not
greatly improve the accuracy of HMMs for column HMMs.
The improvement is considered significant only on row
HMMs. Note that, while increasing the number of training
sequences might make HMMs more robust, it does not
significantly enhance recognition rates for column HMMs
(Table 6). It does, however, improve row HMMs (Table 7).
Combined HMMs have a similar statistical significance to
column HMMs. This contrast between column HMMs and
row HMMs also exists in LOOT-testing. After optimization,
the improvement as a result of LOOT-testing is significant on
row HMMs, but not on column HMMs.

Furthermore, LOOT-training and LOOT-testing seem to
result in improvement on similar data points. When we
apply LOOT-testing(MAX) after LOOT-training, we see that
performances change from 98.69 percent to 98.76 percent for
column HMMs, and from 98.22 percent to 98.23 percent for
row HMMs (see Table 5). These are insignificant improve-
ments, and it seems that robust HMM classifiers with
LOOT-training can achieve similar performance with HMM
classifiers with only LOOT-testing.

For the combination of column and row HMMs with
LOOT-testing, note that, since row HMMs have a longer
observation sequence than column HMMs, we have to

weigh the likelihood output from HMMs with the length of
the observation sequence for LOOT-testing(SUM), i.e., the
number of added new sequences in LOOT-testing, so that
column HMMs and row HMMs can have a similar weight
in the final decision output. For LOOT-testing(MAX), since
only the class with the highest likelihood is selected, no
weighting is used.

Even without LOOT-testing, LOOT-training still brings
about some improvement over the original optimized
HMMs. Note, however, that these improvements could be
regarded as insignificant for column HMMs, since LOOT-
HMM does not statistically outperform HMM optimization
(Table 6). There are three reasons for this: 1) It seems that
there is not much improvement space for reducing noise in
sequences; 2) there is too much noise, and the elimination of
any single noise signal will not bring about significant
improvement; and 3) the column HMM observations are too
short, and thus the number of new sequences is not sufficient
to make a significant improvement. For row HMMs,
however, both LOOT-training and LOOT-testing show some
significant improvement over the optimization set (Table 7).
As we noted previously, row HMMs have longer observa-
tions and thus more sequences for classification and training,
and this might be the reason for its significant ability to result
in improvement. Nevertheless, note that LOOT-testing does
not bring about further improvement after LOOT-training,
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TABLE 3
The Number of Leave-One-Out Sequences for Column Training Samples and Row Training Samples

The number of original sequences is indicated in parentheses.

TABLE 4
The Average Number of Observations for Column HMMs (Col-Obs) and Row HMMs (Row-Obs)

TABLE 5
The Performance of Column LOOT-HMMs and Row LOOT-HMMs

LT-tr Stands for LOOT-Training; and LT-ts Stands for LOOT-Testing.
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which means that the LOOT-testing process probably
eliminates similar noise which could be reduced by LOOT-
training. When we combine LOOT-training-testing column
HMMs and LOOT-training-testing row HMMs, we achieve a
98.88 percent recognition rate on handwritten numerals. The
performance is good compared with the recognition rate of
98.00 percent of the original combination of column and row
HMMs. Note, however, that if we skip the LOOT-training
process and only carry out LOOT-testing after optimization,
we can still achieve a 98.86 percent recognition rate, while
LOOT-training without LOOT-testing(MAX) can also
achieve a recognition rate of 98.86 percent. Again, this
confirms an overlapping effect from LOOT-testing and
LOOT-training. Also note that the best result, 98.88 percent,
is only slightly better than the best results that can be
achieved with EoHMMs for the data set in question. This
might hint that a metalearning approach—either with
multiple classifiers or with multiple classifications—has its
own limits. Further improvement should focus on the
learning structure of the HMM, and not on metalearning
methodologies.

Furthermore, since different digits have different
average numbers of observations, it is worth looking at
their performances separately (see Table 8). We note that
the digit recognition rate varies from 99.73 percent to
98.00 percent for LOOT-training + LOOT-testing(SUM),

and from 99.68 percent to 98.12 percent for LOOT-
training þ LOOT-testing(MAX). It seems that different
digits face different challenges, and that the difficulties
might be more than just noise in the sequences that we
are aiming to reduce.

5 DISCUSSION

The proposed LOOT-HMM is an easy and relatively effective
scheme. The column HMMs achieve a 98.76 percent recogni-
tion rate, while the row HMMs have a 98.23 percent accuracy.
More importantly, the combination of column and row
HMMs improves performance, which reaches 98.88 percent.

The LOOT-HMM has three components: codebook opti-
mization, LOOT-training, and LOOT-testing. While LOOT-
training shows very little improvement, codebook optimiza-
tion and LOOT-testing noticeably raise the recognition rate.

Although LOOT-training does not always lead to
significant improvement, it has an advantage when there
is an insufficient number of training sequences. The use of
LOOT-training not only increases the robustness of HMMs,
but it also resolves the problem of insufficient samples
known as the curse of dimensionality. Note, however, that
LOOT-training does not necessarily accelerate the classifier
training process. In a case where the training sample has
N sequences, for example, and where each sequence has an
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TABLE 7
The p-Value of Different Row LOOT-HMM Schemes

LT-tr Stands for LOOT-Training; and LT-ts Stands for LOOT-Testing.

TABLE 6
The p-Value of Different Column LOOT-HMM Schemes

LT-tr Stands for LOOT-Training; and LT-ts Stands for LOOT-Testing.

TABLE 8
The Recognition Rate of Each Numeral for Combined LOOT-Testing HMMs, Expressed as a Percentage

LT-tr þ LT-ts Stands for LOOT-Training þ LOOT-Testing; SUM Stands for SUM Combination Rule; and MAX Stands for MAX Combination Rule.
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average of X observations, traditional multiple classifier
methods, such as EoHMM, could require training
M classifiers with N sequences, while LOOT-training will
train one classifier with X �N sequences. Since training a
classifier with X �N sequences is as fast as training
X classifiers with N sequences, if M � X, then LOOT-
training will not necessarily be faster than EoHMM in terms
of classifier training time. Nevertheless, it does offer
advantages in terms of ensemble selection and ensemble
optimization, since only a single classifier is used.

LOOT-testing offers improvement similar to LOOT-
training. The LOOT-testing process uses a single classifier,
but can generate multiple classifications. By using these
multiple classifications, LOOT-testing might offer similar
advantages to those of an EoC. For example, an EoHMM
achieves 98.86 percent [17] on the same data set using a
pool of 40 classifiers, i.e., 400 HMMs. Compared with the
EoHMM scheme, our LOOT scheme uses only two
classifiers, i.e., 20 HMMs, and thus costs less and has a
similar performance. It might, therefore, be of great interest
to further pursue this direction. Note that the use of
LOOT-training alone seems to have effects similar to those
of LOOT-testing (Tables 6 and 7). Without LOOT-testing,
LOOT-training can still achieve 98.86 percent recognition
rate, and vice versa. Note that if only LOOT-testing is
implemented, then LOOT-HMM will have a time-saving
advantage over EoHMM, because only one HMM classifier
training is required.

LOOT-testing uses equal-weight artificial sequences
(with one observation skipped) and original sequences.
The reason behind this is that we attribute to each
observation the same probability of error, and thus there
is no reason to assign more weight to original sequences.
However, this does not mean that such a weighting
mechanism is optimal for the LOOT-HMM, and it will be
in our interest to explore further weighting optimization on
this classification scheme.

Note that there are still some potential opportunities for
the acceleration of the LOOT-HMM. One reviewer suggests
a time reduction scheme, stemming from the fact that many
of the calculations are repeated because there are so many
nearly identical sequences in the LOOT-HMM scheme.
Instead of skipping one of the n observations in a sequence
in order to obtain the likelihood of an leave-one-out
sequence, it is plausible to store the likelihoods of being
in the states without a skip, and use them to update the
likelihoods of being in the states with a skip. It should be
interesting to look at this in the future to further speed up
the LOOT-HMM.

Considering other classification methods applied to the
same data set, the KNN with 150,000 samples achieves a
98.57 percent accuracy [21], the MLP achieves 99.16-
99.29 percent accuracy [21], [26], and the use of the SVM
achieves a 99.30 percent recognition rate with a pairwise
coupling strategy and a 99.37 percent recognition rate with
the one-against-all strategy [20] (Table 9). Note that both the
MLP and the SVM are relatively time consuming, while the
KNN is a faster method for classifier training but less
accurate. HMMs also require substantial training and are
thus time consuming, but they could hardly perform better
than at 99.00 percent accuracy, and thus are less accurate
than the MLP or the SVM for the data set in question. In
practice, it is well known that the accuracy of the HMM is
inferior to other sophisticated classification methods, partly
due to its weak resistance to noise. However, HMMs have a
unique advantage in sequential signal recognition, because
they can recognize and segment continuous signals at the
same time, while other classification methods must rely on
other well-designed and fine-tuned empirical signal seg-
mentation schemes. Such signal segmentation schemes are
often obtained through trial and error, and are not optimal.
As a result, this disadvantage of other classification
schemes makes HMMs an attractive choice for sequential
pattern recognition.

6 CONCLUSION

In general, HMMs are constructed using a structure in
which each state emits some observable symbols, and one
state moves on to another state with a certain probability.
From this, we obtain the probability of emission of each
symbol from each state and the probabilities of transition
among states, and then establish models. Finally, observa-
tion sequences are matched to these trained models.
However, the fundamental structure of an HMM implies
that the models have little resistance to unexpected noise in
observation sequences.

To take into account the effect of unexpected noise
occurring in a sequence of observations, we propose a leave-
one-out methodology for HMM training and HMM testing.
We find that LOOT-training could make HMMs slightly
more robust, and LOOT-testing could enhance the accuracy
of HMMs. This is especially significant when there are
longer sequences of observations, such as in row HMMs.

LOOT-testing is actually an example of a system with a
single classifier and multiple classifications. In our

experiment, we found that these multiple classifications

2176 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 31, NO. 12, DECEMBER 2009

TABLE 9
The Recognition Rate of Different Classification Schemes on NIST SD19
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are likely to perform better than a single classification.

Compared with an EoC, the LOOT-testing strategy has

several advantages: first, it does not require multiple

classifiers, and this reduces the cost of classifier training

considerably; second, it has no need for ensemble

selection, and this eliminates the time required for the

ensemble search.
We show that LOOT-HMMs can, in our experiment,

perform as well as an EoHMM. Moreover, if only LOOT-
testing is implemented, then LOOT-HMMs will have time-
saving advantage over EoHMM. Yet, our method is
limited by the uncertainty of the nature of observations,
since the recognition rates achieved are still not close
enough to our objective.

Our experimental study indicates that the LOOT-HMM
has a positive impact. However, we still face the problem of
requiring a theoretical proof on the effectiveness of the
proposed approaches. Since the issue of noise in observa-
tion sequences is a complex problem, and it is generally
impossible to distinguish noise from normal signals in such
observations, this makes a theoretical proof quite challen-
ging. Overall effectiveness might depend on density,
spectrum, and type of noise, and this is a rather difficult
issue to tackle. Nevertheless, it is possible that some related
theoretical work might emerge in the future.

Our study also raises more questions, such as how to
guarantee the optimality of the leave-out process, since the
number of possible scenarios for this process is very large.
The leave-one-out strategy presented in this paper is
straightforward, however, further improvements can be
made. We believe that this methodology can be greatly
enhanced with theoretical studies on the distinguished
nature between the observations and the potential noise, the
influence of geometrical and topological constraints on the
HMMs, better statistical studies to quantify the uncertainty
of the nature of observations, and empirical studies on more
real-world problems.
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