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Abstract— Tuning SVM kernel parameters is a an important
step for achieving a high-performing learning machine. The usual
automatic methods used to tune these parameters require an
inversion of the Gram-Schmidt matrix or a resolution of an extra
quadratic programming problem. In the case of a large dataset
these methods require the addition of huge amounts of memory
and a long CPU time to the already significant ressources used in
the SVM training. In this paper, we propose a fast method based
on an approximation of the gradient of the empirical error along
with incremental learning, which reduces the resources required
both in terms of processing time and of storage space.

I. INTRODUCTION

Support vector machines (SVM) are particular classifiers
that are based on the margin-maximization principle. They
perform structural risk minimization which was introduced
to machine learning by Vapnik[16], and which have yielded
excellent generalization performance [8].

SVMs use the kernel trick to produce nonlinear boundaries.
The idea behind kernels is to map training data nonlinearly
into a higher-dimensional feature space via a mapping
function Φ and to construct a separating hyperplane that
maximizes the margin. The construction of the linear decision
surface in this feature space only requires the evaluation of
dot product Φ(x).Φ(y) = k(x, y), where k() is called the
kernel function [14], [3].

The SVM architecture comprises various types of
parameters, including the support vector coefficients and the
kernel parameters. In particular, the choice of the kernel
parameters can significantly affect the SVM performance.
As an illustration, Figure 1 shows the variation of the error
rate on a validation set versus the variance of the Gaussian
kernel. The task is to classify the digits 1 and 8 taken from
the MNIST data benchmark. Clearly, the best performance is
realized from an optimum choice of the kernel parameters.

Several methods have been proposed for choosing the best
value for the kernel parameters. Among them, we may cite:
• Generalized Approximate Cross-Validation (GACV)
proposed in [19], [20], where the authors suggest the
minimization of an upper bound of the expected classification
error;
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Fig. 1. Validation error rate for different values of the variance of the RBF
kernel for binary problem

• Optimization methods based on a radius-margin bound
and span bound developped in [6] and [7] where an
analytical proxy of the VC dimension [17] is applyed for the
minimization of the generalization error;
• Technique using an empirical error as proposed in [1] and
[2], where an empirical estimate of the generalization error is
minimized through a provided validation set.

All these methods are quite costly in computing time
requiring among other things to invert the Gram-Schmidt
matrix of support vectors during gradient computation or
to resolve an additional QP problem. When a large dataset
is used, the cost of this operation can be quite significant
compared to the actual training of the SVM. In this paper,
we propose an improved method of model selection based on
the empirical error by using two techniques:
(i) approximation of the gradient of error
(ii) incremental learning strategy

This paper is structured as follows. In section 2, we give a
review of the optimization of SVM kernel parameters using
an empirical error. In section 3, we develop an approximation
of the gradient. In section 4, we describe the technique of
incremental learning for SVMs. In section 5, we present the
experimental results confirming our algorithm. In the last
section, we conclude the paper.



II. MODEL SELECTION USING EMPIRICAL ERROR

CRITERION

In this section, we describe the optimization of the SVM
kernel parameters using the empirical error as developed in
[1], [2].

We first consider a binary classification problem. Let
us have a dataset {(x1, y1), . . . , (xl, yl)} with xi ∈
R

d and yi ∈ {−1, 1}. In the feature space, the optimal
separating hyperplane for the Support Vector Machine is
defined by :

f(xi) =
NV S∑
j=1

αjyjk(xj , xi) + b (1)

where αj and b are found after resolving the
quadratic optimization problem maximizing the margin;
j = 1, . . . , NV S are the Support Vector indices corresponding
to non-zero αj and k : R

d × R
d → R is the kernel function

[14].

Let us define ti = (yi + 1)/2; the empirical error is given
by the following expression:

Ei = |ti − p̂i| (2)

where p̂i is the estimated posterior probability
corresponding to the data example xi.

The estimated posterior probability is determinated by :

p̂i =
1

1 + exp(A.fi + B)
(3)

where fi = f(xi) and the parameters A and B are
fitted after minimizing the cross-entropy error [5] as Platt
proposed in [12]. In this paper, we use its improved algorithm
developped by Lin [10].

The use of the model developed by Platt to estimate the
probability makes it possible to quantify the distance from one
observation to the hyperplane determined by the SVM using
a continuous and derivable function. Indeed, the estimate of
probability makes it possible to calibrate the distance f(xi)
between 0 and 1 with the following properties:
- the observations of the positive class which are well
classified and located apart from the margin have probabilities
considered very close to 1 ;
- the observations of the negative class which are well
classified and located apart from the margin have probabilities
considered very close to 0;
- and the observations located in the margin have probabilities
considered proportional to f(xi).

Thus with the empirical error criterion, only the
misclassified observations and those located in the margin
determined by the SVM are very important, since the other
observations give almost null errors. Consequently, the

minimization of the empirical error involves the reduction
of the support vectors (observations being in the margin). In
other words, the minimization of the empirical error makes
it possible to select hyper-parameters defining a margin
containing fewer observations. We then construct a machine
with fewer support vectors, which reduces the complexity of
the classifier. The results of the tests reported in [1] confirm
this property of the SVM constructed using the empirical error.

In fact, we have :

|ti − p̂i| =
{

p̂i if yi = −1
1 − p̂i if yi = 1

Then :
Ei → 0 when p̂i → 0 for yi = −1 and p̂i → 1 for yi = 1
Consequently :
Ei → 0 if f(xi) < −1 for yi = −1 and f(xi) > 1 for yi = 1
(see Figure 2)

We notice that the minimization of the empirical error
forces the maximum of the observations to be classified apart
from the margin. This criterion is thus useful for regularizing
the maximization of the margin for Support Vector Machines.
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Fig. 2. Variation of estimated probability w.r.t. the output of the SVM

We assume that the kernel function depends on
one or several parameters, encoded within the vector
θ = (θ1, . . . , θn). The optimization of these parameters is
performed by a gradient descent minimization algorithm[4]
where the objective function is E =

∑
Ei (see Figure 3).

III. GRADIENT APPROXIMATION OF THE EMPIRICAL

ERROR

The derivative of the empirical error with respect to θ is
evaluated using the validation dataset. Let us assume N the
size of the validation dataset; then :

∂E

∂θ
=

∂

∂θ

(
1
N

N∑
i=1

Ei

)
=

1
N

N∑
i=1

∂Ei

∂θ
(4)

with
∂Ei

∂θ
=

∂Ei

∂fi
.
∂fi

∂θ
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Fig. 3. Model selection using the empirical error

* Computation of ∂Ei

∂fi

∂Ei

∂fi
=

∂Ei

∂p̂i
.
∂p̂i

∂fi

where

∂Ei

∂p̂i
=

∂|ti − p̂i|
∂p̂i

=
{ −1 if ti = 1

+1 if ti = 0

and
∂p̂i

∂fi
= −Ap̂i(1 − p̂i)

Then ∂Ei

∂fi
is equal to:

∂Ei

∂fi
= Ayip̂i(1 − p̂i) (5)

* Computation of ∂fi

∂θ

∂fi

∂θ
=

∂

∂θ

(NV S∑
j=1

αjyjk(xj , xi) + b

)

∂fi

∂θ
=

NV S∑
j=1

yj
∂

∂θ

[
αjk(xj , xi)

]
+

∂b

∂θ

∂fi

∂θ
=

NV S∑
j=1

yj

[
∂k(xj , xi)

∂θ
αj +

∂αj

∂θ
k(xj , xi)

]
+

∂b

∂θ
(6)

This derivative is composed of two parts. We may include
the bias b into the parameter vector α as (α1, . . . , αNV S , b).
Then, we use the following approximation proposed by
Chapelle et al.[6].

∂α

∂θ
= −H−1 ∂H

∂θ
αT (7)

where

H =
(

KY Y
Y T 0

)
(8)

In equation (8), KY represents the Hessian matrix of the
SVM objective function. H is called the modified Gram-
Schmidt matrix and its size is (NV S + 1) × (NV S + 1). Its
components KY

ij are equal to yiyjk(xi, xj) and Y is a vector
of size NV S × 1 containing support vector labels yi. During
the experiments, we note that the derivate ∂αj

∂θ k(xj , xi) is
negligible in comparison to ∂k(xj ,xi)

∂θ αj . Then we approximate
the equation (6) by:

∂fi

∂θ
=

NV S∑
j=1

yjαj
∂k(xj , xi)

∂θ
(9)

With this approximation, we do not need to invert the matrix
H that has minimal time complexity of order O((NV S +1)2)
. Therefore the CPU time and the size of the memory required
by the gradient descent algorithm will be lower than with
traditional approaches.

−5 −4 −3 −2 −1 0 1 2 3 4
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Fig. 4. Data of XOR problem

In order to assess our methodology we tested it on numerous
synthetic and real problems. In Figures 5 and 6, we plotted
the empirical error versus the number of iterations and the
validation error versus the number of iterations during the
gradient descent algorithm for the XOR problem with overlap
(see Figure 4). We first note that the minimization of the
empirical error involved the minimization of the error rate
when we used the complete gradient or the approximation
of gradient. We also noticed that the curves are the same in
each case. Hence, we can efficiently use equation (9) when
we compute the gradient of empirical error without inverting
the modified Gram-Schmidt matrix.
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Fig. 5. Empirical error and Validation error rate versus the number of
iterations during the optimization process with the complete gradient.
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Fig. 6. Empirical error and Validation error rate versus the number of
iterations during the optimization process with the approximate gradient.

IV. OPTIMISATION OF KERNEL PARAMETERS WITH

INCREMENTAL LEARNING

Support Vector Machines, unlike the other classifiers, offer
a good power of generalization when the size of the training
set is small. We exploit this property of SVMs to develop our
method which consists of beginning the optimization process
with a subset S of the training set that we called the working
set, and adding ∆S, a part of the remaining samples, at each
step.

The idea of incremental learning for SVMs was introduced
in [15], where the training preserves only the support vectors at
each incremental step. In this work, however, we preserve the
samples that are in the margin or close to it because during the
process, the samples that are outside the margin can become
support vectors when the kernel parameters are updated in the

next steps. Then, in our case, we remove from the working
set S only the samples that are far from the temporary margin
and add ∆S whose size is chosen dynamically, with respect to
the behavior of the gradient norm. The idea behind this is to
minimize the size of the working set when the current value
of the kernel parameters is far from the optimal value. That
is, if the gradient norm is large, the size of ∆S added to S is
small because the large gradient norm means the current value
of the parameters is not close to the optimal value (see Figure
7).

Empirical Error

Number of iterations

Addition of
small size of     S

Addition of
big size of     S

Fig. 7. Behavior of ∆S size w.r.t. gradient norm value.

At each incremental step, we update the working set S and
the kernel parameters, after we retrain the SVM and select the
optimal parameters using the minimization of empirical error.
All in all, this combinaison makes it possible to optimize both
the parameters αi of the SVM and the parameters of the kernel
and to drastically save on computing time. Figure 8 presents
the details of the incremental learning algorithm.

1. Initialize the kernel parameters
2. Initialize a working set S
3. Repeat until convergence

3.1 Train the SVM with the set S
3.2 Estimate the parameters A and B

of the sigmoid
3.3 Compute the gradient of error
3.4 Update the kernel parameters
3.5 Subtract from S the samples not close

to the margin
3.6 Add to S a part ∆S of remaining

samples

Fig. 8. Algorithm of Optimization of kernel parameters with incremental
learning



TABLE I

TEST ERROR FOUND BY DIFFERENT ALGORITHMS FOR SELECTING THE SVM PARAMETERS. THE FIRST COLUMN REPORTS THE RESULTS FROM [13] AND

THE TWO FOLLOWING COLUMNS ARE FROM [6].

Cross- Radius Span Our
validation[13] margin bound[6] bound[6] approach

Breast cancer 26.04±4.7 26.84±4.71 25.59±4.18 25.48±4.38
Diabetes 23.53±1.73 23.25±1.70 23.19±1.67 23.41±1.68

Heart 15.95±3.26 15.92±3.18 16.13±3.11 15.96±3.13
Thyroid 4.80±2.19 4.62±2.03 4.56±1.97 4.70±2.07
Titanic 22.42±1.02 22.88±1.23 22.5±0.88 22.90±1.16

V. EXPERIMENTS

We used two types of benchmark databases, the first being
the UCI benchmark tested by Chapelle et al. [6] and by Rätsch
et al.[13] and the second being the MNIST database [9].

A. UCI Benchmark

We used 5 datasets from the UCI benchmark repository:
breast cancer, diabetes, heart, thyroid and titanic. Each dataset
is composed of 100 different training and test sets describing
the binary classification problem.

We followed the same experimental setup as in [13] and
[6]. On each of the first five training and test sets, the kernel
parameters are optimized using our algorithm. Finally, the
model parameters are computed as the median of the five
estimations. Like in [13] and [6], RBF kernels are employed.

The results obtained are shown in Table 1, where we
report the results obtained with the different model selection
techniques. Our results are similar to those obtained by
cross-validation[13] or Chapelle’s methods[6]. However,
the gain in complexity with our algorithm is significant,
because, on one hand we do not invert the matrix H size
(NV S + 1) × (NV S + 1) and on the other hand, we use
incremental learning strategy.

B. MNIST database

In this section, we tested our algorithms on an isolated
handwritten recognition problem, using the MNIST database.
The MNIST (Modified NIST) database [9] is a subset extracted
from the NIST database. The digits have been size-normalized
and centered in a fixed-size image. The learning dataset
contains 60,000 samples (50,000 for training and 10,000 for
validation) and the testing dataset consists of 10,000 other
samples.

For the test vote, we use pairwise coupling. We then
train 45 classifiers, and each SVM is optimized by using
the empirical error criterion. We use the RBF kernel with
parameter C=100 and the size of set S is initialized at 2500.

For the test phase, we applied different types of couplings
after mapping the 45 SVM outputs into probabilities. The

TABLE II

RESULTS OBTAINED WITH MNIST USING SEVERAL TYPES OF COUPLINGS

Couplaing model Error test(%)
PWC1 1.6
PWC2 1.5
PWC3 1.7
PWC4 1.6
PWC5 1.5

probability that a given observation belongs to class ωi(i =
1, ..., 10) is:

pi =
1
45

∑
i�=j

σ(pij) (10)

where pij = P (x ∈ ωi/x ∈ ωi ∪ ωj)

and σ is a coupling function. For a complete description
see [11] where the following functions are reported.

PWC1 σ(x) =
{

1 if x > 0.5
0 otherwise

PWC2 σ(x) = x

PWC3 σ(x) = 1
1+e−12(x−0.5)

PWC4 σ(x) =
{

1 if x > 0.5
x otherwise

PWC5 σ(x) =
{

x if x > 0.5
0 otherwise

We tested three algorithms for optimizing the kernel
parameters : the initial algorithm reported in [1], the modified
algorithm using the approximation of gradient and the
algorithm of optimization based on incremental learning with
approximation of gradient. The results are identical for the
three cases and are shown in Table II.

The three algorithms yield the same results, but there is a
difference with respect to the CPU time, which becomes very
significant when the size of the training set is large. Figure 9
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Fig. 9. Variation of CPU time depend on the size of training set with the
different algorithms

shows the relationship between the size of the training set and
the CPU time during the optimization process with the three
algorithms. We notice that the CPU time is reduced from 5%
to 25% when we use the approximation of gradient and with
the incremental learning there is a 20 to 40% improvement in
the CPU time gain.

VI. CONCLUSIONS

In this paper, we have described a model selection for SVMs
using the empirical error criterion improved by incremental
learning and the approximation of the gradient. Then the
resources required during the optimization process, i.e. the
CPU time and memory size, are drastically reduced. We have
tested our method on many benchmarks which have produced
promising results confirming our approach. We are undertak-
ing actually a theoretical justification for the approximated
gradient strategy.
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