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Abstract. A new scheme for the optimization of codebook sizes for HMMs and
the generation of HMM ensembles is proposed in this paper. In a discrete HMM,
the vector quantization procedure and the generated codebook are associated
with performance degradation. By using a selected clustering validity index, we
show that the optimization of HMM codebook size can be selected without train-
ing HMM classifiers. Moreover, the proposed scheme yields multiple optimized
HMM classifiers, and each individual HMM is based on a different codebook
size. By using these to construct an ensemble of HMM classifiers, this scheme
can compensate for the degradation of a discrete HMM.
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1 Introduction

The Hidden Markov Model (HMM) is one of the most popular classification meth-
ods for pattern sequence recognition, especially for speech recognition and handwritten
pattern recognition problems [3, 6, 29, 30, 34]. The objective of the HMM is to model a
series of observable signals, and it is this signal modeling ability that makes the use of
HMM a better choice than other classification methods for recognition problems. As a
stochastic process, HMM is constructed with a finite number of states and a set of tran-
sition functions between two states or over the same state [3, 29, 34]. Each state emits
some observation(s), according to a codebook setting out corresponding emission prob-
abilities. Such observations may be either discrete symbols or continuous signals. In a
discrete HMM, a vector-quantization codebook is typically used to map the continuous
input feature vector to the code word.

However, there are some parameters that need to be optimized in HMM, such as
the number of states in the model [35], the structure of the observation emission [6],
the structure of the state transition [1, 14, 15], the order of the state transition [6, 29, 30]
and the optimization of the codebook size [29, 30]. HMM codebook size optimization
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is, in general, carried out by constructing a number of HMM classifiers and comparing
their recognition rates on a validation data set. Given the extremely time-consuming
process of HMM training, HMM codebook size optimization remains a major problem.
But, since discrete symbols in HMM are usually characterized as quantized vectors in
its codebook by clustering, the fitness of the codebook is directly related to the fitness
of the clustering, for which a number of clustering validity indices have been proposed
[2, 18, 19, 26, 27]. This means that codebook size can actually be optimized by using
clustering validity indices.

Another important issue in the research concerning the HMM is that the ensemble of
the HMM (EoHMM) emerges as a promising scheme to improve HMM [1,10–15]. This
is because an ensemble of classifiers (EoC) is known to be capable of performing better
than its best single classifier [25,31]. These classifiers can be generated by changing the
training set, the input features or the parameters and architecture of the base classifiers
[15]. The applicable ensemble creation methods include the Bagging, Boosting and
Random Subspace methods. There may be other methods for the creation of HMM
classifiers, based on the choice of features [13] for isolated handwritten images, and
both column HMM classifiers and row HMM classifiers can be applied to enhance
performance [4, 5]. The use of various topologies such as left-right HMM, semi-jump-
in, semi-jump-out HMM [14], and circular HMM [1] can also be applied.

Because a data set usually consists of multiple levels of granularity [7, 21, 32], if
clustering validity indices can give multiple optimized codebook sizes for HMM, then
it is possible to construct EoHMMs based on different codebook sizes. This mechanism
will give local optima of a selected clustering validity index. EoHMM are then selected
by various objective functions and combined by different fusion functions. Because
EoHMMs are constructed with multiple codebooks, the degradation associated with a
single vector quantization procedure can be improved by multiple vector quantization
procedures and by then classifier combination methods. The key questions that need to
be addressed are the following:

1. Can the clustering validity index help in the selection of codebook sizes for opti-
mizing HMM?

2. For HMM classifiers based on different codebook sizes selected by a clustering
validity index, is the diversity among them strong enough to yield an EoHMM
which performs well?

To answer these questions, we applied the selected index for EoHMM construction
( Fig. 1). We used the HMM-based handwritten numeral recognizer in [4, 5]. It is im-
portant to note that HMM optimization is a very complex task, and there are still a great
many issues associated with it. In this paper we only deal with the problem related to
HMM codebook size optimization, and the analysis and the method presented therefore
constitute only a small step towards a considerably improved understanding of HMM
and EoHMM.

The paper is organized as follows. In the next section, we introduce the basic con-
cepts of the used clustering index. Section 3 details the process of generation, selection
and combination of HMM classifiers. In section 4, we report on experiments we carried
out on the NIST SD19 handwritten numeral database. A discussion and a conclusion
are presented in the final sections.
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Fig. 1. The EoHMM classification system approach includes: (a) the adequate codebook
sizes searching; (b) codebooks generation and HMM classifiers training (c) EoHMM
selection and combination. Both (a) and (b) were carried out separately on column and
row HMM classifiers.

2 Xie-Beni (XB) Index and Clustering Validity Indices

In general, an HMM codebook is generated from a vector quantization procedure, and
each code word can be actually regarded as a centroid of a cluster in feature space. The
fitness of the clustering depends on a number of different factors, such as clustering
methods and the number of clusters. For an adequate HMM codebook, there should be
a means to select a better clustering. A clustering validity index is a measure to evaluate
the results of clustering algorithms and give an indication of a partitioning that best fits
a data set, and a clustering validity index is independent of clustering algorithms and
data sets. We used XB index as the clustering index in this experiment.

XB index [2,18,19,27] was originally a fuzzy clustering validity index. For a fuzzy
clustering scheme, suppose we have the data set X = {xi, 1 ≤ i ≤ N}, where N is the
number of samples and the centroids vj of clusters cj , 1 ≤ j ≤ nc, where nc is the total
number of clusters. We seek to define the matrix of membership U = uij , where uij

denotes the degree of membership of the sample xi in the cluster cj . To define the XB
index, first one must define the sum of squared errors for fuzzy clustering. The sum of
squared errors is defined as

Jm(U, V ) =

NX
i=1

ncX
j=1

(uij)
m‖xi − vj‖2 (1)

where 1 ≤ m ≤ ∞. In general, we use J1 for the calculation. U is a partition matrix of
fuzzy membership U = uij , and V is the set of cluster centroids V = vi. In addition,
the minimum inter cluster distance dmin must also be defined, as

dmin = mini,j‖vi − vj‖ (2)



4 Ko, Sabourin, Britto Jr.

Supposing that we have N samples on the total data, XB index can be defined as

XB =
Jm

N × (dmin)2
(3)

XB index is designed to measure the fitness of fuzzy clustering, but it is also suitable
for crisp clustering. The XB index has been mathematically justified in [36]. In order
to obtain a group of potentially adequate codebook sizes, the clustering validity index
used must have several local optima that can depict a data set at multiple levels of
granularity [7, 21, 32]. This property is important because the best number of clusters
depends on different hierarchical levels. An adequate clustering validity index should
not only offer different clusterings, but also a reasonable distinction among them. When
HMM classifiers are trained with the same features and with the same samples, the
distinction among the codebooks is the only possibility that results in diversity among
classifiers and boosts the EoHMM performance.

The XB index is found to have this desirable property in our problem (Fig. 2). The
plot of XB index values versus the numbers of clusters gives local optima for codebook
sizes and are thus adequate for the construction of an EoHMM. The selected codebook
sizes are used again for the clustering on all samples. We perform the experiment on a
benchmark database in the next section.

3 Experiments with EoHMMs

The experimental data was extracted from NIST SD19 as a 10-class handwritten nu-
meral recognition problem. As a result, there is an HMM model for each class, and 10
HMM models for an HMM classifier. Five databases were used: the training set with
150000 samples (hsf {0− 3}) was used to create 40 HMM classifiers, 20 of them be-
ing column HMM classifiers and other 20 being row HMM classifiers. For codebook
size selection evaluated by clustering validity indices, due to the extremely large data
set (150000 images are equivalent to 5048907 columns and 6825152 rows, with 47
features per column or per row), we use only the first 10000 images from the training
data set to evaluate the quality of the clustering, and they are equal to 342910 columns
and 461146 rows. Note that, at the clustering evaluation stage, we only examined the
different numbers of clusters with the clustering validity index to select several suitable
codebook sizes for an EoHMM. Then, the codebooks were generated with the whole
training set, according to the previously selected codebook sizes. The training validation
set of 15000 samples was used to stop HMM classifiers training once the optimum had
been achieved. The optimization set containing 15000 samples (hsf {0−3}) was used
for GA searching for ensemble selection. To avoid overfitting during GA searching, the
selection set containing 15000 samples (hsf {0− 3}) was used to select the best solu-
tion from the current population according to the defined objective function and then to
store it in a separate archive after each generation. The selection set is also used for the
final validation of HMM classifiers. Using the best solution from this archive, the test
set containing 60089 samples (hsf {7}) was used to evaluate the accuracies of EoC.

Each column HMM used 47 features obtained from each column, and each row used
47 features obtained from each row. The features were extracted by the same means de-
scribed in [4, 5], and K-Means was used for vector-quantization to generate codebooks
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for the HMM. The number of HMM states was optimized by the method described
in [35]. The HMMs were trained by Baum-Welch algorithm [29, 30]. The benchmark
HMM classifiers used 47 features, with the codebook size of 256 clusters [4, 5]. For
benchmark column HMM, we have a recognition rate of 97.60%, and for benchmark
row HMM the classification accuracy was about 96.76%, while the combination of the
benchmark column HMM and the benchmark row HMM achieved a rate of 98.00%.

3.1 Behaviors of clustering validity indices in HMM features

To decide on suitable codebook sizes of HMM, we carried out clusterings on HMM
features. Before we constructed the EoHMM, we performed K-Means clusterings with
different numbers of clusters on HMM features, and showed the properties of clustering
validity indices in this problem. Processing clusterings from 3 clusters to 2048 clusters
for the clustering task, we showed the relationship between the XB index and the num-
ber of clusters for column HMM features, and many local minima can be observed (Fig.
2(a)). A similar tendency can be observed in row HMM features (Fig. 2(b)). This prop-
erty, as we argued, is important to get multiple levels of granularity of the data set, and
it offers codebook sizes for HMMs with the potential to perform well.

Fig. 2. The relationship between XB index and the number of clusters for: (a) HMM
column features; (b) HMM row features. The circled areas indicate the places where
the best 40 optima were found. The arrow indicates the smallest XB value with the
respective number of clusters. Note that clusterings were carried out on the first 10000
images of the training data set.

3.2 Optimum Codebooks Selected by XB Index

Among all clusterings from 3 clusters to 2048 clusters, the best single column HMM
achieved a classification accuracy of 98.42% with a codebook size of 1965, which is
0.82% better than the benchmark column HMM classifier; the best row HMM classifier
had a recognition rate of 97.97%, with a codebook size of 1786, which is 1.21% better
than the benchmark row HMM. Compared with the benchmark column HMM classifier
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(97.60%) and with the benchmark row HMM classifier (96.76%), codebooks selected
by the XB index gave some improvement to performance. Note that performance is not
necessarily proportional to the size of the codebooks. Based on these HMM classifiers,
we then construct the EoHMMs.

3.3 Column-EoHMM and Row-EoHMM

We constructed three ensembles composed entirely of column HMM classifiers (COL-
HMM), entirely of row HMM classifiers (ROW HMM) and of all HMM classifiers
(ALL-HMM) (Table 1). The ensembles were then combined by the SUM rule [22, 38]
and PCM-MAJ rule [24], since these two fusion functions have been shown to be very
effective [22,24]. The ensemble of all HMM classifiers gave the best performance, given
that the obvious diversity between the column HMM classifiers and the row HMM clas-
sifiers. With the PCM-MAJ rule, ALL-HMM performed 0.42% better than the single
best HMM classifier, and achieved the best classification accuracy.

Table 1. Comparison of classification accuracies on test data set with two different fusion functions and on different types of
EoHMMs. The number of classifiers is shown in parenthesis.

Fusion Functions→ PCM-MAJ SUM
/ EoHMM ↓

COL-HMM (20) 98.56 % 98.55 %
ROW-HMM (20) 98.20 % 98.26 %
ALL-HMM (40) 98.84 % 98.78 %

3.4 Ensemble Selection

For evaluating classifier combinations, another approach is to go through the process
of ensemble selection, because one of the most important requirements of EoCs is the
presence of diverse classifiers in an ensemble. We tested the simple majority voting
error (MVE) and the SUM rule, because of their reputation for being two of the best
objective functions for selecting classifiers for ensembles [31]. We also tested 10 dif-
ferent compound diversity functions (CDFs) [23].

Table 2. Best Performances from 30 GA replications on the test data set. The numbers
of classifiers are noted in parenthesis. The SUM was used as the fusion function in EoC.

Recognizers Column HMM classifiers Row HMM classifiers Column & Row HMM classifiers

Benchmark 97.60 % (1 / -) 96.76 % (1 / -) 98.00 % (2 / SUM)
XB Selection 98.40 % (1 / -) 97.97 % (1 / -) 98.70 % (2 / SUM)

Classifier Pool 98.55 % (20 / SUM) 98.26 % (20 / SUM) 98.78 % (40 / SUM)
EoHMM Selection - - 98.80 % (16 / SUM)
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These objective functions were evaluated by genetic algorithm (GA) searching. GA
was set up with 128 individuals in the population and with 500 generations, which
means 64, 000 ensembles were evaluated in each experiment. The mutation probability
was set to 0.01, and the crossover probability to 50%. With various objective func-
tions (MVE, SUM, 10 compound diversity functions [23]), and with 30 replications.
A threshold of 3 classifiers was applied as the minimum number of classifiers for an
EoC during the whole searching process. The selected ensembles were then combined
by two types of fusion functions: The SUM rule [22, 38] and the PCM-MAJ rule [23].
Among all objective functions, the best ensemble was selected by the CDF and com-
posed of 16 HMM classifiers. The recognition rate achieved by the selected ensemble
is 98.80% with the SUM rule, and 98.84% with the PCM-MAJ rule. For all replications
of GA searching, the variances are smaller than 0.01%, which indicates that the GA
searching gives quite stable results.

Table 3. Best Performances from 30 GA replications on the test data set. The numbers
of classifiers are noted in parenthesis. The PCM-MAJ was used as the fusion function
in EoC.

Recognizers Column HMM classifiers Row HMM classifiers Column & Row HMM classifiers

Classifier Pool 98.56 % (20 / PCM-MAJ) 98.20 % (20 / PCM-MAJ) 98.84 % (40 / PCM-MAJ)
EoHMM Selection - - 98.86 % (16 / PCM-MAJ)

4 Discussion

In this work, we proposed to use the XB index in order to select various codebooks for
the construction of Ensemble of HMMs. HMM classifiers constructed with codebook
sizes selected by the XB index show a clear improvement compared with benchmark
HMM classifiers, in both column HMM classifiers and row HMM classifiers [4,5]. With
an improvement of 0.80% over the benchmark column HMM classifier and 1.21% over
the benchmark row HMM classifier, the usefulness of the XB index in optimizing HMM
is undeniable.

As a by-product, we can also use these HMM classifiers trained with different code-
book sizes to construct an EoHMM. Considering that the best column HMM classifier
already has a classification accuracy of 98.40% and the best row HMM classifier has
a recognition rate of 97.97%, this improvement is significant. Such an improvement
also indicates that the disadvantage of discrete HMM can be compensated by EoHMM
based on various codebook sizes. We also note that, by combining column HMM clas-
sifiers and row HMM classifiers, the single best EoHMM of all the replications can
have a classification accuracy of 98.86%. This is about 0.30% better than COL-HMM,
thanks to the further diversity contributed by row features and column features (Table 2
& Table 3).

The proposed method also has a speed-up advantage over other EoHMM creation
schemes. Suppose we need to construct M HMM classifiers for EoHMM, given S
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possible codebook sizes, the proposed scheme evaluates S clusterings using the XB
index and then trains M HMM classifiers. For other ensemble creation methods, such
as Bagging, Boosting, and Random Subspaces, we need to train M ∗S HMM classifiers
and then select among them for the best codebook size. This offers a significant speed-
up in the optimization of the codebook sizes and a new ensemble creation method.

5 Conclusion

A fast codebook size optimization method for HMM and a new scheme of ensemble of
discrete HMM were proposed in this paper. The codebook size was selected by evaluat-
ing the quality of clustering during the construction of codewords. Because the method
does not require any HMM classifiers training, the proposed scheme offers a significant
speed-up for codebook size optimization. In order to fairly evaluate clustering quality,
we used a clustering validity index based on different predefined numbers of clusters.

Though a number of clustering validity indices were available, we used the XB in-
dex because it has the strong theoretical support [36] and has been shown effective in
clustering [2, 27]. Moreover, the XB index demonstrated the property of discovering
multiple levels of granularity in the data set, which would allow us to select adequate
codebook sizes. In general, the HMM classifiers with codebook sizes selected by the
XB index demonstrated an apparently better performance than benchmark HMM clas-
sifiers. As a by-product, we can construct an EoHMM trained with the full samples
and full features based on different codebook sizes. Because the XB index gives multi-
ple fit codebook sizes, these codebook sizes could result in more accurate and diverse
HMM classifiers, and thus provide us with an EoHMM. The combination of column
HMM classifiers and row HMM classifiers further improve the global performance of
EoHMM.

To conclude, the result suggests that the new EoHMM scheme is applicable. The
degradation associated with vector quantization in discrete HMM is compensated by the
use of EoHMM without the need to deal with a number of optimization of parameters
found in continuous HMM. EoHMM can also explore the advantage of the number of
different ensemble combination methods proposed in the literature.

Future work is planned to further improve the performance of EoHMM by exploring
the issue of the number of states that need to be optimized as well. With EoHMM based
on different numbers of states, it will be possible to obtain further improvement without
adding any parameters optimization problems, which will be of the great interest in the
application of HMM. Furthermore, the codebook pruning will be also an interesting
issue for the decrease of the computation cost for the construction of HMM classifiers.
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