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Abstract. This paper presents a representation of handwritten signatures by conics, like straight lines, 
ellipses and hyperboles. This representation allows a simplification of drawn of the signature, for the 
purpose of verification in the context of random forgeries, when forger doesn't imitate the original 
signature. 

 
1 Introduction 
During the last two decades it there has been a lot of 
research in the field of manuscript signatures. The major 
research in this field has been done in signature 
verification systems that from an original signature of a 
person, try to identify if a signature analyzed is true or 
false. 

A lot of security and financial reasons justify the 
research in this field, like the verification of checks, 
transactions with credit cards and public documents 
[SABO90], [PLAM90], [PLAM89], [BRAU93], 
[RAND90]. Besides, signature verification is considered 
one of the best ways that a automatic personal 
identification system can be based, because the 
signature must be "produced" by a person, on the 
contrary of passwords and identification cards that are 
simply "processed" and can be lost or stolen. 

The main purpose of this work is contribute to 
developing a real time system for signature verification, 
by means of a new representation of handwritten 
signatures by conics, like straight lines, ellipses and 
hyperboles. This method permits a simplification of 
signature tracing, for the purpose of verification in the 
context of random forgeries, when forger doesn't imitate 
the original signature. 

 
2 Preprocessing 
The signatures utilized here have 256 grey levels and are 
512 pixels wide and 128 pixels high. 

For instance, we utilize the original signature shown 
in figure 2.1 for extraction of its equations, where an 

equation represents a part of signature tracing. First, we 
apply the morphological process of Tophat [FACO93], 
to increase the contrast between signature tracing and 
background (figure 2.2). After this, we utilize the 
thresholding method of Otsu [OTSU79], finding the 
result shown in figure 2.3. Finaly, the Zang and Suen’s 
thinning process [GONZ87] provides the final result of 
preprocessing (figure 2.4). 

 
 

 
Figure 2.1. Original signature. 

 
 

 
Figure 2.2. Original signature after Tophat process. 

 



 

 

 
Figure 2.3. Signature of figure 2.2 after the thresholding 
method of Otsu. 

 

 
Figure 2.4. Signature of figure 2.3 after thinning 

process. 
 

3 Extraction of Characteristic Points 
To exemplify the extraction of equations of a signature, 
we need some definitions: 

a) Transition Function: each pixel Pi of a skeleton, 
resulting from the thinning process, has a transition 
function T(Pi) associated to it. T(Pi) represents the 
conectivity between Pi e its eight neighbours and T(Pi) 
is defined like the number of trasitions of 0 (white) to 1 
(black) when the eight neighbours of Pi (that is, P1, P2, 
..., e P8) are traced in a clockwise direction. 

b) End Points (EP): an end point (EP) is a pixel Pi 
with T(Pi) = 1. 

c) Juction Points (JP): a junction point (JP) is a 
pixel Pi with T(Pi) ≥ 3. 

After the thinning process, the signature tracing is 
ready to that we find the junction points and end points. 
Then, by means of an inspection method, the junction 
points and end points are found (figure 3.1). 
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Figure 3.1. Junction points and end points. 

 
 

4 Extraction of Mathematical Equations 
After finding the junction points and end points, we 

can extract the points of a signature tracing by means of 
the Freeman alghorithm [GONZ87] with eight 
directions. We start with a junction or end point, 
following the signature tracing up to find another 
junction or end point. For instance, we take the signature 
in figure 4.1. 
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Figure 4.1. Area to extraction of a mathematical 
equation. 

 
The point with coordinates (x1,y1) is an end point 

and the point with coordinates (xn,yn) is a junction 
point. Starting with the end point and following the 
signature tracing up to the junction point, we obtain all 
necessary points for modeling the mathematical 
equation. 

After finding the tracing points, the minimum 
square method of curve adjusting is applied over all 
points between two characteristic points. The 
mathematical modelation of this curve is made by 
conics general equation [BOUL86]: 

 
G x y A x B xy C y D x E y F( , ) ' ' ' ' ' '= + + + + + =2 2 0 

 
Dividing the equation above by A'≠ 0, to obtain 

an independent term, we have: 



 

 

 
x Bxy Cy Dx Ey F2 2 0+ + + + + =  
Bxy Cy Dx Ey F x+ + + + = −2 2  

We know the set of tracing points x and y, then we 
can find the values of B, C, D, E and F. Then, if we 
know 5 points or more, we have a system with 5 
variables and the number of equations is equal to the 
number of tracing points. This system can be 
represented by: 
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or AX Y= . 

 
We can solve the system above by means of the 

minimum square method of curve adjusting [NOBL86]: 
 

X A A A Y= −( )T T1 . 
 
Conics can be classified in three types [BOUL86] 

shown in tabel 4.1. 
 
Type Condition Species 

Ellipses B A C' ' '2 4 0− <  empty, point, circle 
or ellipse. 

Parabola B A C' ' '2 4 0− =  straight line, reunion 
of two parallel 
straight lines or 
parabola. 

Hyperbole B A C' ' '2 4 0− >  reunion of two 
crossing straight lines 
or hyperbole. 

Tabel 4.1. Classification of conics. 
 
Taking again the signature of figure 2.4, after 

finding all the junction points and end points, we apply 
the minimum square method of curve adjusting to each 
set of tracing points. After this, we obtain 24 equations. 

Figure 4.2 ilustrates the location of equations in the 
signature. Figure 4.3 shows the 24 equations found by 
the minimum square method of curve adjust. 
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Figure 4.2. Location of equations in signature. 
 

Nº Equation Type 

1 x2-9.724xy+22.72y2+0.5446x+3.0243y-9.9368=0 H 

2 x2+2.857xy+2.188y2-13.666x-20.088y+46.663=0 E 

3 x2+10.35xy+26.74y2-83.305x-449.96y+1741.9=0 H 

4 x2-2.063xy+0.966y2+2.687x-1.7956y-0.89767=0 H 

5 x2-2.01xy+3.8012y2-28.841x-24.377y+86.136=0 E 

6 x2-0.339y+0.080y2-12.24x-0.03668y+25.143=0 E 

7 x2-3.0001x+0.00019y+1.9996=0 P 

8 x2+2.1902xy+1.189y2-22.348x-24.32y+124.12=0 P 

9 x2-0.318xy+0.024y2-2.863x+0.47598y+1.8559=0 P 

10 x2-1.00xy-4.0001x+4.0002y-0.000079=0 H 

11 x2+1.39xy+0.540y2-10.188x-7.434y+25.942=0 E 

12 x2-0.616xy+0.4334y2-24.78x-12.02y+134.66=0 E 

13 x2-2.25xy+1.233y2+2.307x-2.1891y-0.11545=0 H 

14 x2+3.945xy+3.3497y2-29.21x-52.89y+202.91=0 H 

15 x2+0.789xy+1.32y2-87.1x-101.84y+2008.3=0 E 

16 x2+6.14xy+9.2474y2-41.9x-126.93y+432.87=0 H 

17 x2-197.7xy-1.691y2+322.5x+496.84y-69.103=0 H 

18 x2-3.00xy+1.833y2-0.9999x+3.1665y-1.6665=0 H 

19 x2-1.04xy+2.64y2-29.56x-13.872y+2.2778=0 E 

20 x2-31.04xy+280.8y2+40.116x-876.0y+624.21=0 E 

21 x2+1.9998xy+1y2-11x-11y+30=0 P 

22 x2+0.307xy+0.249y2-35.549x-17.91y+346.41=0 E 

23 x2-0.243xy+1.003y2-20.43x+1.2692y+21.05=0 E 

24 x2-0.489xy+0.4339y2-9.172x-5.312y+26.313=0 E 

Figure 4.3. Equations found in the signature of figure 
2.4. H is hiperbole, P is parabola and E is ellipse. 

 
Figure 4.4 ilustrates the original tracings of 

signature compared with the equations obtained. Figure 
4.5 presents a comparison between the signature tracing 
after the thinning process and the reunion of all 
equations found by the minimum square method of 



 

 

curve adjusting. Figure 4.6 presents a superposition of 
the two signatures of figure 4.5. 

Making a superposition between the reunion of all 
equations found and the signature after the thresholdind 
method of Otsu, among the 878 points found by the 
equations, 761 are in common with the signature after 
thresholding method. This results in a similarity index of 
86,7%. 
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Figure 4.4. Original tracings of signature compared with 
the equations obtained. 
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Figure 4.4 (continuation). 
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Figure 4.5 Comparison among signatures. (a) Signature 
tracing after the thinning process. (b) Reunion of all 
equations found by the minimum square method of 
curve adjusting. 

 



 

 

 
Figure 4.6. Superposition of the two signatures of figure 
4.5 

 
5 Testing the Modelation Method 
To examine the modelation method presented here, 20 
different sigantures of 6 different people were utilized, 
totaling 120 signatures. We made a superposition 
between the reunion of equations found and the 
respective signatures after the thresholdind method of 
Otsu. 

For each person a mathematical mean was 
determined among the results obtained with the 20 
signatures. The results found are presented in tabel 5.1. 

 
Person Similarity index  

1 87,8% 
2 97,3% 
3 89,3% 
4 88,6% 
5 86,3% 
6 92,4% 

Tabel 5.1 
 

Observation: The signature of figure 2.1 belongs to 
person 1. 
 
6 Conclusions 
The minimum square method of curve adjusting 
presents good results in mathematical modelation of 
handwritten signatures. This can be proved by the 
similarity indexes presented in tabel 5.1. However, 
when the number of points of a tracing is small (5 to 10 
points), there is a variation among the tracings and the 
equations. 

As proposals for new projects we suggest: 
a) the development of fuzzy grammars based in the 

most significant tracings of signatures and in the relative 
position between them, utilizing the approach presented 
here; 

b) the process presented here can be used in other 
areas of pattern recognition, like medical images or 
computer vision. 
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