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Abstract

One of disadvantages of Hidden Markov Models
(HMMs) is its low resistance to unexpected noises
among observation sequences. Unexpected noises in
a sequence usually "break" a sequence of observa-
tions, and then makes this sequence unrecognizable for
trained models. We propose a new HMM training and
testing scheme, which compensates some of the nega-
tive effects of such noises. We carried out experiment
on handwritten digit recognition problem and the re-
sult suggests our proposal can be as effective as multi-
classifier systems.

1. Introduction

The purpose of handwritten pattern recognition sys-
tems is to achieve the best possible recognition rate,
and the Hidden Markov Model (HMM) is one of the
most popular classification methods for sequential pat-
tern recognition problems [1, 4, 5]. The objective of the
HMM is to model a series of observable signals, and it is
this signal-modeling ability that makes HMMs a better
choice than other classification methods for recognition
problems. As a stochastic process, an HMM is con-
structed with a finite number of states and a set of tran-
sition functions between two states, or over the same
state [1, 4, 5]. Each state emits some observation(s), ac-
cording to a codebook setting out corresponding emis-
sion probabilities. Such observations may be either dis-
crete symbols or continuous signals.

One important fact in the research concerning the
HMM is that the ensemble of the HMM (EoHMM)
emerges as a promising scheme for improving HMMs.
This is because an ensemble of classifiers (EoC) is
known to be capable of performing better than its best
single classifier. However, even with EoHMMs, we see
that the performance of HMMs is somehow more lim-

ited than in other types of classifiers. We believe that
such a limited performance in some aspects might be
attributed to the fundamental structure of HMMs, es-
pecially first-order HMMs. For first-order HMMs, all
observations are supposed to stay at the same state or
to move from current state to next state. This mathe-
matical method allows us to match a given observation
sequence with a model by examining the relationship
between each current observation and its next observa-
tion.

Nevertheless, when there is unexpected noise in a se-
quence, the mathematical structure of an HMM will not
enable us to discover the relationship between each cur-
rent observation and its next observation. Thus, this se-
quence will become unrecognizable to trained models.
We explain this phenomenon as a noise which "breaks"
a sequence of observations. In fact, it is possible that
more than one observation in a sequence might be noise.
We face two types of problems: (a) unexpected noise
occurring in a sequence of observations used for train-
ing; and (b) unexpected noise occurring in a sequence of
observations used for testing. The former might bring
about negative effects in a trained model, and the latter
will make a sequence unrecognizable. It is difficult to
handle these problems, since we have no information on
whether or not an observation of a sequence is actually
a noise.

To resolve these problems, we suppose that each ob-
servation has the same chance to be a noise. We thus
propose a leave-one-out-training (LOOT-training) strat-
egy: for a sequence of M observations, we leave an ob-
servation out of the original sequence and make a new
sequence without this observation. We then apply the
same process on all observations in this sequence and
create M new sequences. We use all M sequences and
the original sequence for training. For testing, we carry
out the same process for each observed sequence, and
create M new sequences from one original sequence
for leave-one-out-testing (LOOT-testing). We sum up
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the likelihood of all new M sequences to make a final
decision. Note that this is actually an example of a sys-
tem with a single classifier and multiple classifications.

To verify our hypothesis, we constructed leave-one-
out-training and leave-one-out-testing HMMs (LOOT-
HMM), and carried out an experiment on the handwrit-
ten digit recognition problem. We used the HMM-based
handwritten numeral recognizer in [2]. At this work,
column and row HMM classifiers are used to enhance
classification accuracy, and the sum of the outputs from
the single best column HMM and the single best row
HMM constitutes the final decision. With this system,
we were able to improve verification by constructing
a LOOT-HMM on both column HMM classifiers and
row HMM classifiers. The paper is organized as fol-
lows: first, we introduce the basic concepts of LOOT-
HMMs in section 2; in section 3, we report on exper-
iments we carried out on the NIST SD19 handwritten
numeral database. A discussion and a conclusion are
presented in final sections.

2. Generation of LOOT-HMMs

The LOOT-HMM has three components: codebook
optimization, LOOT-training, and LOOT-testing. We
first explain the codebook optimization process using a
clustering validity index, and then we explain the leave-
one-out method for creating sequences of observations
in HMM training and testing.

2.1 Codebook optimization using Xie-Beni
(XB) Index

The first step in LOOT-HMM is codebook optimiza-
tion. In general, an HMM codebook is generated from
a vector quantization procedure, and each code word
can be regarded as a centroid of a cluster in the feature
space. The fitness of clustering depends on a number
of different factors, such as clustering methods and the
number of clusters. In this work, we focus on optimiz-
ing codebooks by finding the optimal number of clus-
ters, i.e. by finding the optimal codebook size. In order
to select the optimal number of clusters, We use the XB
index [7] to scan the data and determine the number of
clusters with the smallest XB index. This number is
then chosen to be the codebook size, and codewords are
generated using simple K-Means clustering [3]. After
codebooks are created, we then apply the leave-one-out
process for HMM training.

2.2 Leave-One-Out Training for HMMs

We use the Viterbi algorithm for standard HMM
testing, but also implement a LOOT-testing process as
a meta-testing. The leave-one-out process for HMM
training is a simple one, which generates several se-
quences of observations from one sequence of obser-
vations. Suppose that, for any sequence Si, we have the
observations o1, o2, · · · , oMi

, where Mi is the number
of observations for the sequence Si. From this origi-
nal sequence of observations, we then generate new se-
quences of observations by simply removing one obser-
vation at a time. The longer the original sequence, the
more new sequences it will generate. LOOT-training
gives us more training samples. Furthermore, it may re-
duce noise from, or induce noise into, a sequence. If
it reduces the noise in a sequence, then HMMs have a
more correct sample for training; if it induces a noise
in a sequence, then HMMs can be trained to recognize
noisy sequences in testing. LOOT-training is thus meant
to make HMMs more robust. After LOOT-training has
been completed, the HMMs are created and ready to
classify any sequence tested. However, before doing
this, we need to apply the LOOT-testing process on the
sequences to be tested.

2.3 Leave-One-Out Testing for HMMs

LOOT-testing is similar to LOOT-training. The only
difference is that, for testing, the leave-one-out process
is applied on test sequences instead of on training se-
quences. Again, we generate new sequences of ob-
servations from the original sequence of observations
by simply eliminating one observation at a time. Af-
ter new sequences have been generated, all new mi se-
quences and the original test sequence are submitted
for testing. There are two schemes for generating fi-
nal outputs based on these sequences. The first scheme
(a) involves simply combining the likelihood of all se-
quences for each class, and select the class with the
highest likelihood. This scheme uses a mechanism sim-
ilar to the SUM rule in multi-classifier systems. The
second scheme (b) involves directly selecting the class
with the highest likelihood among all the classifications
from all sequences, i.e. among all new mi sequences
and the original test sequence. Method (b) allows a se-
quence of observations to skip any single observation in
order to achieve the highest likelihood. Then, by com-
paring the highest likelihood of each class, this method
can assign the best class to the sequence by taking into
consideration that one observation might be noise. We
denote method (a) as LOOT-testing(SUM) and method
(b) as LOOT-testing(MAX).



Also note that there are two premises in LOOT-
testing. First, we suppose that we are unable to dis-
tinguish a noise from a normal signal in a sequence of
observations. Thus, each observation is treated with an
equal chance being a noise. Second, we suppose that
a sequence is, in most cases, still recognizable without
one of its observations. Based on these two premises,
we can remove a single observation from a sequence of
observations and submit it for classification. When we
repeat this process, we submit a sequence of observa-
tions for classification multiple times by removing dif-
ferent observations. If the leave-one-out process takes
away a true noise, then the new sequence has a better
chance of being correctly classified. However, if the
leave-one-out process takes away a normal observation,
then all we can hope is that the new sequence will still
be recognizable without the removed observation. The
latter can be true when an omitted observation is not the
only observation emitted by the current state. In other
words, if the current state emits more than one observa-
tion, then the new sequence has a chance of being cor-
rectly recognized. In contrast, if the current state emits
only one observation, i.e. the current state just moves
from the previous state and will then move to the next
state right away, then the new sequence might be unrec-
ognizable. Nevertheless, if there are more recognizable
new sequences than unrecognizable new sequences, the
final classification result is likely to be correct. This
might be the case when states are likely to undergo self-
transition and emit more than one observation in a se-
quence. Therefore, if the number of observations in
a sequence is significantly higher than the number of
states, then the leave-one-out process might work well.
To verify whether or not the leave-one-out process will
work for HMMs, we perform some experiments on a
benchmark database.

3 Experiments with HMMs

The experimental data were extracted from NIST
SD19 as a 10-class handwritten numeral recognition
problem. The training set with 150, 000 samples
(hsf_{0 − 3}) was used to create 2 HMM classifiers,
one being the column HMM classifier and another be-
ing the row HMM classifier. Due to the extremely large
dataset, we use only the first 10, 000 images from the
training dataset to evaluate the quality of the clustering,
and they are equal to 342, 910 columns and 461, 146
rows. However, codebooks were generated with the
whole training set. The training validation set of 15, 000
samples was used to stop HMM training once the opti-
mum had been achieved. Using the best solution from
this archive, the test set containing 60, 089 samples

Table 1. The performance of column
LOOT-HMMs and row LOOT-HMMs.

Column Row Combination
Original 97.60% 96.76% 98.00%

Optimization 98.66% 97.78% 98.79%

LOOT-Traing 98.69% 98.22% 98.86%

LOOT-Testing(SUM) 98.68% 98.15% 98.86%

LOOT-Testing(MAX) 98.74% 98.15% 98.85%

LOOT-Traing+Testing(SUM) 98.72% 98.14% 98.84%

LOOT-Traing+Testing(MAX) 98.76% 98.23% 98.88%

(hsf_{7}) was used to evaluate the accuracy of EoCs.
Each column HMM used 47 features obtained from

each column, and each row HMM used 47 features ob-
tained from each row. For benchmark column HMM,
we have a recognition rate of 97.60%, and for bench-
mark row HMM, the classification accuracy was about
96.76%, and the combination of benchmark column
HMM and benchmark row HMM achieved a rate of
98.00%. Note that the combination of column HMM
and row HMM is simply the combination of likelihoods
of column HMM and row HMM for each class, and the
class with the highest combined likelihood is chosen as
the final output.

3.1 Optimization for HMMs

To decide on suitable codebook sizes for HMMs, we
carried out clustering analyses on HMM features. We
scanned the data with the number of clusters from 1 ∼
10, 000. For column HMMs, we determined that the
optimal codebook size is 9525; for row HMMs, the best
codebook size is 9783. After the codebook optimization
process, we carried out the optimization of the number
of states [6].

3.2 Column LOOT-HMMs and Row LOOT-
HMMs

The optimization of codebooks and the numbers
of states can improve the accuracy of column HMMs
from 97.60% to 98.66%, and that of row HMMs from
96.76% to 97.78%. Surprisingly, the use of leave-one-
out training or leave-one-out testing does not greatly
improve the accuracy of column HMMs. By contrary,
their use yields more improvements on row HMMs (Ta-
ble 1).

When we combine LOOT-Training-Testing column
HMMs and LOOT-Training-Testing row HMMs, we
achieve a 98.88% recognition rate on handwritten nu-
merals. The performance is good compared with the



recognition rate of 98.00% of the original combina-
tion of column and row HMMs. Note, however, that if
we skip the LOOT-training process and only carry out
LOOT-testing after optimization, we can still achieve
a 98.86% recognition rate, while LOOT-training with-
out LOOT-testing(MAX) can also achieve a recognition
rate of 98.86%. Again, this confirms an overlapping ef-
fect from LOOT-testing and LOOT-training. Also note
that the best result, 98.88%, is only slightly better than
the best results that can be achieved with EoHMMs for
the dataset in question. This might hint that a meta-
learning approach - either with multiple classifiers or
with multiple classifications - has its own limits. Fur-
ther improvement should focus on the learning structure
of the HMM, and not on meta-learning methodologies.

4 Discussion

The proposed LOOT-HMM is an easy and relatively
effective scheme. The column HMMs achieve a 98.76%
recognition rate, while the row HMMs have a 98.23%
accuracy. More importantly, the combination of column
and row HMMs improves performance, which reaches
98.88%.

LOOT-testing offers improvement similar LOOT-
training. The LOOT-testing process uses a single classi-
fier, but can generate multiple classifications. By using
these multiple classifications, LOOT-testing might offer
similar advantages to those of an EoC. For example, an
EoHMM achieves 98.86% [3] on the same dataset using
a pool of 40 classifiers, i.e. 400 HMMs. Compared with
the EoHMM scheme, our LOOT scheme uses only two
classifiers, i.e. 20 HMMs, and thus costs less and has a
similar performance. It might therefore be of great in-
terest to further pursue this direction. Note that the use
of LOOT-training alone seems to have effects similar
those of LOOT-testing. Without LOOT-testing, LOOT-
training can still a achieve 98.86% recognition rate, and
vice versa. Note that if only LOOT-testing is imple-
mented, then LOOT-HMM will have a time-saving ad-
vantage over EoHMM, because only one HMM classi-
fier training is required.

5 Conclusion

In general, HMMs are constructed using a structure
in which each state emits some observable symbols, and
one state moves on to another state with a certain prob-
ability. From this, we obtain the probability of emis-
sion of each symbol from each state and the probabili-
ties of transition among states, and then establish mod-
els. Finally, observation sequences are matched to these

trained models. However, the fundamental structure of
an HMM implies that the models have little resistance
to unexpected noise among observation sequences. To
take into account the effect of unexpected noise occur-
ring in a sequence of observations, we propose a leave-
one-out methodology for HMM training and HMM test-
ing. We find that LOOT-training could make HMMs
slightly more robust, and LOOT-testing could enhance
the accuracy of HMMs. This is especially significant
when there are longer sequences of observations, such
as in row HMMs.

Our study also raises more questions, such as how to
guarantee the optimality of the leave-out process, since
the number of possible scenarios for this process is very
large. The leave-one-out strategy presented in this pa-
per is straightforward, however further improvements
can be made. We believe that this methodology can be
greatly enhanced with theoretical studies on the distin-
guished nature between the observations and the poten-
tial noise, the influence of geometrical and topological
constraints on the HMMs, better statistical studies to
quantify the uncertainty of the nature of observations,
and empirical studies on more real-world problems.
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