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Abstract – In this paper, a BB algorithm is used to de-

signed structured controller that minimizes a matching

model criteria. This non convex optimization problem is

formulated as a BMI problem with additional variables

allowing lower and upper bound estimation by LMI sub-

problems. A reduction of the additional variables is pro-

posed to reduce the computation time. To demonstrate

the effectiveness of the approach, this global optimiza-

tion method is used to tune optimally the PID controller

gains.
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1.INTRODUCTION

Over the past decades, many advances have been made
in the field of linear optimal control. In particular, several
methods based on Linear Matrix Inequalities (LMI) formu-
lation have been proposed to solve multiple optimal con-
trol problems for state feedback and full-order output feed-
back controllers [SCH, 97]. Recently, optimal performances
of low-order output feedback and static output feedback
controllers have been extensively studied. The underlying
optimization problems are difficult to solve since they are
non convex. LMI constraints with a non convex objective,
described by a rank minimization, is a formulation of the
low-order controller design problem. This particular prob-
lem can be transformed in a smooth concave optimization
problem that can be solved by local optimization methods
[GAH, 94] or by genetic algorithms [DU, 02]. A conserva-
tive solution of the low-order controller design problem by
using a coprime factorization and positive real lemma ex-
pressed in LMI form has also been proposed in [WAN, 00],
[WAN, 99] .

For static output feedback, fixed order controllers and
structured controller, the design is also a non convex op-
timization problem. Approximative solution of the stabi-
lization problem associated to this feedback control system
can be found by using LMI formulation for a prescribed
degree of stability [BEN, 98]. The optimal static output
feedback and structured controller control problem can also
be solved by using iterative local solution based on multi-
ple LMI problem solutions [ROT, 94], [GER, 95], [GAH,
94]. Meanwhile the global minima can be found by using
branch and bound (BB) algorithm [BAL, 92]. Also, the
static output feedback and the structured control problem
can be transformed into a Bilinear Matrix Inequality (BMI)
optimization problem [SAF, 94], [LEE, 99]. The solution
can then be solved by using local minimization approach
[HAS, 99], [LEE, 99], [GOH, 94]. In this case, the global
solution of the non convex optimization problem cannot be

guaranteed. The branch and bound (BB) algorithm allows
to find the global solution of the BMI problem [TUA, 00b]
[TUA, 00a].

In this paper, a BB algorithm is used to designed a struc-
tured controller [LEE, 99] that minimizes a matching model
criteria. This class of controller is very important for indus-
trial application since its order and its structure can be im-
posed arbitrary. The optimization problem is formulated as
a BMI problem with the additional variables that allow us
to formulate the LMI subproblems associated to the lower
and the upper bound estimations. Those estimations are
necessary to formulate the associated BB algorithm. As in
[TUA, 00a], the additional variables are the product of the
decision variables. However, according to our specific prob-
lem, a matrix product formulation allows us to reduce the
number of additional variables. This reduction allows to
reduce the computation time. The transformation of con-
straints in the new variables space must then be different of
the one proposed in [TUA, 00a] to take into a compte the
variable reduction.

This paper is organized as follows. The system model
is presented in section 2. Section 3 presents the optimiza-
tion problem formulation. In section 4, the optimization
approach is applied to tune optimally PID controller gains
for arbitrary plant, sensors and reference model.

I. System model

Continuous linear invariant feedback control systems are
generally characterized by a plant, that is the system to be
controlled, sensors, and a feedback controller. In this pa-
per, it is assumed that the controller is structured and has
fixed order. The gains adjustment that minimizes the dif-
ference between a reference model and the closed loop of the
feedback control system is then a non convex optimization
problem.

The blocks-diagram corresponding to this complete sys-
tem is illustrated by Fig. 1. As it can be seen, to be
more flexible, the error between the reference model and
the closed loop system is weighted by a weight error model.

Each block of the diagram in Fig. 1 is modelized in its
state space form. The reference model is described as

ẋr = Arxr +Brr

yr = Crxr
(1)

where xr ∈ R
nr , yr ∈ R

ny and r ∈ Rny . The plant model
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Fig. 1. blocks-Diagram of the system.

is described as

ẋp = Apxp +Bpu

yp = Cpxp
(2)

where xp ∈ R
np , yp ∈ R

ny and u ∈ Rnu . Then, the
sensors model is described as

ẋs = Asxs +Bsyp

ys = Csxs +Dsyp
(3)

where xs ∈ R
ns and ys ∈ R

ny . The weight error model is
described as follows

ẋw = Awxw +Bwε
e = Cwxw

(4)

where ε = yr−yp = Crxr−Cpxp, xw ∈ R
nw and e ∈ Rny .

Finally, the structured controller model is described as

ẋc = Ac(k)xc +Bc(k)(r− ys)
u = Cc(k)xc +Dc(k)(r− ys)

(5)

where xc ∈ R
nc and [LEE, 99]

[

Ac(k) Bc(k)
Cc(k) Dc(k)

]

=

[

Ac0 Bc0

Cc0 Dc0

]

+ΘLKs(k)ΘR

(6)
with

ΘLKs(k)ΘR =

nk
∑

i=1

ΘLikiΘRi (7)

where k ∈ Rnk is the gain vector, ΘLi ∈ R
nu×nki and

ΘRi ∈ R
nki

×ns are full rank matrices. The system de-
scribed by equations (1), (2), (4), (5) and (6) can be rewrit-
ten in one state space model as

ẋ = (A+ BuKs(k)Cu)x+ (Br + BuKs(k)Du)r
e = Cx

(8)

where
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and Du =

[

0

I

]

II. Optimization approach

According to the closed loop system described by equa-
tion (8), the objective is to find the controller gain vector
k to minimize the error e. This problem can be formulated
as

k = argmin
k
‖Hεr‖2 (9)

where

Hεr(s) = C (sI− (A+ BuKs(k)Cu))
−1 (Br + BuKs(k)Du)

(10)
and ‖H‖2 is the 2-norm of system H that exist only if H is
Hurwitz-stable. if H is Hurwitz-stable, ‖H‖2 is defined by
[SCH, 97]

‖H‖22 =
1

2π
trace

∫

∞

−∞

H(jω)H(jω)∗dω (11)

To avoid the integral evaluation, the minimization problem
described by equations (9) can be rewritten as [SCH, 97]

k = argmin( trace(L1(Br + BuKs(k)Du,P))) (12)

where P, a symmetric semi-positive definite matrix, is the
solution of the following equations :

L2((A+ BuKs(k)Cu),P) +C
T
C = 0, (13)

L1(B,P) = B
T
PB (14)

and
L2(A,P) = PA+A

T
P (15)

Notice that in this minimization problem the H2 norm
could be substituted by H∞ norm with minor modifications
of the problem formulation.

Even though the problem described by equations (12) to
(15) is non convex, BB algorithm can be used to find its
global solution. The solution k is then searched in a hyper-
cube Q [BAL, 92]. The BB formulation consists of finding a
lower bound estimation and an upper bound estimation of



the objective function when the decision variables are con-
strained in a hypercube Q. The BB algorithm is based on
the hypercube subdivision (branch) and on the evaluation of
lower and upper bounds (bound) in the subdivided hyper-
cubes Ql. The BB algorithm converges to the global opti-
mal solution if the lower and the upper estimations converge
to the same result while the hyper-volume of the subdivided
hypercubes Ql converges to zero. This condition ensures a
global convergence of the algorithm. However, if the dis-
tance between the lower and the upper bound is very high
until the hyper-volume of the hypercubes Ql is very close to
zero, the convergence is very slow. It is thus very important
to find a lower and an upper bound estimations that are as
close as possible to each other. Balakrishnan & Boyd [BAL,
92] propose to use the evaluation of the 2-norm at the cen-
ter of the hypercube for the upper bound estimation. For
the lower bound, they propose to use a loop transforma-
tion and the perturbation theory to obtain a conservative
estimation. Unfortunately, BB algorithm with this lower
and upper bound formulation converge very slowly since
the lower bound estimation is too conservative.

It is the reason why in this paper, the minimization prob-
lem described by (12) to (15) will be transformed into a
Bilinear Matrix Inequalities (BMI). Then, a BB algorithm
will be used with an LMI minimization problem for the
lower bound estimation. This approach has been presented
in [TUA, 00b] and has been modified for different class of
problems in [TUA, 00a].

A. BMI formulation

The minimization problem described by equations (12) to
(15) can be transformed in a BMI formulation [SCH, 97]:

k = argmin( trace(Z)) (16)

satisfying

P > 0
L2((A+ BuKs(k)Cu),P) +C

TC < 0
[

P ∗
(Br + BuKs(k)Du)

TP Z

]

> 0
(17)

where the symbol * is used to simplify the writing since ma-
trices are symmetric. BMI formulation described by equa-
tions (16) and (17) cannot be transformed into the LMI
form by using a change of variable since feedback controller
of Figure. 1 is not a state feedback controller nor a full-order
output feedback controller. As proposed in [TUA, 00b],
BMI optimization problem described by equations (16) and
(17) can be solved by using the BB algorithm. The key
to this approach is to find LMI optimization problems to
estimate an upper and a lower bound of BMI problem in
an hypercube Ql. To accomplish this formulation, the BMI
problem is first transformed according to an additional de-
cision variables and the hypercube constraint is added. The
additional variables are defined as [TUA, 00a]:

Wi = kiPB
i
u, i = 1...nk (18)

where ki are the component of the gain vector k and, ac-
cording to equation (6), Bi

u is defined as:

Bi
u = BuΘLi. (19)

The additional variables described by equation (18) are
different of the ones proposed in [TUA, 00a]. In fact, in
[TUA, 00a], the different elements of matrix P are all con-
sidered as additional variables while in the additional vari-
ables described by equation (18), only the different elements
of product PBi

u are considered. If we assumed that nki
is

less than (n+1)/2 (where n = nr+np+ns+nw+nc), then,
the number of additional variables defined by equation (18)
is reduced from nk(n+1)n/2 to n

∑nk

i=0
nki
. Now, the addi-

tional variables must be incorporated in a new optimization
problem formulation. The following proposition allows us
to perform an appropriate transformation of the constraints
to incorporate the additional variables.

Proposition 1 If the hypercube Ql is defined as follows

Ql = {k|k
l
i < ki < k

l

i, i = 1...nk}, (20)

nki
≤ (n + 1)/2 and Bi

u are full rank matrix, Then, the
following constraints set

Wi = kiPB
i
u, i = 1...nk (21)

P > 0 (22)

k ∈ Ql (23)

is equivalent to the constraints set described by equations
(21), (22) and the following one

[

k̃l
iB

iT
u PB

i
u ∗

Wi − k̂
l
iPB

i
u k̃l

iP

]

> 0, i = 1...nk (24)

where k̃l
i =

1
2
(k

l

i − kl
i) and k̂l

i =
1
2
(k

l

i + kl
i) .

Proof : According to the constraint described by (22), the
last constraints of the set described by equations (21), (22)
and (23) can be rewritten as:

(ki − k̂l
i)

2BiT
u PB

i
u < k̃l2

i B
iT
u PB

i
u, i = 1...nk (25)

and can be rewritten again as

(ki − k̂l
i)B

iT
u PP

−1
PBi

u(ki − k̂
l
i) < k̃

l2
i B

iT
u PB

i
u, i = 1...nk

(26)
The constraints described by equation (21) is further used
to transform the last constraint into the following form:

(WT
i −k̂

l
iB

iT
u P)P

−1(Wi−k̂
l
iPB

i
u) < k̃

l2
i B

iT
u PB

i
u, i = 1...nk

(27)
The transformation of the constraint from the form given
by equation (27) to that given by equation (24) is finally
obtained by using the Schur complement.

Proposition 1 can then be used to transform the BMI
problem described by equations (16), (17), (18) and (24)
into the following equivalent form:

K = argmin( trace(Z)) (28)

satisfying constraints given by equations (21), (22), (24)
and

L2(A,P) +

nk
∑

i=0

L2(ΘRiCu,Wi) +C
T
C < 0 (29)

[

P ∗
(PBr +

∑nk

i=0
WiΘRiDu)

T Z

]

> 0 (30)



As in [BAL, 92], the upper bound can be found by consid-
ering the 2-norm at the center of the hypercube. By fixing
the matrix gains at the center of the hypercube, the BMI
described by equations (16) and (17) is transformed into
LMI form:

UB(Ql) = min( trace(Z)) (31)

satisfying

P > 0

L2((A+ BuKs(k̂
l)Cu),P) +C

TC < 0
[

P ∗

(Br + BuKs(k̂
l)Du)

TP Z

]

> 0
(32)

where k̂l is the gain vector k fixed at the center of hyper-
cube Ql. For the lower bound estimation, the non convex
constraints described by equations (21), (22), (24), (29) and
(30) is transformed to a convex one by simply removed the
equality constraint (21):

LB(Ql) = min( trace(Z)) (33)

satisfying constraints given by equations (22), (24), (29),
(30) and

L2(A,P) +

nk
∑

i=0

L2(ΘRiCu,Wi) +C
T
C > −ξI (34)

where ξ is a small numerical value. Notice that the con-
straint described by equation (34) has been added to allow
a better estimation of the lower bound. This constraint re-
stricts the solution of the lower bound estimation problem
but does not change the original BMI problem as described
by equations (28), (21), (22), (24), (29) and (30).

B. Branch and bound algorithm

According to upper and lower bound estimation given by
equations (31) to (32) and (33), (22), (24), (29), (30) and
(34) , the BB algorithm allowing the solution of the BMI
problem can be stated as follows [TUA, 00a]

Algorithm 1:

Step 0) Start with a tolerance factor ε and the initial hyper-
cube Q0. Then, set S1 = N1 = {Q0}, l = 1 and γ

0 = +∞.
Step 1) For each Q ∈ Nl, solve LMI problems described
by equations (31) to (32) and by equations (33), (22), (24),
(29), (30) and (34) to obtain LB(Q) and UB(Q). Find the
minimal UB to update the current value γl and the current
best solution kl.
Step 2) In Sl, delete all Q such that LB(Q) − γl >
−εLB(Q). Let Rl be the set of remaining hypercubes. If
Rl = ∅, terminate with γ

l the best ε-suboptimal value cor-
responding to the gain matrix kl.
Step 3) Choose Ql ∈ argmin{LB(Q)|Q ∈ Rl} and bisect
it into two smaller hypercube Ql,1 and Ql,2. Let Nl+1 =
{Ql,1,Ql,2} and Sl+1 = (RlQl) ∪ Nl+1. Set l ← l + 1 and
go back to step 1).

Since LB(Q) and UB(Q) converge to the same value
when the hyper-volume of the hypercube Q converge to
zero, the algorithm presented in this subsection terminate
after a finitely many iterations, yielding the ε-suboptimal
value of problem described by equations (28), (21), (22),
(24), (29) and (30).

III. Application example

The optimization approach described on the last section
can be used to tune optimally the PID controller gains for
arbitrary plant, sensors and reference model of Fig. 1. The
specific example that has been chosen to show the good
performances of the approach is illustrated by Fig. 2.
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Fig. 2. Application example.

For this example, the reference model matrices, the plant
model matrices, and the sensors model matrices are given
according to equations (1), (2) and (3) as

[

Ar Br

Cr

]

=

[

−0.4 1
0.4

]

(35)

[

Ap Bp

Cp

]

=











0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
−1 −4 −6 −4 1
1 0 0 0











(36)

[

As Bs

Cs Ds

]

=

[

∅ ∅
∅ 1

]

(37)

To match the output of the plant with the output of the
reference model for a step input response, the weight error
model matrices have been chosen according to equation (4)
as

[

Aw Bw

Cw

]

=

[

−0.004 1
1

]

(38)

Notes that this weight error model is a stable approxi-
mation of the unit step function. The impulse response of
the complete system is then close to the step response of
the system without weight error model. Finally, the con-
troller model have been chosen to be a PID controller with
a 100 rad/s low-pass filter. The matrices of this structured



controller model are

[

Ac Bc

Cc Dc

]

=

[

0 1 0
0 −100 100
0 0 0

]

+k1

[

0
0
1

]

[

1 0 0
]

+k2

[

0
0
1

]

[

0 1 0
]

+k3

[

0
0
1

]

[

0 −100 100
]

(39)

and the controller gains are given as

k =
[

ki kp kd

]T
(40)

where ki, kp and kd are respectively the integral, the pro-
portional and the derivative controller gains.

Algorithm 1 has been used to solve the optimization prob-
lem described by equations (28), (21), (22), (24), (29) and
(30). The initial hypercube has been chosen asQ0 = {k|0 <
kj < 10, j = 1...3} and the tolerance has been chosen as
ε = 0.25. For the lower bound estimation problem, the
ε has been chosen as 1 × 10−6. BB Algorithm has been
programmed by using the LMI MATLAB toolbox. the al-
gorithm converged after 6128 iterations. The best upper
bound obtained was UB = 0.049. This optimal solution cor-
responds to the gains matrix k = [0.3955, 1.2256, 2.1582]T .
The step response of the reference model and the feedback
control system are shown in Fig. 3, while the impulse re-
sponse of the system described by Fig. 1 is shown in Fig.
4.
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Fig. 3. Reference model and feedback control system step response.

IV. Conclusion

In this paper, a BB algorithm has been used to designed
a structured controller that minimizes a matching model
criteria. The optimization problem has been formulated as
a BMI problem with additional variables allowing lower and
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Fig. 4. Impulse response of the system illustrated by Fig. 1.

upper bound estimation by LMI subproblems. This opti-
mization approach has been used to tune optimally a PID
controller gains for arbitrary plant, sensors and reference
model. For the future works, the robustness of the closed
loop uncertain system will be incorporated in the problem
formulation by using additional H∞ constraint.
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