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ABSTRACT
In this thesis, the class of parallel manipulators with six kinematic chains of type PRRS
is analyzed. In this class, six linear actuators attached to the base control the six degrees of
freedom of the mobile platform of the parallel manipulator. Six legs of constant length connect the mobile platform to the linear actuators through respectively spherical and universal
joints.
Firstly, the solution to the inverse kinematics problem is presented and the inverse Jacobian matrix is derived. Then, a novel approach is proposed for the solution of the direct
kinematics problem using three linear extra sensors. The extra sensors are attached at three
distinct points to the mobile platform and at three distinct points to the base. The unique solution to the direct kinematics problem is obtained through the solution of a univariate polynomial of degree five and the application of a selection procedure.
Next, the constant-orientation workspace and the orientation workspace are investigated. A geometrical method is detailed for the computation of the constant-orientation workspace, which was implemented in the CAD/CAM system CATIA. Then, the orientation
workspace is studied in relation to the Euler angles defining the orientation of the mobile
platform. The projected orientation workspace is defined as a subset of the orientation workspace. A detailed discretization method for the computation of the projected orientation
workspace is proposed, based on the use of a modified set of Euler angles.
A dynamic model presented in the literature is verified by performing dynamic analysis
in the dynamic simulation software DADS. Finally, a simple workspace-oriented approach to
the design problem is introduced based on the geometrical study of the manipulator’s workspace. The different alternatives for the mechanical components used in the manufacturing of
such manipulators are briefly discussed.

i

TABLE OF CONTENTS
Section

Page

ABSTRACT .............................................................................................................................. i
TABLE OF CONTENTS ......................................................................................................... ii
LIST OF FIGURES .................................................................................................................. v
NOMENCLATURE ............................................................................................................... vii
1. INTRODUCTION ................................................................................................................ 1
1.1 Introduction .................................................................................................................... 1
1.2 Review of Mechanical Architectures for 6-DOF Parallel Manipulators ......................... 2
1.3 Parallel Robots With PRRS Kinematic Chains ............................................................... 4
1.4 Notation of the General HSM ......................................................................................... 6
1.5 Choosing the Set of Generalized Coordinates ................................................................ 7
1.6 Organization of the Thesis .............................................................................................. 8
2. INVERSE KINEMATICS AND JACOBIAN MATRIX ................................................... 10
2.1 Representation of the Mobile Platform Orientation ...................................................... 10
2.2 Inverse Kinematics ....................................................................................................... 10
2.3 Inverse Jacobian Matrix................................................................................................ 12
2.4 Singular Configurations ................................................................................................ 14
2.5 Summary....................................................................................................................... 15
3. DIRECT KINEMATICS .................................................................................................... 16
3.1 Introduction .................................................................................................................. 16
3.2 Solving the DKP Using Three Linear Extra Sensors .................................................... 19
3.2.1 Direct Kinematics Formulation.............................................................................. 19
3.2.2 The Unique Solution to the DKP ........................................................................... 23
3.2.3 Numerical Example ............................................................................................... 25
3.3 Solving the DKP Using the Newton-Raphson Method ................................................. 26
3.4 Summary....................................................................................................................... 28
4. WORKSPACE ANALYSIS ............................................................................................... 29
4.1 Constant-Orientation Workspace .................................................................................. 29
4.1.1 Geometrical Study of the Workspace .................................................................... 31
4.1.1.1 Leg Length ...................................................................................................... 31
4.1.1.2 Serial-Chain Singularity.................................................................................. 31
4.1.1.3 Slider-Leg Interference ................................................................................... 32
ii

4.1.1.4 Range of the Base Joints ................................................................................. 32
4.1.1.5 Range of the Mobile Platform Joints .............................................................. 33
4.1.1.6 Actuator Stroke ............................................................................................... 33
4.1.1.7 Closure Constraint .......................................................................................... 34
4.1.1.8 Leg Interference and Singular Configurations ................................................ 34
4.1.2 Implementation Algorithms ................................................................................... 34
4.1.3 Examples ............................................................................................................... 36
4.2 Orientation Workspace ................................................................................................. 38
4.2.1 Euler Angles .......................................................................................................... 39
4.2.2 Discretization Method for the Orientation Workspace .......................................... 40
4.2.3 Examples ............................................................................................................... 43
4.2.4 Discretization Method for the Projected Orientation Workspace .......................... 46
4.2.5 Geometrical Methods ............................................................................................ 48
4.3 Total-Orientation Workspace ....................................................................................... 48
4.4 Summary....................................................................................................................... 49
5. DYNAMIC ANALYSIS .................................................................................................... 50
5.1 Derivation of the Equations of Motion ......................................................................... 50
5.2 Inverse Dynamics Algorithm ........................................................................................ 54
5.3 Dynamic Model Validation .......................................................................................... 55
5.4 Summary....................................................................................................................... 56
6. DESIGN ............................................................................................................................. 57
6.1 Design Considerations for Obtaining a Desired Workspace ......................................... 57
6.1.1 First Group of Design Parameters ......................................................................... 57
6.1.2 Second Group of Design Parameters ..................................................................... 58
6.1.3 Third Group of Design Parameters ........................................................................ 59
6.2 Optimal Design ............................................................................................................. 59
6.3 Mechanical Components .............................................................................................. 60
6.3.1 Linear Actuators .................................................................................................... 61
6.3.2 Passive Joints ......................................................................................................... 61
6.3.3 Linear Sensors ....................................................................................................... 62
6.4 Summary................................................................................................................... 63
7. CONCLUSIONS AND FURTHER RESEARCH .............................................................. 64
APPENDIX A: DATA FOR THE HEXAM TYPE OF MANIPULATOR ........................... 66

iii

APPENDIX B: EXPRESSIONS FOR THE DIRECT KINEMATICS PROBLEM ............. 67
APPENDIX C: MINIMUM DISTANCE BETWEEN TWO LINE SEGMENTS ................ 68
APPENDIX D: COMPATIBILITY CHECK ........................................................................ 70
APPENDIX E: LEG INTERFERENCE FOR CONSTANT ORIENTATION ..................... 72
APPENDIX F: DESCRIPTION OF THE PROGRAMS....................................................... 75
BIBLIOGRAPHY .................................................................................................................. 76
ACKNOWLEDGMENTS ...................................................................................................... 81

iv

LIST OF FIGURES
Figure
1.1

Page

The three main types of 6-DOF fully-parallel manipulators with identical kinematic chains denoted as (a) 6-RRPS, (b) 6-RRRS, and (c) 6-PRRS. ...................................... 3

1.2

Examples of 6-DOF parallel manipulators with three identical kinematic chains:
(a) a 3-RRPS robot, (b) a 3-RPRS robot, and (c) a 3-PPRS robot. .................................. 4

1.3

Three examples of HSMs: (a) the “Hexaglide” robot, (b) the “HexaM” machine,
and (c) a generalization of the “active wrist”. .................................................................. 5

1.4

The general HexaSlide Manipulator ................................................................................ 8

1.5

Top view of the mobile platform of the general HexaSlide Manipulator ........................ 8

2.1

Kinematic chain i of the HexaSlide Manipulator. .......................................................... 11

3.1

Parallel Manipulators (PM) with closed-form solutions to the DKP. ............................ 16

3.2

Type and disposition of extra sensors leading to a unique solution to the DKP. ........... 18

3.3

A general HSM with three linear extra sensors.. ........................................................... 19

3.4

Error in the z C coordinate of the mobile platform. ....................................................... 26

3.5

Error in the  (roll) angle of the mobile platform. ........................................................ 26

4.1

Vertex space construction. ............................................................................................. 32

4.2

Mechanical limits on the passive joints. ........................................................................ 33

4.3

Schematic representation of the relative location of the two circles C Ai (the smaller one) and C Bi corresponding to 0 or 1 intersection points between them. ................. 36

4.4

The workspace of the HSM at the reference orientation................................................ 37

4.5

The workspace of the HSM for   25 ,   30 ,   0 . ........................................... 37

4.6

The workspace of the equivalent GPM at the reference orientation. ............................. 38

4.7

The new set of Euler angles describing the orientation of the mobile platform. ............ 40

4.8

The three possible representations of the orientation workspace. .................................. 41

4.9

(a) Isometric and (b) top views of the orientation workspace of the HSM at the position OC  [250,  200,1200]T . ............................................................................... 44

4.10 (a) Isometric and (b) top views of the orientation workspace of the HSM at the position OC  [50, 100,1000]T . .................................................................................... 45
4.11 (a) Isometric and (b) top views of the orientation workspace of the HSM at the position OC  [0, 0,1350]T . ............................................................................................ 45

v

4.12 The volume of the constant-orientation workspace as a function of the roll angle 
for a number of directions of the approach vector. ........................................................ 46
4.13 Approximation of the projected orientation workspace for the positions

OC  [250,  200,1200]T , OC  [50, 100,1000]T , and OC  [0, 0,1350]T . ....... 47
5.1

The HSM and the forces and moment acting on it......................................................... 51

5.2

Articular forces obtained in MATLAB ......................................................................... 55

5.3

Articular forces obtained in DADS. .............................................................................. 55

6.1

Two extreme configurations of the serial chains characterized by (a) lower and (b)
higher stiffness and (a) lower and (b) higher resolution at the end point Bi . ................ 58

6.2

The volume of the workspace of a HexaM type of HSM as a function of the slope
angle of its rail axes. ...................................................................................................... 60

6.3

An example of an LM guide. ......................................................................................... 61

6.4

(a) The base universal joints and (b-d) three alternatives for the mobile platform
spherical joints. .............................................................................................................. 59

C.1 Different cases for the minimum distance...................................................................... 69
D.1 Compatibility check applied to a triplet of legs; (a) the initial assembly of the manipulator, and (b) an incompatible configuration........................................................... 70

vi

NOMENCLATURE
x, y, z : axes of the base reference frame.

O : center of the base reference frame.
x , y , z  : axes of the mobile reference frame attached to the mobile platform.

C : center of the mobile frame.
OC : platform position vector referenced to the base reference frame, OC= [xC , yC , zC ]T .

 ,  ,  : Euler angles describing the orientation of the mobile reference frame.
R : rotation matrix mapping the coordinates from the base frame to the mobile frame.
Ai : center of the base universal joint of leg i.
OA i : vector of coordinates of point Ai in the base reference frame, OA i  [x Ai , y Ai , z Ai ]T .

Ai,0 Ai,1 : rail axis i (the axis of prismatic joint i) such that Ai  Ai,0 Ai,1 .
Bi : center of the platform universal joint of leg i.
OB i : vector of coordinates of point Bi in the base reference frame , OB i  [x Bi , y Bi , z Bi ]T .

CBi : vector of coordinates of point Bi in the mobile reference frame.
Ti : point i of the three points defining an equilateral triangle, which vertices are the intersection points of lines B1 B6 , B5 B4 , and B3 B2 .

 i : articular coordinate i, i  A i,0 A i .

 max : actuator full stroke, i.e. max  A i,0 A i,1 , where min  0 .
 : length of each of the six legs, i.e.   A i B i for every i.
a i : unit vector along slider axis i, i.e. a i  A i,0 A i,1 / max .

q : vector of generalized coordinates, (e.g. q  [x C , y C , z C ,  ,  ,  ]T ).

 : vector of articular coordinates,   [1 , 2 , 3 , 4 , 5 , 6 ]T .
J : Jacobian matrix of the manipulator.
IKP: Inverse Kinematics Problem, (i.e. the mapping q   ).
DKP: Direct Kinematics Problem, (i.e. the mapping   q ).
GPM: General Parallel Manipulator (hexapod with six extensible legs).
HSM: HexaSlide Manipulator (hexapod with six linear actuators attached to the base).

vii

1. INTRODUCTION
1.1 Introduction
Parallel manipulators have received considerable attention during the past decade by both researchers and manufacturers worldwide. Most of the developments in this area have been
followed in detail in the first and only (up to this moment) textbook focusing exclusively on
parallel robots—the French book of Dr. Jean-Pierre Merlet, “Les robots parallèles” [1].
Parallel manipulators have found various practical applications such as motion simulators [2], assembly cells [3], coordinate measuring machines [4], milling machines [5], micropositioning systems [6], surgery robots [7, 8], and many others. Various companies have
built them such as the American Giddings & Lewis, Ingersoll, and Hexel, the British Geodetic, the Japanese Toyoda, the Swedish NEOS Robotics, and a dozen of others [9]. So far,
there has not been great demand for parallel manipulators due to their high cost but positive
reactions at recent machine shows convey an increasing optimism about the future of this
new technology.
The main advantage of parallel manipulators that has made them so popular is their
increased positioning accuracy due to their low overall compliance. The latter is explained
by the fact that the forces in the mechanism act mainly along the legs, which are very stiff in
compression/tension. The force flow is also distributed among the legs, and as they are connected in parallel, error build-up is avoided. In addition, particular designs of parallel robots
have their actuators mounted at the base, which reduces the moving mass and allows high
operational speeds. The main disadvantages of parallel robots are their relatively small
workspace, low dexterity, high anisotropy, and complex control due to the coupled translational and rotational degrees of freedom.
A 6-DOF parallel manipulator consists of a rigid body (the mobile platform) connected to another body (the base) by at least two independent kinematic chains. A 6-DOF fullyparallel manipulator, also called a hexapod, is a parallel manipulator with exactly six serial
chains (legs). In both cases, the mobile platform has six degrees of freedom, controlled by
six actuators placed at some of the joints of the serial kinematic chains, where in the case of
the fully-parallel manipulators, each chain has an actuator. For brevity, the combined position and orientation of the mobile platform will be referred to as the posture.
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The general mobility criterion [10] (Grübler’s formula) states that the mobility M of a
spatial mechanism is
g

M  6( n  g  1)   f i ,

(1.1)

i 1

where n is the number of bodies in the mechanism, g is the number of joints, and f i is the
number of degrees of freedom of joint i. As this formula is purely combinatorial, its application is not always sufficient. A precise mobility analysis should also involve a geometrical
study of the axes of the joints, especially when universal joints are used. Still, however, it is
easy to show by this formula that if the kinematic chains of a 6-DOF parallel manipulators
are identical then their number should be either 3 or 6.
1.2 Review of Mechanical Architectures for 6-DOF Parallel Robots
Numerous 6-DOF parallel robot architectures have been proposed in the literature (see [1]).
While kinematically, the number of possible architectures is limited, the number of ways for
implementing them is virtually unbounded. Further, special arrangements of the joints and
legs may lead to very simplified direct kinematics, higher stiffness, or higher resolution.
Most examples of 6-DOF fully-parallel manipulators may be classified by the type of
their six identical serial chains being RRPS, RRRS, or PRRS (Fig. 1.1). In this notation, RR
stands for a universal joint, P for a prismatic joint, S for a spherical joint, and an underlined
letter designates an actuated joint. Note that the actuated joint may be any one in the chain
but it is beneficial to place the actuators near the base, thus, reducing the inertia of the mobile equipment. There also exist architectures with only three chains, with two actuators per
chain (Fig. 1.2), as well as with various other combinations of chains.
The most common and well studied design is the one with six RRPS kinematic chains
(Fig. 1.1a), which will be referred to as the General Parallel Manipulator (GPM). The first
parallel robots to appear have been from this type, designed by Gough [11] and then by
Stewart [2], from where the term Stewart Platform has started to be loosely labeled to any
type of parallel robot. While in the most common design (the Gough Platform) the actuators
are part of the mobile equipment, there also exist the designs of McCallion [3] and Shelef
[12] where the drivers are placed at the base and change the lengths of the legs via endless
screws. In fact, the commercial hexapods “Tornado 2000” by Hexel [13] and the “G1000”
by Geodetic [14] are of such type. Thus, it is not correct to generalize that all 6-RRPS parallel manipulators have bulky mobile equipment.
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Figure 1.1 The three main types of 6-DOF fully-parallel manipulators with identical kinematic chains designated as (a) 6-RRPS, (b) 6-RRRS, and (c) 6-PRRS.
Other commercial hexapods of this type include the “Variax” by Giddings & Lewis
[9], the “HOH600” by Ingersoll [9], the “F100” by Fanuc [9], the “M800” by Physik Instrumente [6], and many others. In addition, all the motion simulators are of this type. Most of
the research in the area of parallel manipulators has been done exclusively for this class of
parallel robots.
The other class of parallel manipulators is the one with six RRRS kinematic chains
(Fig. 1.1b). The first to propose this kind of architecture has been Hunt in 1983 [15]. The
same principle has been adopted for the construction of the well-known robot “HEXA” [16].
This robot has shown a great success in terms of speed, with a maximum achievable acceleration of about 20 G. The load capacity, however, is only 10 kg and the robot rigidity is not
high since the arms attached to the actuators are exposed to bending moments. The best application for this robot is pick-and-place operations, though, it has also been used for zerogravity simulations. Other variants have also been proposed (see [1]). In addition, the new
“Rotary Hexapod” by Hexel [17] is of this type where the centers of all universal joints
move along a single circular guide.
Another type of 6-DOF parallel robots that is often encountered is the class with only
three kinematic chains (Fig. 1.2), with two actuators per chain. Examples are the prototype
of Alizade [18] (Fig. 1.2a), the “Eclipse” manipulator at SNU [19] (Fig. 1.2b), the minimanipulator of Tsai [20] (of type 3-PPSR ), the robot of Byun at KAIST [21] (of type 3-

PPSP), and several others. These manipulators are generally easier to analyze but have a
lower overall stiffness since only three chains support the mobile platform. In addition, these
robots have an undesirable singularity when one of the legs is in the plane defined by the
three centers of the mobile platform joints (see [19]).
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Figure 1.2 Examples of 6-DOF parallel manipulators with three identical kinematic chains:
(a) a 3-RRPS robot, (b) a 3-RPRS robot, and (c) a 3-PPRS robot.
Independently from the type of kinematic chains, there exist the so-called decoupled
parallel robots in which the translational and rotational degrees of freedom of the mobile
platform are decoupled and may be controlled in a straightforward manner. Common examples are the prototype of Innocenti [22] (6-RRPS) and the design of Bernier [23] (6-PRRS),
where three of the platform spherical joints coincide, and the “2-Delta” robot proposed by
Lallemand (see [1]), which is simply a parallel combination of two Delta robots allowing to
control the tool axis position and direction only. These parallel robots are very difficult to
implement due to their complicated mechanical design.
Next, we will discuss in greater detail on the class of parallel manipulators with six

PRRS kinematic chains that is the subject of this thesis.
1.3 Parallel Robots With PRRS Kinematic Chains
As we already mentioned, the class of parallel robots with RRPS chains have generally the
disadvantage that the legs, which are part of the mobile equipment, consist of heavy and
bulky actuators. Thus, these robots are usually not suitable for high-speed applications unless a very complicated dynamic model is solved online by the control algorithm. In addition, there is an increased risk of leg interference, which reduces the workspace of the manipulator. If the actuators are placed on the base, the mechanical design becomes complicated. On the other hand, the class of parallel robots with RRRS kinematic chains have good
dynamic properties but relatively low stiffness unless the actuators are circular guides fixed
to the base as in the “Rotary Hexapod”. For the other types of parallel robots, we observed
that they are either difficult to construct or have a lower stiffness.
The main advantage of the mechanisms of type 6-PRRS is with respect to their dynamics. As the actuators—being usually the heavy part of a manipulator—are fixed at the base,
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the mobile part of the robot is reduced to the six legs and the mobile platform. Consequently,
higher velocities and accelerations of the mobile platform can be achieved. Another benefit
is that the legs are made of only thin rods, thus, reducing the risk of leg interference. As we
will see in this thesis, the main drawback is that this type of manipulators are more difficult
to analyze. A very suitable application of these mechanisms will be as a machining tool, as
confirmed by most of the existing prototypes.
For brevity, we will refer to this type of parallel manipulator as the HexaSlide Ma-

nipulator (HSM). Several prototypes of HSMs exist (see Fig. 1.3). They are relatively new
and most of the analysis techniques developed for the GPM cannot be applied directly to
them. In general, sliders move along the prismatic actuated joints (P) comprised of linear
motion guides. The legs are of constant length and are connected to the sliders through universal joints (RR). The axes of the prismatic joints along which the centers of the universal
joints are being translated will be referred to as the rail axes. Finally, the legs are connected
to the mobile platform through spherical joints (S).
The several known examples of 6-DOF robots that fall into this group are the “Hexaglide” robot at ETH Zurich [24] (Fig. 1.3a), the decoupled “Nabla 6” robot proposed by
Bernier [23], the “HexaM” milling machine by Toyoda [25] (Fig. 1.3b), and the “NPM”
proposed by Arai et al. [26]. Another design that has become quite common is the one of the
“active wrist” proposed by Merlet and Gosselin [27] (Fig. 1.3c) and constructed at INRIA,
of which at least two other prototypes exist, namely a micro-manipulator at Northwestern
University [7] and the SPFA at Columbia University [8], both intended for medical applications.

(b)

(a)

(c)

Figure 1.3 Three examples of HSMs: (a) the “Hexaglide” robot, (b) the “HexaM” machine,
and (c) a generalization of the “active wrist”.
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In the “Hexaglide” (Fig. 1.3a), there are only three rail axes, which are parallel and
coplanar. Its main advantage is that it provides a pure translation along the x-axis (the axis
parallel to the rail axes) restricted only by the length of the rail axes. Thus, the workspace of
the manipulator can be easily extended in the x direction. The “Nabla 6” robot is a decoupled
parallel robot. Again the rail axes are only three and coplanar, but in this design, they are
concurrent. Three of the legs are attached to the platform at one point through a triple spherical joint, which makes the robot practically unrealizable.
In the “HexaM” machine (Fig. 1.3b), there are six rail axes, which are parallel by pairs
and make equal angles with the vertical z-axis. The “NPM” robot is very similar to the
“HexaM” machine but the rail axes are located symmetrically along the surface of a cone.
Finally, in the “active wrist”, the rail axes are all parallel but located along the surface of a
cylinder. Thus, the robot provides a pure translational motion along the z-axis. This robot,
however, is very particular in the sense that its legs are connected to the mobile platform
through double spherical joints. Thus, most of the analysis techniques (for singularities and
direct kinematics) available for the “active wrist” are not applicable to the general case
where the legs are connected to the mobile platform through six distinct spherical joints (Fig.
1.3c).
The HSMs have attractive characteristics, but to the best of our knowledge there has
not been much research directly concerned with them. One of the reasons for that is probably
the fact that their analysis is generally more complicated than the analysis of the GPM. As
we will see later, this complexity originates from its slightly more complicated inverse kinematics problem, allowing a total of 64 solutions. Its direct kinematics is also more complicated since its base joints are not coplanar—a factor, greatly simplifying the direct kinematics analysis of the GPM. We will also see that the workspace analysis using geometrical
methods is also more difficult. Thus, the main contribution of this thesis is to present the
most important analyses of the HSM and to study the influence of the different design parameters on the workspace and other properties.
1.4 Notation of the General HSM
Each of the many possible HSM designs can be analyzed in a particular manner that does not
work with the other designs. For example, in the solution of the direct kinematics problem,
the “Hexaglide” mechanism can be regarded as a GPM with coplanar base joints. In the “active wrist”, only the z coordinates of the base joints are varying, which also allows a simpler

6

solution to its direct kinematics problem, let alone the fact that double spherical joints are
used. For that reason, we base all our analyses on the HSM of general geometry.
In the general HSM (Fig. 1.4), there will be no constraints on the arrangement of the
six distinct rail axes. The start and end points of rail axis i (i = 1, 2, ..., 6) will be denoted respectively by Ai,0 and Ai,1 The center of universal joint i, which lies on the line segment

Ai ,0 Ai ,1 (rail axis i), will be denoted by Ai and will be simply referred to as base joint i. For
simplicity in notation, we will assume that all the six rail axes and all the six legs are of
equal lengths of respectively  max and . A right-handed base reference frame with center O
is attached to the base.
The center of spherical joint i will be denoted by Bi and will be simply referred to as

platform joint i. We also assume that the platform joints are arranged as the vertices of a
semiregular hexagon as shown in Fig. 1.5, where all angles are equal, and
B2 B3  B4 B5  B6 B1  h1 , B1 B2  B3 B4  B5 B6  h2 . This particular constraint will only be

used in the solution of the direct kinematics problem. The mobile reference frame is attached
to the mobile platform at the tool tip, denoted by C. Three points Ti are selected as the intersection points of three alternate sides of the platform hexagon (Fig. 1.5). The coordinates of
these points will be later used in solving the direct kinematics problem.
The distance between point Ai ,0 and Ai will be denoted by  i and will be referred to
as articular coordinate i, or equivalently control variable i. Changing the values of the articular coordinates will control the posture of the mobile platform.
1.5 Choosing the Set of Generalized Coordinates
The posture of the mobile platform is described by its generalized coordinates. The minimum number of independent coordinates describing the posture of the 6-DOF mobile platform is six. Since the set of generalized coordinates can be overdetermined as well, there exist infinitely many choices of such sets. The main reasons for using a particular set are (i) if
it makes a particular analysis simpler (analysis-oriented choice), and (ii) if it renders a more
intuitive representation (user-oriented choice). The choice can also be motivated by the desire to avoid representational singularities, at which the one-to-one relationship between the
values of the generalized coordinates and the exact posture does not hold. For 6-DOF hexapods, there is rarely an optimum choice of generalized coordinates, so different sets of generalized coordinates are used for the different analyses.
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Figure 1.4 The general HexaSlide Manipulator.
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Figure 1.5 Top view of the mobile platform of the general HexaSlide Manipulator.
1.6 Organization of the Thesis

The most basic analysis of parallel manipulators—the solution to the inverse kinematics problem—is given in chapter 2. In that chapter, the inverse Jacobian matrix is also derived. The inverse kinematics problem remains simple, whatever the choice of generalized
coordinates; still, however, we use the coordinates of point C and three Euler angles to represent the posture of the mobile platform.
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In chapter 3, we present a new methodology for solving the more difficult problem—
the direct kinematics problem—by the use of three linear extra sensors attached at distinct
points between the mobile platform and the fixed base. In order to simplify the derivations,
we use the coordinates of the three points Ti on the mobile platform to represent an overdetermined set of generalized coordinates.
Chapter 4 presents the workspace analysis. Particularly, we describe a geometrical
method for computing the constant-orientation workspace of the HSM. Although, the geometrical method in the case of the GPM has already been presented in the literature, we extend it to the nontrivial case of the HSM. The algorithm was implemented in the CAD/CAM
system CATIA and several examples of the workspace of an HSM are included. We also
discuss on the interesting issue of the orientation workspace. We define clearly a subset of
this workspace—the projected orientation workspace—which is often incorrectly referred to
as the orientation workspace. For this purpose we introduce a modified set of Euler angles,
allowing to determine directly the projected orientation workspace. Detailed discretization
algorithms are presented and examples of the workspace are given.
In the dynamic analysis presented in chapter 5, we use the angular velocity vector  ,
which is strongly dependent on the Euler angles. It is well known, that there exists no choice
of Euler angles for which   [, ,  ]T , but still for some Euler angles the expression for
 is much simpler (e.g. for the roll, pitch, yaw angles [28]). As it is not the main issue of

this chapter, we do not specify the type of Euler angles. The dynamic model suggested by
Merlet [1] was implemented in MATLAB, and the results obtained from that model are
compared with the results obtained from an HSM model in DADS.
In chapter 6, we present simple design guidelines, mostly based on obtaining desired
workspace characteristics. We also discuss briefly on the main mechanical components that
compose an HSM, particularly the possible choices for the base and platform joints, and linear actuators. Finally, we suggest a type of linear sensor, which is particularly suited for use
as an extra sensor.
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2. INVERSE KINEMATICS AND INVERSE JACOBIAN MATRIX
This chapter describes the mapping from the generalized coordinates describing the
posture of the mobile platform to the articular coordinates of the parallel manipulator, referred to as the inverse kinematics problem (IKP). The relation between the generalized velocities and the articular velocities is also determined, and the inverse Jacobian matrix is defined. Based on the latter, the three kinds of singular configurations are briefly outlined.
2.1 Representation of the Mobile Platform Orientation
As we will see in this chapter, the IKP of the HSM is relatively straightforward. Its complexity is virtually independent from the choice of generalized coordinates. However, it is natural
to use a non-redundant set of generalized coordinates leading to a square Jacobian matrix.
Thus, we adopt the most basic choice of generalized coordinates, namely three coordinates
describing the position of the center of the mobile frame ( x C , y C , z C ) , and three Euler angles

(, , ) defining the orientation of the mobile frame with respect to the base frame. We
leave the sequence of rotations defining the Euler angles unspecified, and use directly the orthogonal 33 rotation matrix R defined by the Euler angles.
2.2 Inverse Kinematics

The notation for the general HSM was presented in section 1.4. The algebraic vectors will
be denoted by using the same notation but in bold letters. When the vectors are referenced to
the mobile frame, a right superscript  will be used. Otherwise, when they are referenced to
the base frame, the superscript will be omitted. Thus, OB i is a 31 column vector representing the coordinates of point Bi referenced to the base frame, while CBi is the vector of coordinates of point Bi with respect to the mobile frame. While CBi is constant and is defined by the mobile platform geometry, OB i is a function of the generalized coordinates.
As we already mentioned, the position of the platform is defined by the vector OC as
OC  [ x C , y C , z C ]T .

(2.1)

The rotation matrix R may be used to transform coordinates from the mobile frame to the
base frame. Similarly, the matrix R  may be used to transform coordinates from the base
frame to the mobile frame, where

R   R 1  R T .
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(2.2)

Ai,0

z
ai

y

i

x

O

Ai

Ai,1

ni



z

Bi

y

C
x

Figure 2.1 Kinematic chain i of the HexaSlide Manipulator.
Thus, for example, the position of the base, relative to the mobile platform, is defined by a
translation vector CO  from the origin of the mobile frame to the origin of the base frame:

CO    R T OC

(2.3)

The inverse kinematics of parallel manipulators is solved by independently solving the
inverse kinematics of each kinematic chain. Figure 2.1 shows kinematic chain i and the vectors used in calculating the articular coordinate i, namely  i .
Let vector a i be the unit vector along the rail axis Ai ,0 Ai ,1 , and n i be the unit vector
along leg Ai Bi . Based on the HSM’s geometry, the following equations are derived:
A i ,0 B i  OC  CB i  OA i , 0  OC  R CB i  OA i , 0

(2.4)

 n i  A i ,0 B i   i a i

(2.5)

Squaring both sides of eq. (2.5) results in the following relation:
 2  A i,0 B i

2





 2i  2 i a Ti A i ,0 B i .

(2.6)

Finally, solving eq. (2.6) for  i and taking only the smaller value, we obtain:

 i  ( a Ti A i ,0 B i ) 

a

T
i

A i ,0 B i
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2



 A i,0 B i

2



 2 ,

(2.7)

which completes the solution of the inverse kinematics problem. Note that in the case of the
GPM, the solution to the IKP is simply  i  A i B i , where point Ai is fixed to the base.
The slightly more complicated inverse kinematics of the HSM will render all other analyses
much more intricate as we will see later.
A computer program for simple motion simulation of HSMs was implemented in
MATLAB based on the solution of the IKP. A brief description of the program can be found
in Appendix F.
2.3 Inverse Jacobian Matrix
As in serial robots, the inverse Jacobian matrix is defined as the matrix allowing the passage
 ):
from the generalized velocities ( q ) to the articular velocities ( 

  J 1 q .


(2.8)

As remarked by Merlet [1], the inverse Jacobian matrix may be defined in two ways, depending on the way of defining the vector q . It may be either the matrix relating the linear
and angular velocities to the articular velocities, referred to as the kinematic inverse Jacobi-

an matrix, or the matrix relating the linear velocity and the variations of the Euler angles to
the articular velocities, referred to as the inverse Jacobian matrix of Euler angles. Note that
the kinematic Jacobian matrix is not a Jacobian matrix in the mathematical sense, since there
exists no representation of the orientation whose variation gives the angular velocity. The
kinematic Jacobian matrix is required for the velocity control of the manipulator, while the
Jacobian matrix of Euler angles is often used in a numerical iterative algorithm to solve the
direct kinematics problem. We will derive here only the kinematic inverse Jacobian matrix,
which we will refer to as simply the inverse Jacobian matrix.
Let us redefine the vector q as:
V
q   C 
 
where vector VC  [ x C , y C , z C ]T is the linear velocity of point C and the 31 vector  is the

angular velocity of the mobile platform. The system of equations (2.6) can be written in matrix form as:
(  , q)  0
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(2.9)

where  is the 61 vector of articular coordinates, q is the 61 vector of generalized coordinates,  is a 6 dimensional implicit function of  and q, and 0 is the 6 dimensional zero vector.
Differentiating eq. (2.6) with respect to time and dividing by 2 yields:









(2.10)

 T CB i  0
i a Ti  i a i  A i, 0 B i     i a Ti  A i, 0 B Ti  VC  RR

(2.11)

 CB i  A i , 0 B Ti VC  R
 CB i  0
i  i  i a Ti A i,0 B i   i a Ti VC  R

Recalling that CB i  R T CB i and rearranging eq. (2.10) produces:





~ is the skew symmetric
~  RR
 T , where 
Using eq. (2.5) and the fact that by definition 

matrix formed by the elements of the angular velocity vector, we obtain





~ CB  0
 a Ti A i B i i  A i B Ti  VC  
i

(2.12)

Then, using the property of the skew symmetric matrix we write:





 a Ti A i B i  i  A i B Ti  VC  B i C     0

(2.13)

In vector form, the above equation is written as:







 a Ti A i B i i  A i B Ti

 A i B i  B i C T q  0

(2.14)

Finally, using the fact that A i B i   n i , we divide the six equations by  (   0 ) and write
them in matrix form as
a 1T n1 0
T

  0 a 2 n2



0
 0

 n1T
 0 


 0 
   n T2
  
 

n T
 a T6 n 6 
 6

 n1  B1C T 
 n 2  B 2 C T  q  0 ,


 n 6  B 6 C T 

(2.15)

which may be written in more compact form as
   q  0 ,
 
q

(2.16)

where
 



, q 

q

(2.17)

are 66 Jacobian matrices that are functions of both  and q, i.e. dependent on the configuration. From here we may write
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    1 q  J 1q


q

(2.18)

J 1   1q

(2.19)

or

1
where the 66 matrix J is the inverse Jacobian matrix.

2.4 Singular Configurations

A parallel manipulator is said to be in a singular configuration when either of the matrices
 or q , introduced in eq. (2.16), is singular. Thus, as first described by Gosselin [29],

there are three kinds of singular configurations.
The fist kind of singularity occurs when only the matrix  is singular, which in the
case of the HSM, may occur only if a Ti n i  0 for some i, i.e. when a leg is perpendicular to
its corresponding rail axis. It may be easily verified that the two different branches of the inverse kinematics problem for that serial chain meet at such configurations. As the matrix 
is singular, there exist nonzero vectors  for which the vector q will be zero. In other
words, at such configurations, the mobile platform of the HSM loses one or more degrees of
freedom. Since the mobile platform loses one degree of freedom when an actuator is at its
lower of upper limit (  i  0 or i   max ), such singular configurations are also of the first
kind, even though  may not be singular. To generalize this kind of singularity, let us define it as the configurations at which the mobile platform reaches the boundary of its maximal workspace.
The second kind of singularity occurs when only the matrix q is singular. Similarly,
several of the different branches of the direct kinematics problem meet at such configurations. Also, as the matrix q is singular, there exist nonzero vectors q , for which the vector
 will be zero. In other words, at such configurations, the mobile platform will be locally

unstable even if all actuators are fixed, meaning that the mobile platform gains one or more
degrees of freedom. In general, singular configurations of this kind exist within the workspace of the parallel manipulator. For all 6-DOF fully-parallel manipulators, that matrix remains the same as the one in eq. (2.15), in which a row i represents the normalized vector of
Plücker coordinates of line Ai Bi [30]. A well-established approach based on the geometrical
relationship between these lines exist for analyzing that kind of singularity
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(e.g. [31]). When the points Bi of the mobile platform coincide in pairs, as in the “active
wrist” this approach allows an elegant analytical study [27]. However, when the platform
joint centers are distinct, this approach leads to very complicated expressions. What is more,
in the case of the HSM, points Ai are not fixed to the ground (as in the GPM) making any
attempt to analyze analytically the second type of singularities futile.
Finally, in the third kind of singularity, both matrices  and q are singular, which
is possible only for some particular designs of HSMs.
2.5 Summary

We saw that the inverse kinematics problem of the HSM, which is essential for trajectory
planing, is nearly straightforward, though more complicated than in the case of the GPM.
The inverse Jacobian matrix has nearly the same form for all 6-DOF fully-parallel manipulators (actually q is the same) and is formed by the vectors A i B i . While for the GPM, it is
possible to write these vectors in terms of the generalized coordinates, for the HSM, the expressions will be too complicated. This prevents any analytical study of the singular configurations in the general HSM. Finally, the Jacobian matrix, which is the one needed for control
purposes, can not be derived explicitly and should be obtained by numerical inversion at
each given posture.
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3. DIRECT KINEMATICS
In this chapter, we study the mapping from the articular coordinates to the generalized coordinates, referred to as the direct kinematics problem (DKP). The solution of the DKP is required when a velocity control is to be applied. As we will see, the DKP is very complicated
and generally allows no closed-form solution.
Two methods for solving the DKP will be discussed. The first one, is a new method
that has never appeared in the literature to our best knowledge. It is based on the use of three
linear extra sensors to obtain the unique solution to the DKP. The second method is a conventional one. It is based on the Newton-Raphson numerical iterative method.
3.1 Introduction
While the IKP of parallel manipulators is nearly straightforward, the DKP is a very difficult
one that has initiated much research during the past decade. The DKP relates to the determination of the mobile platform posture for a given set of articular coordinates. It involves the
solution of a system of nonlinear coupled algebraic equations in the variables describing the
platform posture (the generalized coordinates) and has many solutions, referred to as assembly modes.
The complexity of the DKP has urged the creation of simplified geometries (Fig. 3.1),
characterized by either coalescence, collinearity, or coplanarity of some or all of the base
and/or platform joints [22, 32-37]. Even though such specialized geometries can have as few
as 16 closed-form solutions to the DKP, they usually require a complicated mechanical design and yield a degraded robot performance. Therefore, it is necessary to study the DKP for
the most general 6-DOF parallel robots, with 6 distinct base and 6 distinct platform joints,
with no constraints on their location.

(a)

(b)

(c)

(d )

(e)

(f )

(g)

Figure 3.1 Parallel Manipulators (PM) with closed-form solutions to the DKP: (a) the 3-3
PM [32], (b) the 6-3 PM [33], (c) the decoupled 6-4 PM [22], (d) the PM by Griffis and
Duffy [34], (e) the PM by Zhang and Song [35], (f) the R-R PM by Nair [36], (g) a GPM
with similar base and mobile platform [37].
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For the nearly general parallel robots (planar base and planar platform), Lazard [38]
has shown that the DKP can have up to 40 solutions. Zhang and Song [39] and Wen and
Liang [40] arrive at a univariate polynomial (UP) of degree 20 whose solutions lead to 40
mutually symmetric assembly modes. For the most general parallel robots, Raghavan [41]
has demonstrated (with numerical examples) that the maximal number of solutions is still 40.
The same result has been proved in [42-45]. Husty [46] is the first researcher to reach to a
UP of degree 40 (though not in a symbolic form). The complete closed-form solution of the
DKP can be used to gain a better insight into the kinematics of the robot. In practice, however, we are interested only in the “true” solution, namely the assembly mode in which the
measurement is taken.
Two most common approaches to find directly the “true” solution are (i) to use an iterative numerical procedure or (ii) to use extra sensors. For the numerical method, as the
motion is continuous, an initial estimate at each calculation step is the posture at the previous
step. The convergence problem can be solved mainly by choosing a very small time step,
which requires fast computation and is not suitable for real-time applications unless expensive computer hardware is used.
For the extra sensors, the redundant data may be used to determine uniquely the solution to the DKP and possibly to provide a good initial estimate for an iterative method that
has to be reset often due to error accumulation. Another advantage of the extra sensors is
that they can be used for self-calibration of the parallel manipulator [47]. Finally, the sensor
redundancy ensures the manipulator’s reliability in the case of a sensor failure [48].
From a theoretical point of view, the choice of type and disposition of extra sensors is
aimed only at obtaining the unique solution to the DKP with a minimal number of sensors.
From a practical point of view, however, the latter is only a necessity while an optimum
choice is characterized by minimum overall cost, minimum interference, minimum error on
the obtained solution, and many other criteria.
Two types of extra sensors are used: rotary and linear (Fig. 3.2). The first type is
placed at both axes of a base universal joint (Fig. 3.2a), measuring the leg direction and allowing to obtain the position of the corresponding platform joint. Various sensor dispositions have been proposed [48-50]. At least 4 rotary extra sensors are needed for obtaining a
unique solution. The problems associated with their implementation are error build-up and
difficulties in their attachment.
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(a)

(b)

(c)

Figure 3.2 Type and disposition of extra sensors leading to a unique solution to the DKP:
(a) rotary sensors attached at the axes of the base universal joints, (b) linear sensors attached
in a tripod configuration, and (c) the proposed attachment of linear sensors.
The second type of sensors, the linear sensors, connect the base and the mobile platform and are used in two configurations (Fig. 3.2b). In the first one, two sensors are attached
to a mobile platform joint. Together with the leg, they form a tripod configuration, which
enables to find the position of that joint [50]. Hence, this arrangement is kinematically
equivalent to the use of 2 rotary sensors at a base universal joint. In the second configuration, three linear extra sensors are connected to the center of the platform, thus, allowing to
calculate the position of the mobile platform [36, 51]. Its orientation is then determined from
the six articular coordinates by solving a system of 6 linear equations. Nair [36] has proved
that for 2 linear extra sensors there exist up to 8 explicit solutions, so at least 3 linear sensors
are needed for obtaining a unique solution. Major problems of these configurations are an
increased risk of link interference and difficulty in constructing the triple spherical joint. In
addition, to our best knowledge, the solution in the case of non-planar base has not been reported yet.
We propose a method for solving the DKP of general parallel robots (non-planar base
and planar platform) by using three linear extra sensors that connect the mobile platform
and the base at distinct points—an arrangement, which is the easiest to realize (Fig. 3.2c). A
proper location of the sensors’ base attachment points can eliminate any sensor interference
with the legs. In our method, we use the coordinates of three points to represent the platform
posture. Thus, the direct kinematics model can be represented by a system of 6 quadratic
equations coming from the leg lengths and 3 quadratic equations coming from the fixed distances between the three selected points. The method will be presented for the case of the
HSM, though it may be directly applied for the GPM.
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3.2 Solving the DKP Using Three Linear Extra Sensors
3.2.1 Direct Kinematics Formulation
The complexity of the DKP depends greatly on the choice of generalized coordinates [43].
The posture may be represented by using 3 position coordinates and 3 orientation angles, as
we did in Chapter 2. However, these generalized coordinates lead to complicated trigonometric equations of high degree that are difficult to manipulate. Another common approach
is to parameterize the rotation matrix in terms of direction cosines or dual quaternions [44,
45, 52]. This approach is useful when the base joints are coplanar but leads to complicated
expressions in the non-coplanar case. In this section, the posture is described by the 9 coordinates of 3 non-collinear points on the platform, subjected to the constraint that their relative distances are fixed. This choice of generalized coordinates leads to a system of 6 quadratic and 3 linear equations [38, 40, 52] in the case of a planar mobile platform.
The coordinates of points Ai are denoted by ( x Ai , y Ai , z Ai ) . Figure 1.5 shows the plat-

form and the three points Ti (i = 1, 2, 3) whose coordinates ( x i , y i , z i ) are used to represent
the mobile platform posture. The coordinates of points Bi (i = 1, …, 6) are expressed in
terms

of

the

generalized

coordinates

(Table

3.1),

where

k  1  h2 p ,

and

p  2h2  h1  T1T2  T2 T3  T3T1 .
S2

z
y
O

S3

A3

S1

base
A2

x

A4
A5

A1

A6

B2
T1

T2
B3

B4
B5
T3

B1 B
6

mobile
platform

Figure 3.3 The general HSM with three linear extra sensors (the rail axes are not drawn).
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OB 1

x
(1  k ) x3  kx1

y
(1  k ) y3  ky1

z
(1  k )z3  kz1

OB 2

(1  k ) x 2  kx1

(1  k ) y2  ky1

(1  k ) z2  kz1

OB 3

(1  k ) x1  kx2

(1  k ) y1  ky2

(1  k ) z1  kz2

OB 4

(1  k ) x3  kx2

(1  k ) y3  ky2

(1  k ) z3  kz 2

OB 5

(1  k ) x2  kx3

(1  k ) y2  ky3

(1  k ) z2  kz3

OB 6

(1  k ) x1  kx3

(1  k ) y1  ky3

(1  k ) z1  kz3

Table 3.1 The coordinates of the platform joints Bi (i = 1, …, 6).

For a given set of articular variables the direct kinematics problem may be set as a system of 6 constraint equations associated with the length of the legs (Subsystem I) and 3 constraint equations on the generalized coordinates (Subsystem II) in 9 unknowns:
Subsystem I:


 (1  k ) x
 (1  k ) x
 (1  k ) x
 (1  k ) x
 (1  k ) x

1  (1  k ) x 3  kx1  x A1
2
3
4
5
6

2

1
3
2

1








2

 kx1  x A2

2

 kx 2  x A3

2

 kx 2  x A4

2

 kx 3  x A5

2

 kx 3  x A6

2


 (1  k ) y
 (1  k ) y
 (1  k ) y
 (1  k ) y
 (1  k ) y

 (1  k ) y 3  ky1  y A1
2
1
3
2
1

 ky1  y A2
 ky 2  y A3
 ky 2  y A4
 ky 3  y A5
 ky 3  y A6








2
2

2
2

2

2


 (1  k ) z
 (1  k ) z
 (1  k ) z
 (1  k ) z
 (1  k ) z

 (1  k ) z 3  kz1  z A1
2
1
3
2
1

 kz1  z A2
 kz 2  z A3
 kz 2  z A4
 kz 3  z A5
 kz 3  z A6








2

 2  0

2

 2  0

2

 2  0

2

 2  0

2

 2  0

2

 2  0

(3.1)
Subsystem II:
 7  ( x1  x 2 ) 2  ( y1  y 2 ) 2  ( z1  z 2 ) 2  p 2  0
 8  ( x 2  x3 )2  ( y 2  y3 )2  ( z 2  z3 )2  p 2  0
 9  ( x 3  x1 ) 2  ( y 3  y1 ) 2  ( z 3  z1 ) 2  p 2  0

(3.2)

Substitution of ui  x i2  y i2  z i2 (i = 1, 2, 3) and wij  2 xi x j  2 y i y j  2 z i z j (i, j = 1, 2, 3; i
 j) into the above system of equations (3.1) and (3.2) eliminates all the second order terms

and generates the following linear sets of equations:
(1  k ) 2 u3  k 2 u1  k (1  k )w31  P1 (q )
(1  k ) 2 u2  k 2 u1  k (1  k )w12  P2 (q )
(1  k ) 2 u1  k 2 u2  k (1  k )w12  P3 (q )
(1  k ) 2 u3  k 2 u2  k (1  k )w23  P4 (q )
(1  k ) 2 u2  k 2 u3  k (1  k )w23  P5 (q )
(1  k ) 2 u1  k 2 u3  k (1  k )w31  P6 (q )

20

(3.3)

w12  u1  u2  p 2
w23  u2  u3  p 2
w31  u3  u1  p 2

(3.4)

where q is the vector of generalized coordinates, and Pi (q ) is a linear polynomial in the
generalized coordinates (i = 1, …, 6). Next, substitution of {w12 , w23 , w31 } from the set of
equations (3.4) into the set of equations (3.3) generates
(1  k )u3
(1  k )u2
(1  k )u1
(1  k )u3
(1  k )u2
(1  k )u1

 ku1
 ku1
 ku2
 ku2
 ku3
 ku3

 P1 (q )
 P2 (q )
 P3 (q )
 P4 (q )
 P5 (q )
 P6 (q )

 k (1  k ) p 2
 k (1  k ) p 2
 k (1  k ) p 2
 k (1  k ) p 2
 k (1  k ) p 2
 k (1  k ) p 2

(3.5)

Note that Subsystem I will be more complicated when the platform is a hexagon of most
general shape (see [40, 52]), but can still be manipulated in this way. Sets of equations (3.4)
and (3.5) represent an overdetermined system of linear equations in the six new variables
{u1 , u2 , u3 , w12 , w23 , w31 } . In this overdetermined system, three of the equations—any two

from eqs. (3.4) and any one from eqs. (3.5)—are dependent on the other six. Thus, the new
variables may be solved for from the six independent equations and substituted into the other
three dependent equations. Substituting back the expressions ui  x i2  y i2  z i2 (i = 1, 2, 3)
and wij  2 x i x j  2 y i y j  2 z i z j (i, j = 1, 2, 3; i  j) will produce a system of 6 quadratic and
3 linear equations in the nine generalized coordinates. This system of equations has a maximum of 64 solutions by Bezout’s theorem and is still too complex to be solved. Therefore,
we propose a more efficient treatment of the sets of equations (3.4) and (3.5) by utilizing
three linear extra sensors.
The linear extra sensors (Fig. 3.3) are measuring the distances between three distinct
points on the base, with absolute coordinates ( x Si , y Si , z Si ) , and the points Ti (i = 1, 2, 3).
Without loss of generality, we assume that z Si  0 (i = 1, 2, 3). Then, three new equations
are generated as:
Subsystem III:
10  ( x1  x S1 ) 2  ( y1  y S1 ) 2  z12  s12  0
11  ( x 2  x S2 ) 2  ( y 2  y S2 ) 2  z 22  s22  0
12  ( x 3  x S3 ) 2  ( y 3  y S3 ) 2  z 32  s32  0
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(3.6)

where si is the length of extra sensor i (i = 1, 2, 3). From the system of equations (3.6), the
new variables ui (i = 1, 2, 3) can be expressed as:
u1  s12  2 x S1 x1  x S21  2 y S1 y1  y S21
u2  s22  2 x S 2 x2  x S22  2 y S 2 y2  y S22
u3  s32  2 x S 3 x3  x S23  2 y S 3 y3  y S23

(3.7)

Then, substitution of ui (i = 1, 2, 3) from equations (3.7) into equations (3.5) produces a
system of six linear equations in the nine generalized coordinates. If the variables
{x1 , y2 , z3} are chosen as independent, then the six linear equations can be written in the fol-

lowing form:
Mq d  v 0  v1 x1  v 2 y2  v3 z3

(3.8)

where q d   y1 , z1 , x 2 , z 2 , x 3 , y 3  is the vector of dependent generalized coordinates, M
T

is a 66 coefficient matrix, and v i (i = 0, 1, 2, 3) are 61 vectors, all of which are given in
symbolic form in Appendix B. Matrix M depends on the coordinates of the base joints and
of the sensor base attachment points. The linear sensor lengths si (i = 1, 2, 3) and the legs
length  take part only in vector v 0 . Thus, when the control inputs are the leg lengths (as in
the GPM), the coefficient matrix and the other coefficient vectors are all constant. If matrix
M is nonsingular, vector q d can be expressed in closed form as:
q d  M 1v 0  M 1v1 x1  M 1v 2 y2  M 1v3 z3  v*0  v*1 x1  v*2 y2  v*3 z3

(3.9)

If the expression for q d from equation (3.9) is further inserted into Subsystem II, eqs. (3.2),
and Subsystem III, eqs. (3.6), then, the two subsystems form an overdetermined system of six
quadratic equations in three unknowns {x1 , y2 , z3} as
hi ,1 x12  hi , 2 y22  hi,3 z32  hi, 4 x1 y2  hi,5 x1 z3  hi ,6 y2 z3  hi ,7 x1  hi ,8 y2  hi,9 z3  hi,10  0 ,
i = 1,…, 6. (3.10)
The coefficients hi , j (i = 1, …, 6; j = 1, …, 10) of this system may be expressed in a short
closed form in terms of v*i (i = 0, 1, 2, 3) and the coefficients appearing in equations (3.2)
and (3.6), but will not be presented here due to the large number of coefficients.
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3.2.2 The Unique Solution to the DKP

This subsection presents a method for finding the unique solution of the overdetermined system in (3.10). To the best of our knowledge, there is no formal mathematical tool for dealing
with overdetermined systems of algebraic equations. In the general case, no solutions exist to
such a system. Assuming, however, that the extra sensory data are reliable and the robot geometry is well known, means that at least one solution should exist—the “true” one. Each of
the two subsystems forming the set of equations (3.10) consists of three quadratic equations
in three unknowns in the most general form. Hence, each of them can have up to 8 solutions
(real and complex) by Bezout’s theorem. Consequently, such an overdetermined system can
generally have from 1 to 8 solutions.
In the current investigation, we tried numerous random numerical examples in solving
the set of equations (3.10). Results have demonstrated that the overdetermined system has
always a unique solution. It is very difficult, however, to find a formal mathematical proof
for the uniqueness of this solution. Thus, the uniqueness of the solution can only be perceived as a fact deduced from several random examples. Examples of such facts as well as a
discussion on the reliability of such computer-aided proofs can be found in [45, 52].
An overdetermined system having one solution does not necessarily reduce to a linear
system. In our case, we also could not find an equivalent linear system. Thus, we choose a
different approach for obtaining the unique solution. From the first three equations in set of
equations (3.10) we solve for the terms { x12 , y22 , z32 }, and subsequently substitute the expressions in the second three equations to obtain a subsystem of the form
H i ,1 x1 y2  H i , 2 x1 z3  H i ,3 y2 z3  H i ,4 x1  H i,5 y2  H i ,6 z3  H i, 7  0 , i = 1, 2, 3. (3.11)

The coefficients H i , j (i = 1, 2, 3; j = 1, …, 7) can be expressed in a closed form in terms of
the coefficients hi , j (i = 1, …, 6; j = 1, …, 10) from equations (3.10).
System (3.11) can be solved using a slight modification of the elimination method
proposed by Roth [53]. We first suppress one of the variables, say z3 , next convert to homogeneous coordinates by substituting x1  X W , y 2  Y W , and then multiply by W 2 to
obtain the following system of equations:
H i ,1 XY  ( H i , 2 z3  H i, 4 ) XW  ( H i ,3 z3  H i,5 )YW  ( H i, 6 z3  H i,7 )W 2  0 ,
i = 1, 2, 3. (3.12)
Next, we find the determinant of the Jacobian of the system of equations (3.12) as
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J  C1 ( z33 ) XW 2  C2 ( z33 )YW 2  C3 ( z34 )W 3  C4 ( z32 ) XYW ,

(3.13)

where the coefficients Ci (i = 1, …, 4) are functions of z 3 and the parentheses are used to
indicate the highest degree of z 3 appearing in them. Next, we take the derivatives of the determinant with respect to the homogeneous coordinates. Equating them to zero gives us three
new equations, which have the same zeros as the original set of equations, given in (3.12):
J X  C1 ( z33 )W 2  C4 ( z32 )YW  0
J Y  C2 ( z33 )W 2  C4 ( z32 ) XW  0
J W  2C1 ( z33 ) XW  2C2 ( z33 )YW  3C3 ( z34 )W 2  C4 ( z32 ) XY  0

(3.14)

Taking their sum will give us an equation, which is also satisfied by the zeros of eqs. (3.12):
C4 XY   2C1  C4  XW   C4  2C2 YW   C1  C2  3C3  W 2  0 .

(3.15)

Rewriting eqs. (3.12) and (3.15) in matrix form, we obtain:
 H1,1
 H 2,1
 H
 3,12
C4 ( z 3 )

( H1, 2 z 3  H1,4 )
( H 2, 2 z 3  H 2, 4 )
( H 3, 2 z 3  H 3, 4 )
2C1 ( z 33 )  C4 ( z 32 )

( H1,3 z 3  H1,5 )
( H1,6 z 3  H1,7 )
  XY 
  XW 
( H 2,3 z 3  H 2,5 )
( H 2, 6 z 3  H 2, 7 )
  YW   0 . (3.16)
( H 3,3 z 3  H 3,5 )
( H 3,6 z 3  H 3,7 )

2
3
2
3
3
4
2C2 ( z 3 )  C4 ( z 3 ) C1 ( z 3 )  C2 ( z 3 )  3C3 ( z 3 )  W 

Expanding the determinant of the coefficient matrix and setting the result equal to zero
in order to have a non-trivial solution for the power products XY, XW, YW, W 2 , we obtain a
univariate polynomial of degree 5 in the unknown z 3 . The coefficients of this polynomial
may be written in a closed form in terms of the coefficients of the original set of equations
(3.12). Note that the expressions for the six coefficients take some 5 pages to be written obtained by using the Maple symbolic computations program.
After finding all the 5 roots of the univariate polynomial, we substitute for each real
root z 3 in (3.16) and solve the linear system for x1 and y 2 by setting W  1 :
 H1,1 ( H1,2 z3  H1, 4 ) ( H1,3 z3  H1,5 ) 
 x1 y 2 
 x1     H 2,1 ( H 2,2 z3  H 2,4 ) ( H 2,3 z3  H 2,5 )
 H ( H z  H ) ( H z  H )
 y2 


3, 2 3
3, 4
3,3 3
3,5 
 3,1

1

 ( H1, 6 z 3  H1,7 ) 
( H 2, 6 z 3  H 2,7 ) .
( H z  H ) 
3, 7 
 3, 6 3

(3.17)

From eq. (3.17), we may obtain short explicit expressions for x1 and y2.
Thus, the time for solving the system of equations (3.12) is practically reduced to the
time of solving a polynomial of degree 5. The five solutions to that system (or actually only
those that are real) are then substituted one by one in the set of equations (3.10). The “true”
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solution is the one that satisfies all of them within some error tolerance. The dependent generalized coordinates are then found from equation (3.9), which completes the solution of the
DKP.

3.2.3 Numerical Example
This approach is next applied to a HexaM type of HSM to show the effectiveness of the proposed method. The purpose of the numerical example is also to examine the influence of the
extra sensor accuracy on the calculation of the posture and to see how the computation time
for the DKP solution is distributed among the different computation steps. The proposed
procedure for solving the DKP was implemented in Maple. The data for the HexaM type
manipulator are given in Appendix A.
The articular variables and the extra sensory data have been computed by a program
solving the inverse kinematics problem for a prescribed line trajectory, defined in millimeters by
x C ( t )  50  501  8 exp( 18t )  9 exp( 16t )
y C ( t )  100  601  8 exp( 18t )  9 exp( 16t ) .
z C ( t )  750  1001  8 exp( 18t )  9 exp( 16t )

(3.18)

The simulation has been conducted for 10 seconds with a sampling time of 0.05 seconds. In
this example, the platform orientation is constant, defined by the standard Euler angles as

   7 ,    7 ,    8 . In order to see the effect of the extra sensors measurement error in solving the DKP, we have added ±2 mm random errors to the extra sensory data by using a random number generator.
Figures 3.4 and 3.5 show the worst cases as concerning the error between the actual
posture and the calculated one. As it may be seen, the error in the position is in the range of
micrometers. The error in the orientation is much smaller. We also observed that about two
thirds of the execution time for the DKP solution accounts for the solution of the univariate
polynomial of degree 5.
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Figure 3.4 Error in the z C coordinate of the mobile platform.
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Figure 3.5 Error in the  (roll) angle of the mobile platform.
3.3 Solving the DKP Using the Newton-Raphson Method
We already mentioned that a more common way of determining (or rather keeping track of)
the unique solution to the DKP is to use a numerical iterative procedure such as the NewtonRaphson method [54]. In addition, we outlined that the solution obtained by extra sensors
may be used to reset the iterative procedure at frequent time intervals. Thus, for completeness, we will present the solution to the DKP with the Newton-Raphson method. Although,
in practice, this method is implemented by using the coordinates of point C and three Euler
angles as generalized coordinates, we will keep to the same generalized coordinates as used
in section 3.2. Note that the core of the method is the numerical inversion of the inverse Jacobian matrix, which for our choice of generalized coordinates will be 99, rather than 66
as the inverse Jacobian matrix of Euler angles.
Consider again the subsystems of equations (3.1) and (3.2) that define the direct kinematic model of the parallel manipulator. Let (q )  1 (q ),  2 (q ), ,  9 (q )  0 be
T

the system of nine nonlinear equations. Then, the Jacobian of the system, q (q ) , will be a
99 matrix given by:
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 ( x 31  x A1 )k
 ( x 21  x A )k
( x  x 2 )m
A3
 12
0

q (q )  
0
( x13  x A6 )m
 x1  x 2

0
 x x
3
1

0
( x 21  x A2 )m
( x12  x A3 )k
( x 32  x A4 )k
( x 23  x A5 )m
0
 x1  x 2
 x3  x2
0

0
( y 21  y A2 )m
( y12  y A3 )k
( y 32  y A4 )k
( y 23  y A5 )m
0
 y1  y 2
 y3  y2
0

( y 31  y A1 )k
( y 21  y A2 )k
( y12  y A3 )m
0
0
( y13  y A6 )m
y1  y 2
0
 y 3  y1

0
( z 21  z A2 )m
( z 21  z A3 )k
( z12  z A4 )k
( z 23  z A5 )m
0
 z1  z 2
 z3  z2
0

( z 31  z A1 )k
( z 21  z A2 )k
( z12  z A3 )m
0
0
( z13  z A6 )m
z1  z 2
0
 z 3  z1

( x 31  x A1 )m
0
0
( x 32  x A4 )m
( x 23  x A5 )k
( x13  x A6 )k
0
x3  x2
x 3  x1

( y 31  y A1 )m
0
0
( x 32  y A4 )m
( y 23  y A5 )k
( y13  y A6 )k
0
y3  y2
y 3  y1

( z 31  z A1 )m 

0

0

( z 32  z A4 )m
( z 23  z A5 )k 
( z13  z A6 )k 

0

z3  z2 
z 3  z1 

(3.19)
where x ij  mxi  kx j , yij  myi  ky j , z ij  mz i  kz j . and m = (1  k).
The task is to solve the nonlinear system (q )  0 with a desired equation error tolerance  e and solution error tolerance  s , within N o iterations, by having a good initial estimate for the vector of generalized coordinates.

Newton-Raphson Algorithm:
S1. Select an initial estimate q( 0 ) of the solution of the system (q )  0 .
S2. Set i = 1.
S3. Until i  N 0 do
S4. Evaluate (q( i ) ) and q (q ( i ) ) . If the magnitudes of all errors and changes in approximate solutions satisfy
 j (q ( i ) )   e 

q (ji )  q (ji 1)   s 

j  1,,9

then terminate.

S5. Solve the linear system q (q ( i ) )q ( i )    (q ( i ) ) . Set q ( i 1)  q ( i )  q ( i ) .
S6. Set i  i  1 and return to step 3.
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The solution of the system (q )  0 at time t is then used as an initial estimate for the
solution of this system at time t  t .Convergence of the method is achieved in only a few
iterations (2 to 3). However, it is guaranteed only by a very close initial estimate. This means
that the time interval ( t ) should be very small, which imposes severe requirements on the
computer hardware.

3.4 Summary
A new method was proposed for finding the unique “true” solution of the DKP of a general
HSM using three linear extra sensors. The attachment of the linear extra sensors is relatively
easy, requiring no coalescence of attachment points on either the base or the mobile platform. The unique solution to the DKP is obtained by solving a univariate polynomial of degree 5, generated from an overdetermined system of six quadratic equations, and applying a
simple selection procedure to its solutions. Finally, we presented a Newton-Raphson iterative numerical procedure used to keep track of the unique solution to the DKP.
We accept that the proposed method of finding the unique solution of the DKP may
not be the optimum one—we still have to solve a polynomial of degree 5. We also failed at
providing a mathematical proof for the uniqueness of this solution—what if the HSM is in a
singular configuration or matrix M is singular? However, we demonstrated that the proposed
arrangement of extra sensors can lead to the unique solution and that the solution method is
not much sensitive to the accuracy of the extra sensors.
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4. WORKSPACE ANALYSIS
In the design of parallel manipulators, much concern is given to the workspace factor. As it
is very difficult to represent the complete six-dimensional workspace of an HSM, different
types of subsets of the complete workspace are usually determined. In this chapter, we will
concentrate firstly on the computation of the constant-orientation workspace for which a geometrical method is proposed and described in detail. Then, we will consider the computation of the orientation workspace and the projected orientation workspace for which a new
orientation representation will be introduced. Both workspaces will be computed by discretization methods. Finally, we will try to combine the techniques presented for the computation
of the first three types of workspaces to suggest the fundamentals of a geometrical method
for the computation of the total-orientation workspace.
The three main types of constraints that limit the workspace of a parallel manipulator
are (i) the actuator limits, (ii) the mechanical limits on the passive joints (joint ranges), and
(iii) the leg interference. Additional constraints may exist depending on the type of manipulator, as we will see in the case of the HSM.
4.1 Constant-Orientation Workspace
The most commonly determined workspace is the constant-orientation workspace, also
called the translational workspace, which is defined as the three-dimensional region that can
be attained by point C when the mobile platform is kept at a constant orientation. Three main
groups of methods for computing this type of workspace have been presented in the literature.
The simplest way of determining the workspace of a parallel manipulator is to use a
discretization method [30, 55, 56]. Different types of discretization methods exist. In the
most basic one, a sufficiently large cubic region from the Cartesian space is completely discretized. Then, for each point of it, the inverse kinematic problem is solved, and the three
constraints are tested. A common mistake is that the leg interference constraint is simply
checked by computing the distance between the line segments corresponding to each pair of
legs and comparing it with a prescribed safety value. If the distance is greater than the safety
value, the constraint test result is wrongly assumed to be positive. A given configuration
may satisfy all the three constraints, which, however, does not guarantee that the configuration is compatible with the initial assembly of the robot.
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In probably the most sophisticated and fastest discretization method, the workspace
boundary is determined in a spherical coordinate system by discretizing the range of azimuth
and zenith angles [55]. For each pair of them, the ray radius is augmented until one of the
constraints is violated, which is checked by solving the IKP. If the center of the spherical
coordinate system corresponds to a configuration, compatible with the initial one, then the
need for the compatibility check may be eliminated. The most delicate step, however, is how
to select that center so that it is inside the workspace boundary. Further, the algorithm will
not work if there exist voids in the workspace as it was found by Merlet [57].
The greatest advantage of both discretization methods is that they can be easily applied to any type of robot architecture for virtually any set of mechanical constraints (as long
as the constraints are described mathematically). Their disadvantage, however, is that they
are computationally intensive and give little information about the exact boundary of the
workspace, which is represented simply by planar quadrilateral patches and requires large
storage space.
More advanced numerical methods for computing the workspace have been introduced in [58, 59]. All of them set the constraint equations and try to solve them numerically,
thus, obtaining the boundary of the workspace. Although, it was shown in [59] that even the
constraints of the passive joints may be considered, the problem becomes too complicated as
the number of constraint equations increases. The same problems in the representation of the
workspace boundary exist as in the discretization methods.
A completely different geometric approach was first introduced by Gosselin [60] and
then again by Gosselin et al. [61], based on a geometrical modeling of the constraints limiting the workspace. In the first paper, horizontal cross-sections of the workspace have been
determined, while in the second, the workspace edges have been defined directly, with both
papers considering only the limits of the actuators. The first to extend this geometric approach by considering the other two constraints was Merlet [57]. All of these researchers
were, however, concerned exclusively with the GPM. Unlike the discretization and the numerical methods, the geometrical methods are very fast and accurate and lead to an exact
solid model of the workspace. Furthermore, they bring insight into the problem and are very
useful during the design stage. Unfortunately, compared to the GPM, the HSM presents an
increased difficulty in conceiving and implementing such a geometric algorithm due to the
more complicated type of kinematic chains.
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Due to its advantages and despite its difficulties, we decided to extend the geometrical
approach to the case of the HSM. In a desire to achieve better results, we implemented the
proposed geometric method in the commercially available CAD/CAM system CATIA.
4.1.1 Geometrical Study of the Workspace
To describe a geometrical method for computing the workspace, it is necessary to establish
geometric models for all the constraints limiting the workspace. The basic idea is to regard
first all kinematic chains as independent and then to consider their interdependence.
Thus, for a constant orientation of the mobile platform, let us define the vertex space i
(the term is shared from [62]) as the volume that can be attained by vertex Bi from chain i,
ignoring the constraints imposed by all other kinematic chains. In the HSM, the constraints
that determine each vertex space are (i) the leg length, (ii) the serial-chain singularity, (iii)
the slider-leg interference, (iv) the ranges of the base and mobile platform joints, and (v) the
actuator stroke. Finally, the constraints that limit directly the workspace are (i) the closure
constraint, (ii) the leg interference, and (iii) the singular configurations.
4.1.1.1 Leg Length
Let the length of a leg be . Thus, when point Ai coincides with point Ai,0 , the set of points
reachable by Bi is a sphere S i of radius  and center Ai,0 .
4.1.1.2 Serial-Chain Singularity
A particular characteristic of HSMs is that their serial chains have a singularity at configurations where a leg ( Ai Bi ) is perpendicular to its corresponding rail axis ( Ai ,0 Ai ,1 ) (recall
Chapter 2). Since passing through such a singularity is undesirable, the motion of each leg
should be restricted so that the angle between the vectors A i B i and A i ,0 A i ,1 be always in
only one of the two ranges [0 , 90 ) or (90 , 180 ] . Hence, we split the sphere S i by a
plane P i , N , normal to the rail axis and passing through point Ai,0 . Without loss of generality,
we take only the hemisphere from the side of the rail axis (Fig. 4.1a). The great circle
formed by the intersection of S i with that plane will be denoted by C i , N .
This constraint has a very peculiar role, and if it is not considered, the workspace
analysis changes significantly. At the end of this section, we will discuss what will happen if
this constraint is not considered. For the time being, let us just mention that all the existing
HSMs are designed to exclude singularities in their serial chains.
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Figure 4.1 Vertex space construction: (a) the lune and the elements forming it, (b) the lune
and the two spherical caps whose intersection is the allowable spherical region, (c) the vertex
space obtained by sweeping the allowable spherical region along the directrix A i ,0 A i ,1 .
4.1.1.3 Slider-Leg Interference
We assume that the prismatic joints are comprised of linear motion (LM) guides, which is
the case in most existing HSMs. If the actuators are of telescopic type (as in the “active
wrist”), then this constraint does not exist and the workspace analysis is simpler. In addition,
the workspace is much larger, but the overall stiffness of the manipulator is lower.
The sliders that move along the LM guides are relatively wide and with a planar face
(see Fig. 6.3). To avoid slider-leg collisions, the leg should be only in one of the half-spaces
separated by the plane P i , P parallel to the slider face and passing through point Ai ,0 . The
great circle formed by the intersection of that plane with S i will be denoted by C i , P . Thus,
the hemisphere is redefined to a 90 lune (Fig. 4.1a).
4.1.1.4 Range of the Base Joints
The physical constraints that limit the range of a passive joint can be modeled by a general
cone surface whose vertex is the center of the joint. Each line from that surface passing
though its vertex corresponds to the centerline of the leg being constrained by the joint. We
already mentioned that the legs are attached to the sliders through universal joints but in
practice spherical joints are often used instead. Thus, we choose to model the physical constraint imposed by the base joint as a right circular cone (Fig. 4.2a). If indeed U-joints are
used, then a better model would be a pyramid as used in [57]. In fact, since the base joints
impose a limit on the workspace that is independent from the mobile platform orientation,
any model may be used without increasing much the complexity of the algorithm.
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Figure 4.2 Mechanical limits on the passive joints: (a) a base U-joint and (b) a platform
spherical joint with the cones modeling their ranges, and (c) a base U-joint and the equivalent cone modeling the limitation of the corresponding platform joint at a given orientation.
Let  be the maximum misalignment angle of the base joints (assumed to be less than
90). Let j A i be the unit vector along the axis of symmetry of the joint at point Ai . Then,
the allowable region for point Bi consists of a spherical cap of radius  and center Ai . This
cap will be denoted by K

Ai

, and its base circle by C Ai (Fig. 4.1b).

4.1.1.5 Range of the Mobile Platform Joints
The same cone model will be used for the platform spherical joints. Let  be the maximum
misalignment angle of the platform joints (assumed to be less than 90). Let jB i be the unit
vector along the axis of symmetry of the joint at Bi with respect to the mobile frame (Fig.
4.2b). Then, the allowable region for point Ai , referred to the mobile frame, consists of a
spherical cap of radius  and center Bi . Let j B i be the same unit vector but with opposite direction and with respect to the base frame (Fig. 4.2c), defined as
j Bi   R jBi ,

(4.1)

where R is the 33 rotation matrix. Thus, with respect to the base frame, the allowable region for point Bi is an identical spherical cap of radius  but center Ai (Fig. 4.1b). This cap
will be denoted by K

Bi

, and its base circle by C Bi .

4.1.1.6 Actuator Stroke
The allowable spherical region for point Bi , when point Ai is fixed, is the intersection of
the lune and the two spherical caps defined previously (the square-hatched region in
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Fig. 4.1b). Since point Ai can move only between points Ai ,0 and Ai ,1 , the allowable spatial
region for the vertex Bi is the volume swept by the allowable spherical region along the directrix A i , 0 A i ,1 . This volume is the vertex space i (Fig. 4.1c).
4.1.1.7 Closure Constraint
After the six vertex spaces have been defined, we must consider the fact that all points Bi
are rigidly attached to the mobile platform, which we call the closure constraint. Since the
mobile platform is kept at a constant orientation, the allowable spatial region for point C,
taking into account only the restrictions imposed by kinematic chain i, is obtained by translating vertex space i along the vector B i C . Thus, the intersection of all six translated vertex
spaces is the workspace of the HSM.
4.1.1.8 Leg interference and Singular Configurations
The next constraints to be considered should be the leg interference and the singularity configurations. Both of these constraints relate to the geometric relationships among the six line
segments Ai Bi . For the GPM case, Merlet [57] has shown that the leg interference can be
generally modeled by quadratic surfaces, which partition the workspace into separate volumes. In fact, in Appendix E we show that if two legs can interfere only within their lengths,
these quadratic surfaces are degenerate and constitute pairs of intersecting planes. Unfortunately, the expressions defining the six line segments Ai Bi of an HSM as functions of the
platform orientation are too complicated to involve any algebraic study of these two constraints. Thus, the only way to consider them is to use a numerical method following the application of the geometric algorithm.
Finally, let us see what happens if we do not consider the serial chain singularity constraint. Instead of a 90 lune, we will have a hemisphere, and the allowable spherical region
(recall Fig. 4.1b) may have portions from both sides of the plane P i , N . Sweeping such a
spherical surface can only be implemented by sweeping separately each of its two portions
and then taking the union of the two swept volumes. Consequently, it may happen that the
workspace of the HSM consists of two separate volumes.
4.1.2 Implementation Algorithms
As we saw, the workspace of an HSM is the intersection of its six translated vertex spaces.
Hence, the following two remarks can be made.
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Remark 1: The boundary of the workspace consists of portions of spheres, right circular
cylinders, elliptic cylinders, and planes.

Remark 2: The edges of the workspace consist of line segments, circular and elliptic arcs,
and segments of spatial algebraic curves of order 4.
Next, we propose a general algorithm for determining each vertex space, which assumes that the range of the base joints is modeled by a cone. The idea is to obtain explicitly
the contour of the allowable spherical region and then to construct the boundary representation of the vertex space. For simplicity, we assume that    .

Vertex Space Algorithm:
S1. If circles C Ai and C Bi coincide (i.e.    , j Ai  j Bi ) then do not consider C Bi further.

S2. Calculate the intersection points between all pairs of circles C i , N , C i , P , C Ai , andC Bi ,
storing each point into lists corresponding to each circle.

S3. For each circle, order its list of intersection points. If two or three points coincide (i.e.
three or all of the circles have a common point) then erase all but one.

S4. For each circle, if its list has more than 1 intersection point, calculate the center point of
each arc connecting two successive intersection points. If this center point lies on the
lune and on the two spherical caps then construct the arc and put it into the list defining
the contour.

S5. For circles C Ai and C Bi , if each of their lists has 0 or 1 intersection points (the cases of
which are illustrated in Fig. 4.3), then check whether cos 1 ( jTAi j Bi )  (    ) . If this is
not true, then stop (i.e. vertex space i and, consequently, the workspace do not exist for
this orientation). Otherwise, put C Ai to the list defining the contour and go to step 7
(i.e. the contour is simply the circle C Ai ).

S6. Order the list of arcs that define the contour.
S7. Define the spherical patch (i.e. the allowable spherical region) bounded by the contour.
S8. Translate a duplicate of that patch along A i,0 A i,1 .
S9. Create the side boundary of the vertex space by offsetting the contour along A i,0 A i,1 .
S10. Create a volume (i.e. the vertex space) from the three boundaries.
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Figure 4.3 Schematic representation of the relative location of the two circles C Ai (the
smaller one) and C Bi corresponding to 0 or 1 intersection points between them.
Depending on the available geometry tools and the desired visualization technique, the
sequence of steps for constructing the workspace can be different. If no advanced geometric
libraries are available, then the horizontal cross-sections of the workspace can be determined
as in [57]. Alternatively, the edges of the workspace can be calculated directly as in [61] to
obtain a simplified wireframe model. Finally, if a geometric library capable of performing
Boolean operations on solids is available, then the workspace can be directly determined in
3D as a solid model.
We implemented our approach in the CAD/CAM system CATIA using its IUA application programming interface. This choice was motivated by (i) CATIA’s advanced visualization capabilities and (ii) the possibility for integrating the entire design process in one system (synthesis, analysis, and optimization). A program was written, which computes automatically the constant-orientation workspace of an HSM for a specified orientation (see Appendix F). Due to the advanced features of CATIA, we were able to implement a simplified
version of the algorithm for computing the vertex space.
4.1.3 Examples
The proposed geometrical algorithm for computing the constant-orientation workspace will
be illustrated with the same HexaM type of HSM whose data are given in Appendix A. We
present here two examples of the HSM’s workspace. The first one is at the reference orientation (Fig. 4.4) and the second is at a relatively extreme orientation (Fig. 4.5). It is interesting
to note that the volume of the workspace at the reference orientation ( 0.328 m 3 ) is almost

equal to the cube of the actuators stroke ( 3max  0.343 m 3 ) and less than one half of the volume of the maximum vertex space ( 0.720 m 3 ). Note that at this reference orientation the
workspace is not affected by the joint ranges, which is proven by the absence of any portions
of elliptic cylinder in its boundary. As for the second example, the workspace is severely
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limited by the range of one of the passive joints, which accounts for the large portions of elliptic cylinder in the workspace boundary. Closer investigation reveals that the joint that limits the workspace is a platform joint.

planar region

concave
spherical region

convex
spherical region

Figure 4.4 The workspace of the HSM at the reference orientation. The volume of the
workspace is 0.328 m3.

portions of
elliptic cylinder

Figure 4.5 The workspace of the HSM for   25 ,   30 ,   0 . The volume of the
workspace is 0.151 m3.
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centers of the
base joints

concave
spherical region

convex
spherical region

Figure 4.6 The workspace of the equivalent GPM at the reference orientation. The volume
of the workspace is 0.447 m3.
To illustrate the differences between the workspaces of the GPM and the HSM, we include here an example of the workspace of an equivalent GPM at its reference orientation.
The base joints of the GPM are selected as the points Ai ,0 of the HSM. Similarly, the limits
of the GPM’s actuators are selected as [,    max ] . Finally, the same joint ranges are used as
in the HSM case and the joint orientations are chosen as outlined in [56]. Figure 4.6 shows
the workspace of the equivalent GPM for the reference orientation. At this orientation, the
joint ranges do not limit the workspace, whose volume is 0.447 m3. The workspace boundary is much simpler than for the HSM case, and consists solely of spherical regions. Despite
the fact that its volume is larger than that of the HSM, its upper region is highly nonuniform, and we may conclude that a large part of it will not be usable in practice.
4.2 Orientation Workspace
Another useful type of workspace is the orientation workspace, defined as the set of all attainable orientations (three Euler angles) of the mobile platform for a fixed point C. Different alternatives for representing this three-dimensional orientation workspace exist but all of
them lead to representations that are difficult to interpret due to the nature of the Euler angles. Fortunately, many of the applications of hexapod machines involve axisymmetric tools
(e.g. 5-axis machining and coordinate measurements), and thus, the user is interested only in
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the direction of the approach vector (the unit vector along the tool axis). For such applications, we define the two-dimensional projected orientation workspace as the set of all attainable directions of the approach vector for a fixed point C of the mobile platform.
4.2.1 Euler Angles

Various choices of Euler angles exist, such as the Helmholtz angles, the roll, pitch, and yaw
angles, etc. (see [28, 63]). These angles represent the angles of rotation about any of the
fixed or mobile axes in a strictly defined sequence of three rotations. For the purposes of
representing the orientation workspace, it would be advantageous if the last of these rotations is a rotation about the mobile z  -axis and the first two orient the approach vector.
A good choice of such Euler angles has been proposed by Liu et al. [64] in which the
mobile platform is first rotated about the base x-axis by an angle , then about the base yaxis by an angle , and finally about the mobile z  -axis by an angle . For these Euler angles, the singularity, intrinsic to any choice of Euler angles, occurs at orientations that are
unattainable for most hexapods (   90 ). However, these angles do not involve explicitly
the tilt (swivel) angle—an important angle in machining. This disadvantage is overcome by
the standard Euler angles, defined by first rotating the mobile frame about the base z-axis by
an angle , then about the mobile y-axis by an angle , and finally about the mobile z  -axis
by an angle . For this choice of Euler angles, the singularity occurs at   0 .
Now, let us introduce a modified set of Euler angles, which to the best of our
knowledge has never been used in relation to parallel manipulators. In this new orientation
representation, we first rotate the mobile platform about the base z-axis by an angle  , then
about the base y-axis by an angle , then about the base z-axis by an angle , and finally
about the mobile z  -axis by an angle . Defined in this way, angle  is the roll angle, angle

 is exactly the tilt angle, and angle  is the angle between the base x-axis and the projection
of the new tool axis onto the base xy-plane (Fig. 4.7). The singularity for this set of Euler
angles occurs again at orientations for which   0 .
In both the standard Euler angles and the modified ones, the angles  and  orient the
approach vector in exactly the same way as the azimuth and zenith angles define the ray direction in a spherical coordinate system. Therefore, they form the most intuitive orientation
representation, especially when the roll angle is not important.
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Figure 4.7 The new set of Euler angles describing the orientation of the mobile platform.
The rotation matrix associated with the modified set of Euler angles is defined as:
R  R z ( )R y ( )R z (  )R z  ( )  R z ( )R y ( )R z (   )
cos  sin  0  cos 0 sin  cos(   )  sin(   ) 0
  sin  cos 0  0
1
0   sin(   ) cos(   ) 0 ,
 0
  sin 0 cos  
0
0
1
0
1



 cos cos sin(   )
cos cos cos(   )

cos sin 

 sin  sin(   )
 sin  cos(   )
 sin  cos cos(   )

 sin  cos sin(   )

sin  sin 
 cos sin(   )
 cos cos(   )


  sin cos(   )

sin

sin(


)
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(4.2)

where R z () , R y () , and R z  () are the basic rotation matrices. As we see from eq. (4.2),
the relationship between the modified Euler angles and the standard ones is very simple—if
{ ,  ,  } define a given orientation in the modified Euler angles, then the same orientation

is defined in the standard Euler angles by { ,  ,   } . Intuition has led us to use the modified set of Euler angles for studying the orientation workspace, and as we will see later, this
choice will prove to be a proper one.
4.2.2 Discretization Method for the Orientation Workspace

With the selected set of Euler angles, the maximum range of orientations will be

 [180 , 180 ) ,  [0 , 180 ] , and  [180, 180 ) , since orientations { ,   ,  } and
{ ,  ,   180} are identical. Three alternatives exist for representing the orientation work-

space. The first one is to represent it in a Cartesian coordinate system whose axes are the
three Euler angles (Fig. 4.8a). Such a representation will be very difficult to interpret and is
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degenerate at the plane   0 corresponding to a singularity in which all orientations
{   ,  ,  } , where  has any value, are identical. The second alternative is to represent

the orientation workspace in a spherical coordinate system where  and  are exactly the azimuth and zenith angles (Fig. 4.8b). The length of the ray will correspond to , being

0   for   180 , 0 for   0 , and 0   for   180 . Thus, the maximum
orientation workspace will be the spherical shell enclosed between the two spheres with radii

0   and 0   , centered at the coordinate system origin. The final alternative is to
represent the orientation workspace in a cylindrical coordinate system, where  and  will be
exactly the polar coordinates and  will be the z-coordinate (Fig. 4.8c).
Both the second and the third representations do not pose any problems at the singularity   0 and are relatively easy to interpret. Although, our later experience suggested
that the implementation of the second representation would have been a lot easier, we selected the third one. This choice was motivated by our final goal—to find the projected orientation workspace—which in the case of the third representation is exactly the projection of the
orientation workspace onto a plane   const .
Having initially no clue about the shape of the orientation workspace defined in the
cylindrical coordinates, we had to adopt a “brute force” approach for the workspace computation. For each triplet of Euler angles, we solve the inverse kinematics problem and check
whether the calculated configuration satisfies all the constraints introduced in the computation of the constant-orientation workspace (Section 4.1.1). In addition, the distance between
each pair of legs is computed and compared with a safety value d s .
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Figure 4.8 The three possible representations of the orientation workspace.
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However, as we already mentioned, positive results for all the tests do not guarantee
that the manipulator is in a configuration, compatible with the initial assembly. Simply put,
to reach an incompatible configuration through a continuous motion from the initial configuration, it will be required to intersect at least one pair of legs. Hence, an additional compatibility check is necessary, which to the best of our knowledge has not been discussed in the
literature. We propose a simple geometrical compatibility check in Appendix D, which,
however, works only for planar mobile platforms and with the assumption that the mobile
platform cannot attain tilt angles greater than 90. Thus, the following algorithm should be
applied for each triplet of Euler angles. If all test results are positive, then the current triplet
of Euler angles belongs to the orientation workspace of the HSM.

Configuration Check Algorithm:
S1. For i  1, 2, , 6 , check if  i [0,  max ] (actuator limits).
S2. For i  1, 2, , 6 , check if cos 1 ( a Ti n i )  90 (serial-chain singularity).
S3. For i  1, 2, , 6 , check if cos 1 ( N Ti n i )  90 , where N i is the normal vector of the
plane P i , P (slider-leg interference).

S4. For i  1, 2, , 6 , check if cos 1 ( jTAi n i )   and cos 1 ( jTBi n i )   (joint ranges).
S5. For i  1, 2, , 6, j  i  1, i  2, , 6 , check if distance( Ai Bi , A j B j )  d s by using the
algorithm for calculating the shortest distance between two line segments, detailed in
Appendix C (leg interference).
S6. For i  1, 2, , 6, j  i  1, i  2, , 6, k  j  1, j  2, , 6 , perform the compatibility
check presented in Appendix D (compatibility check).
Clearly, although all the individual constraint tests are optimized, this algorithm is extremely time consuming, especially if the discretizations step is small. Further, a large storage space is required for the workspace volume, being a point cloud. Finally, the representation of that point cloud is very difficult (if not using a CAD software). We implemented the
discretization algorithm in MATLAB for the HexaM type of HSM whose data are given in
Appendix A. Using a discretization step of 1 and plotting the horizontal slices of the orientation workspace (   const ), we made the following observation:
Observation: The orientation workspace is a single volume shaped like an almond and having its approximately widest section in the plane   0 .
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Based on this important observation we are now able to propose an optimized discretization algorithm for the computation of boundary of the orientation workspace. The idea is
that since the workspace is a single volume, the need for the time consuming compatibility
check is eliminated. The main presumption is that the approximate center of the orientation
workspace cross-section with the plane   0 is known. If point C at which the orientation
workspace is being computed is inside the constant-orientation workspace for the reference
orientation, then the aforementioned center will be the reference orientation.
Discretization Algorithm for the Orientation Workspace:
S1. Initialize double arrays Wu_ph and Wu_th, with dimensions ( n 2  1)  n , where

n 1 is the number of equally spaced planes   const between   180 and

  180 at which the workspace will be computed, and n is the number of points
to be computed at each plane   const . These arrays store respectively the values for

 and  for the points defining the upper part of the workspace. Set   0 .
S2. For the current , construct a polar coordinate system at the assumed center of the horizontal workspace cross-section. Starting at n equally spaced angles, increment the polar ray, solve the inverse kinematics, and apply the Configuration Check Algorithm excluding step 6 until a constraint is violated. The values for  and  at that point are written into the two double arrays.
S3. Compute the geometric center of the workspace cross-section, which will serve as the
assumed center for the next cross-section. Set     360 n .
S4. Repeat until  becomes 180 or the last workspace cross-section is a single point.
S5. Perform steps 1 through 4 in a similar way to determine the lower part of the orientation
workspace, written into the double arrays Wl_ph and Wl_th.

4.2.3 Examples
An optimized version of the above algorithm was implemented in MATLAB (see Appendix F). The matrix structure of the data defining the boundary of the orientation workspace enables us to use mesh or surface plots rather than drawing simply the horizontal curve
intersections of the workspace boundary. The computation time was established at about 40
min on a 350-MHz Pentium II-based system with 256 Mb RAM. It was observed that more
than 50 % of the computation time goes for the leg interference test.
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We calculated the orientation workspace at three different positions, all of which are
within the constant-orientation workspace for the reference orientation (see Figs. 4.9-11).
For our implementation, n  180 and n  120 , resulting in 21,720 points that represent the
workspace boundary. The storage space needed for saving the boundary data is about 160
Kb. Note that in calculating these and several other examples, the only constraints limiting
the boundary of the orientation workspace were the range of the platform joints and the actuator limits, which emphasizes the importance of using large-range platform joints.
Now, let us make a very important observation. The top view of the orientation workspace shows in fact the projected orientation workspace. The intersection of the orientation
workspace with the plane   0 is drawn as a thick black curve in all figures. Note that this
intersection is very close to the boundary of the projected orientation workspace. Therefore,
if the main goal is to determine the projection orientation workspace, we may skip the computation of the orientation workspace and determine directly the intersection of the orientation workspace with the plane   0 , which will serve as a good approximation to the projected orientation workspace.

( a)

( b)

Figure 4.9 (a) Isometric and (b) top views of the orientation workspace of the HSM at the
position OC  [250,  200,1200]T for which  max  84 and  min  82 .
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( a)

( b)

Figure 4.10 (a) Isometric and (b) top views of the orientation workspace of the HSM at the
position OC  [50, 100,1000]T for which  max  74 and  min  74 .

( a)

( b)

Figure 4.11 (a) Isometric and (b) top views of the orientation workspace of the HSM at the
position OC  [0, 0,1350]T for which  max  86 and  min  86 .
45

Workspace volume [m³]

0.35

C u rve

0.30
0.25
0.20





0
160
90
130
0

0
15
20
25
30

0.15
0.10
0.05
45

40

35

30

25

20

15

10

5

0

-5

-10

-15

-20

-25

-30

-35

-40

-45

0.00

Roll angle, [deg]
Figure 4.12 The volume of the constant-orientation workspace as a function of the roll angle  for a number of directions of the approach vector.
Till now, we showed that the modified set of Euler angles may be used to directly find
the projected orientation workspace. In practice, however, there exist the problem of assigning a value to  in the actual trajectory following. Some researchers have used this redundant degree of freedom for selecting a trajectory with minimum energy or for avoiding singularities [19]. Since the modified Euler angles have the advantage that the mobile platform
may reach almost every orientation within its orientation workspace for   0 , then it
seems that the need for such complicated trajectory planning may be eliminated. The proposed set of Euler angles has yet another advantage, which we observed while computing
the constant-orientation workspace. The volume of the constant-orientation workspace is
largest for   0 . Several examples are given in Fig. 4.12, where the workspace volume is
plotted against the roll angle for several directions of the approach vector.

4.2.4 Discretization Method for the Projected Orientation Workspace
After observing the properties of the modified Euler angles, we may suggest a simple discretization algorithm for the direct computation of the projected orientation workspace. First,
let us note that for most hexapods, tilt angles higher than 90 are unattainable. Thus, the projected workspace can be described only in the range   [180 ,  180 ) ,  [0 , 90 ] .
Therefore, it would be more advantageous if we represent the two angles in a polar coordinate system, where the angle  will be the angle between the ray and the fixed ray, and the
angle  will be the ray length.
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With the assumption that the reference orientation is inside the projected orientation
workspace, the discretization method is much simpler. We discretize the range of , and then
for each , we start to augment , until a constraint is violated. Note, that since we always
start from the origin, which is known to correspond to a configuration, compatible with the
initial assembly, the need for the compatibility constraint is eliminated. The projected orientation space will be defined simply by a closed and relatively smooth curve. Note that in
augmenting the ray radius we start from   0 only at   0 . After the first point of the
workspace is found, say  0 , then for the next , we start to augment the ray radius from

 0   , where  is some small value, and similarly for the rest of the steps.
The algorithm for computing the projected workspace was again implemented in
MATLAB (see Appendix F). The workspace is computed for 360 equally spaced values of

. The ray radius is augmented by 0.1, and   0.3 . The computation time was about 20
sec and only 5 sec if the leg interference constrained is ignored. The time can be further decreased by up to 20 % by using a fast search algorithm at   0 for finding  0 .
Figure 4.13 shows the projected orientation workspaces for the same positions at
which the orientation workspaces were computed (recall Figs. 4.9-11). The maximum and
minimum tilt angles for each position are also provided.
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Figure 4.13 Approximation of the projected orientation workspace for the positions
(a) OC  [250,  200,1200]T , (b) OC  [50, 100,1000]T , and (c) OC  [0, 0,1350]T .
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4.2.5 Geometrical Methods
A fast hybrid method for allegedly computing the projected orientational workspace for a
GPM was proposed by Merlet [65]. In this algorithm, the possible directions of the approach
vector are mapped on a unit sphere, which results in a very intuitive representation. To do
so, the mobile platform is first rotated in discrete angles about a fixed vector X1 (being the
base x-axis in the example presented in the paper). Then, the possible rotations of the mobile
platform about a fixed vector X 2 (being the base z-axis in the example presented in the paper) are geometrically investigated and then mapped as circular segments on the unit sphere.
As a result, the computed orientational workspace is not the projected orientational workspace but only a part of it.
If Merlet’s algorithm is implemented with the proposed set of Euler angles, then it will
compute approximately the projected orientational workspace. For this purpose, the algorithm can be modified to first set the angle  in discrete steps, and then for each of them to
investigate geometrically the possible values for , and map them on the unit sphere as circular segments. The value of the roll angle  should be held zero. We are skeptical, however,
that a geometric algorithm will run faster than the simple discretization method proposed in
the previous section.
We saw how the modified set of Euler angles can be used to directly compute an approximation of the projected orientation workspace. Next, we will discuss briefly how it may
also be used for devising a geometrical algorithm for computing the workspace for a given
range of orientations.

4.3 Total-Orientation Workspace
The first type of workspace in which a potential customer of a hexapod machine is interested
is the total-orientation workspace, defined in [66] as the spatial region that can be attained
by point C with every orientation from a given range. What we observe nowadays is that
hexapod manufacturers present a very vague idea about this workspace by simply defining it
as a box and often even omitting to specify the corresponding range of orientations. For the
5-axis machining operations, the customer is most likely to be interested in the total orientation workspace for the range defined in terms of the proposed new Euler angles as

 [180 , 180 ) ,  [0,  max ] , and   0 or simply put—the workspace in which the
platform may attain tilt angles of up to  max in any direction.
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For this range, each vertex Bi describes an identical spherical region (close to a spherical cap) with center C. Note, that for other choices of Euler angles it is not easy to define
that range. Now, if we neglect the limits on the platform joints, then the six vertex spaces
will not be dependent on the orientation of the mobile platform. Therefore, a given point belongs to the total orientation workspace if each spherical region constructed at this point is
fully included in the corresponding vertex space. Clearly, however, the mechanical limits on
the platform joints play a major role in limiting the total orientation workspace of the hexapod, so geometrical model for considering this constraint should be sought.

4.4 Summary
We presented here a complete description of a geometrical algorithm for computing the constant-orientation workspace of an HSM. Examples were given for both an HSM and its
equivalent GPM. Then, we introduced a modified set of Euler angles and studied the properties of the orientation workspace. A discretization algorithm was presented for the orientation workspace and several examples were provided. Based on the study of the orientation
workspace, we introduced a simple discretization method for the projected orientation
workspace. Finally, we suggested the fundamentals of an algorithm for the computation of
the total-orientation workspace.
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5. DYNAMIC ANALYSIS
The establishment of a dynamic model for the HSM is a necessary step for the construction
of a control algorithm if fast operation is expected. Unfortunately, the HSM is a complex
multibody system and its dynamic model is very difficult to establish. If all the factors are
taken into account then the model becomes too large to be integrated into a real-time control
scheme. In fact, even when many factors are neglected the model may be still too large. Furthermore, the dynamic model requires the online solution of the direct kinematics problem,
which as we already presented is quite cumbersome by itself.
If the mobile platform is to move at great accelerations then the inertia forces that has
to be overcome by the actuators are big and have to be considered by calculating a detailed
dynamic model. If, however, the mobile platform is to perform a smooth operation, the effect
of the inertia forces is negligible. In this chapter, we present a simplified dynamic model described in [1] and then validate it with a model in the dynamic simulation program DADS
for a prescribed acceleration profile.
5.1 Derivation of the Equations of Motion
In the HSM, the legs are of constant length and are relatively light. Thus, we adopt the following hypothesis:
 the mass of each leg is distributed to the mobile platform and the slider.
 the leg’s inertia tensors I l , expressed in its reference frame with origin Ai is:
 I x ' x ' 0 0
I l   0 I y ' y ' 0


 0 0 0

The center of gravity of the mobile platform is denoted by G, its mass by m and its inertia
tensor by I. The acceleration of point G is denoted by  G . Finally, for a vector v, we denote
by ~
v the corresponding skew symmetric matrix. Let us denote by fi the force acting on the

mobile platform at point Bi (Fig. 5.1). It is decomposed into:
 a component along the unit vector of the leg n i denoted by fs i , and
 a component normal to n i , due to the inertia, denoted by f N i .

The force f si is related to the articular force  i by:
f si   i ( a Ti n i )n i
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Figure 5.1 The HSM and the forces and moment acting on it.
Thus, to know fs i from  i we must know n i , i.e. we must solve the direct kinematics problem. We have that:
f i  f si  f N i   i ( a Ti n i )n i  f N i

(5.2)

Let us denote by FN the resultant force from the action of the forces f N i and by MN their resultant moment with respect to point C. If we denote by F and M the force and the moment
with respect to point C, applied at the mobile platform, the equilibrium condition leads to:
F

6

 ( a

n i ) n i  FN

(5.3)

n i )( n i  B i C)  M N

(5.4)

i

T
i

i 1

M

6

  (a
i

T
i

i 1

Let the  N and  be 61 vectors (also called wrist vectors) defined by:

F
F
 N   N  and   M 
 
M
 N

(5.5)

Equations (5.3) and (5.4) are then written in matrix form as:

  J T    N
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(5.6)

where

J T

 ( a 1T n1 )n1T , ( a 1T n1 )( n1  B 1C ) T 
T
T
T
 T
 ( a 2 n 2 )n 2 , ( a 2 n 2 )( n 2  B 2 C ) 

 T
T
T
T
( a 6 n 6 )n 6 , ( a 6 n 6 )( n 6  B 6 C ) 

T

(5.7)

The moment MG that is applied at the platform with respect to point G is:
M G  M  GC  F

(5.8)

The Newton-Euler equations are then expressed as:
F  mg  m G
M G  I    I

(5.9)

From the acceleration  G we may calculate the acceleration  C of point C:
 C   G    rG    (   rG )

(5.10)

where rG  GC . We rewrite the first equation of the system of equations (5.9):
F  mg  m(  C  ~
rG   (   rG )   )

(5.11)

From eqs. (5.8), (5.9), and (5.11) we may write:
M  M G  GC  F  I    I  ~
rG  m C  m ~
rG   m(   rG )    mg 
~
~
~
  I  m rG rG   m rG  C    I  mGC g    (  rG )

(5.12)

Let us set   (  ~
rG )   . Then, eqs. (5.11) and (5.12) may be written in matrix form as:
 T
  T1W
2

(5.13)

V
   C  , and T1 is a 66 matrix and T2 is a 61
where W   C  is the twist vector, and W
  

 
vector defined as:
rG
m~
 mI 3

m  mg


T1  
~
~
~
, T2    I  m ~


r
I

r
r
m
m

(
)
r
g



G
G
G
G



(5.14)

where I 3 is the identity matrix of order 3.
From eqs. (5.14) and (5.6) we may write:
  T2  J  T    N
1W

(5.15)

This equation concludes the first stage of the derivation. We have established the derivative
of the twist vector at point C as a function of the articular forces and the wrench of normal
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forces at points Bi . This wrench is expressed also as a function of the derivative of the twist
vector. We are going to determine this relation now.
Let us denote by  i the acceleration of point Bi . We have:
 i   C    rBi    (   rBi )

(5.16)

where rBi  CB i , which in matrix form may be written as:
 U
 i  U1, i W
2, i

(5.17)

where U 1,i is a 36 matrix and U 2,i is a 31 vector, defined by:





U1, i  I 3  ~
rBi , and U 2, i    (  rBi )

(5.18)

The projection of  i in a plane normal to n i , denoted by  N i is given by:
 N i  ( ni   i )  ni

(5.19)

Using eq. (5.17) we obtain:





  U )  n  ~
 ~
 N i  n i  ( U1, i W
ni ~
ni U1, i W
ni ~
n i U 2, i
2, i
i

(5.20)

In addition we have:
f N i  3

Ix'x'
 Ni
2

(5.21)

where  is the length of the legs.
The components of the vector  N are:
6

6

i 1

i 1

FN   f N i , M N   rBi  f N i

(5.22)

By using eqs. (5.20) and (5.21) we may write:
6
 6 I
 
I
  3 x 2' x ' ~
FN    3 x 2' x ' ~
ni ~
ni U1, i  W
ni ~
ni U 2, i


 i 1

i 1

(5.23)

6
 6 I
 
I
M N    3 x 2' x ' ~
rBi ~
ni ~
ni U1, i  W
  3 x 2' x ' ~
rBi ~
ni ~
ni U 2, i

 i 1 

i 1

(5.24)

Rewriting these two equations in matrix form gives:
 V
 N  V1 W
2
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(5.25)

where V1 is a 66 matrix and V2 is a 61 vector defined by:

 6 Ix' x' ~ ~

 6 Ix' x' ~ ~
  3 2 ni n i U 2, i 
  3 2 ni ni U1, i 



, and V2   6i 1
V1   6i 1
Ix'x' ~ ~ ~
Ix' x' ~ ~ ~




 3 2 rBi ni ni U 2,i 
 3  2 rBi ni ni U1, i 

 i 1

 i 1

(5.26)

From eqs. (5.15) and (5.25) we get:
  (T  V )  J T 
( T1  V1 )W
2
2

(5.27)

  ( T  V ) 1 J  T   ( T  V ) 1 ( T  V )
W
1
1
1
1
2
2

(5.28)

leading to:

Equation (5.28) represents the direct dynamic model of the HSM. We are more interested in
the inverse dynamic model, which is simply derived from equation (5.28) as:
  J T (T  V )
  J T ( T1  V1 )W
2
2

(5.29)

5.2 Inverse Dynamics Algorithm
To summarize, the following are the steps of the inverse dynamics algorithm:

S1. Measure the articular variables   1 , 2 ,  6  .
T

S2. Solve the direct kinematics problem to obtain the vector of generalized coordinates q.
S3. Evaluate the vector r (and consequently ~
r ) from r  R r  .
G

G

G

G

S4. Calculate T1 and T2 from eq. (5.14).
S5. Evaluate the vectors rBi from rBi  R rBi (i = 1, …, 6).
S6. Calculate U 1,i and U 2,i (i = 1, …, 6) from eq. (5.18).
S7. Calculate the leg unit vectors n i from n i  A i B i  .
S8. Calculate V1 and V2 from eq. (5.26).
S9. Calculate J T from eq. (5.7) and obtain J T by numerical inversion.
S10. Evaluate the vector of articular forces  from eq. (5.29).
The above algorithm was implemented in MATLAB. The vector of articular forces is
 . The vector W and q are obtained subsecalculated for a prescribed acceleration profile W

quently by integration provided that their initial values are also specified.
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5.3 Dynamic Model Validation
The proposed inverse dynamic model was verified in DADS. An acceleration profile was
chosen as follows:
T

   0.05, 0.01, 0.03, 0, 0, 0.01 , for 0  t  1.5 s
W
T
0.05,  0.01, 0.03, 0, 0, 0.01 , for 1.5  t  3 s
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Figure 5.2 Articular forces obtained in MATLAB.
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Figure 5.3 Articular forces obtained in DADS.
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Figures 5.2 and 5.3 present the articular forces obtained for this profile using the model implemented in MATLAB and using the DADS model. As it may be seen, the model
gives a close but not accurate result. Further tuning of the dynamic model, however, is expected to lead to better results.
5.4 Summary
The dynamic model proposed in [1] was implemented in MATLAB in the case of the HSM
whose data are given in Appendix A. The same HSM was modeled in the dynamic simulation system DADS. Inverse dynamic analysis was performed in DADS for a selected acceleration profile of the mobile platform. The proposed dynamic model was run with the same
acceleration profile in MATLAB. The results from both models were compared.
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6. DESIGN
In this chapter, we investigate how the different design parameters influence the workspace
of the HSM, based on the geometrical approach for the constant-orientation workspace presented in Chapter 4. Then we discuss briefly on the main types of mechanical components of
an HSM by presenting the different alternatives for each one them.
6.1 Design Considerations for Obtaining a Desired Workspace
Based on the geometrical description of the workspace, we will now study the design parameters that influence the workspace of the HSM. To allow a systematic study, we classify the
parameters into three groups. The first group consists of the actuators stroke ( max ), the legs
length (), and the ranges of the joints (, ). The second group includes the arrangement of
the LM guides ( OA i ,0 , OA i ,1 ) and the platform joints ( CBi ). The third group consists of the
orientation of the joints ( j Ai , jBi ). Finally, we will choose the performance criteria as (i) the
volume and (ii) the shape of the workspace at a given orientation, and (iii) their variation as
a function of the orientation.
6.1.1 First Group of Design Parameters
The first group of design parameters relate to the volume and shape of the vertex spaces. The
main components of an HSM are the linear actuators or—in the workspace context— their
stroke max . Quite naturally, the larger the stroke, the bigger the workspace.
The next group of components are the legs. In general, the longer the legs, the larger
the volume of the workspace. When   max , the volume of the workspace decreases rapidly at greater orientations. When   max , the workspace shape becomes slightly simpler.
Shorter legs also reduce the error amplification.
The last group of components are the joints. In order to obtain a maximum vertex
space, the lune should be completely covered by the spherical cap K

Ai

(recall Fig. 4.1b).

Thus, for an angle of   90 , the spherical cap may completely cover the lune, while for an
angle of   50 , the spherical cap may cover not more than two thirds of it.
As the orientation of the platform changes, the spherical cap K
gions of the constant intersection of the lune and the cap K
est when K

Bi

Ai

Bi

covers different re-

. The vertex space will be larg-

covers completely that intersection. The larger the value of , the higher the
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range of orientations at which all the vertex spaces exist. In fact, as our experience suggested, the constraint that is most commonly violated is the range of the platform joints. Thus,
the spherical joints of the mobile platform are a major factor in limiting the workspace of the
parallel manipulator and should be designed with extreme care.
6.1.2 Second Group of Design Parameters
The arrangement of the LM guides defines the orientation and initial position of the vertex
spaces. This is the most distinguishing characteristic of an HSM, which determines the shape
(and volume) of its workspace. For example, if the rail axes are mutually parallel and arranged along a cylindrical surface (as in the “active wrist”) then the workspace is close to a
prism. If the rail axes are mutually parallel but coplanar (as in the “Hexaglide”) then the
workspace is close to a semicylinder topped with two quarter-spheres.
The arrangement of the LM guides also affects the resolution of the HSM. Note that
when vertex Bi is close to the cylindrical boundary of the vertex space—i.e. serial chain i is
nearly at singular configuration—large actuator displacements lead to small platform motions. This fact, for example, was wisely exploited by Carretero et al. [67] to construct a
high-resolution parallel manipulator with low-cost actuators. On the opposite, when vertex
Bi is close to the center of the planar boundary of the vertex space—i.e. the leg is almost

collinear with the rail axes—the actuator displacements lead to compatible platform motions.
Thus, if high resolution is aimed, the rail axes should be arranged in such a way that the resulting boundaries of the workspace be mainly cylindrical (e.g. as in the “Hexaglide”). Furthermore, the stiffness of such an HSM will be higher since it is less affected by the axial
compliance of the LM guides (Fig. 6.1).
very high stiffness
lower stiffness (LM guide)
Fi

high stiffness ( leg)

(a)

Fi

(b)

Figure 6.1 Two extreme configurations of the serial chains characterized by (a) lower and
(b) higher stiffness and (a) lower and (b) higher resolution at the end point Bi .
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The reasons for the variation of the workspace at different orientations are (i) the variation of the vertex spaces due to the variation of the platform joints’ orientations, and (ii) the
variation of the vectors B i C . The variation of the workspace is also dependent on the initial
arrangement of the LM guides. For the first reason, we already mentioned that increasing the
range of the platform joints is the main way to reduce the variation of the vertex spaces. As
for the second reason, recall that the arrangement of the platform joints defines the vectors
B i C along which the vertex spaces are finally translated. Hence, naturally, the smaller the

length of these vectors, the smaller the variation of the workspace. Decreasing the length of
these vectors, however, increases the risk of leg interference and decreases the orientational
resolution of the mobile platform.
6.1.3 Third Group of Design Parameters
The final parameters to be considered define the installation of the base and platform joints.
Masory and Wang [56] have already suggested how to install the joints of a GPM in order to
obtain a larger workspace and we can see examples of that in all motion simulators. A similar guideline is to be followed for the HSM.
For the base joints, we should select each vector j Ai so that it lies in the plane passing
through the rail axis and perpendicular to P i , P . In general, the acute angle between a leg and
its rail axis is maximum when the mobile platform is in its lowest position and minimum
when the platform is in its highest position. Hence, the angle between j Ai and the rail axis
should be the average of the maximum and minimum angles. As for the platform joints, the
vector jBi should be selected in such a way that j Bi is equal to j Ai at the reference orientation, since usually the workspace at this orientation should be maximum.

6.2 Optimal Design
The number of parameters that determine the kinematic design of an HSM is too big to allow
a multi-parameter optimal design. In fact, even the performance criteria are quite many. In
this section, we present the solution to a very simple design problem—maximize the workspace volume of the HSM whose data are given in Appendix A by keeping the position of
points Ai,1 and varying the slope of the rail axes. For that purpose, we use the program for
computing the constant-orientation workspace developed in CATIA.
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Figure 6.2 The volume of the workspace of a HexaM type of HSM as a function of the
slope angle of its rail axes.
The volume of the workspace for the reference orientation as a function of the slope
angle is presented in Fig. 6.2. It confirms the choice of the developers of the two HSMs,
namely the “HexaM” machine [25] and the “NPM” [26], whose slope angle of 30, leads to
the largest volume. A slope angle of +90, as in the “active wrist” [27], leads to a very small
workspace, but recall that the “active wrist” is constructed with telescopic actuators, and thus
has a larger workspace. Finally, let us point out, the existence of another near-optimal design, when the slope angle is +80. In this design, the LM guides are closely arranged, resulting in a very compact base, which may be useful for some applications (e.g. mining).
Further analysis are, however, needed to reveal whether this design is better than that of the
“HexaM” machine in terms of stiffness, dexterity, and other properties.

6.3 Mechanical Components
One of the greatest advantages of HSM machines that will in future make their price far less
than that of an equivalent CNC machine is that they may be constructed by using mainly offthe-shelf components. In the following four subsections, we present the main alternatives for
the linear actuators, the universal and spherical joints, and finally the linear sensors used for
solving the direct kinematics problem.
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Figure 6.3 An example of an LM guide.
6.3.1 Linear Actuators
As we already discussed in the workspace analysis, two main types of linear actuators may
be used for the construction of an HSM, namely (i) telescopic type, or (ii) Linear Motion
guide (Fig. 6.3). Compared to LM guides, when actuators of telescopic type are used, the
overall stiffness of the HSM is decreased due to bending moments in the actuator extension
rods, while the workspace is increased due to the absence of the slider-leg interference.
6.3.2 Passive Joints
Basically, in the construction of any fully-parallel 6-DOF robot, the platform joints are kinematically equivalent to spherical joints, while the base joints are universal joints. Thus, for
the base joints there are generally three alternatives. The first one is, of course, to use gimbals. Different types of gimbals are available on the market with maximal misalignment angles of about 50. The second one is to use a spherical joint of the types shown in Fig. 6.4bd. Adding this redundant degree of freedom may reduce the effect of the joint limitations in
practice. Finally, if linear actuators of telescopic type are used, and a rotary motion around
the axis of the actuator is available, then a single revolute joint may be used for the base
joint, with an axis, normal to the actuator’s axis and passing through it.
As for the mobile platform joints, three typical arrangements are used. The first one is,
of course, a ball joint (Fig. 6.4b). Unless, however, the joint is magnetic, it is very difficult to
achieve joint ranges of more than 50 (even less). The second one is to use a U-joint, mounted over a revolute joint, i.e. a bearing (Fig. 6.4c). The final one is to use three revolute joints
whose axes pass through the same point (Fig. 6.4d) as in the “HexaM” and the “Hexaglide”
manipulators.
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(a)

(b)

(c)

(d)

Figure 6.4 (a) The base universal joints and (b-d) three alternatives for the mobile platform
spherical joints.
6.3.3 Linear Sensors
Basically, in the case of a medium-cost HSM, two options exist for the type of linear extra
sensors: Linear Variable Differential Transformers (LVDTs) and Cable-Extension Transducers (CETs), known also as string pots. The first type typically allows a low measurement
range (0.5 m), requires support electronics, its price is high, and its installation is difficult,
requiring the use of at least universal joints and an additional casing. Further, in case of leg
interference with the extra sensor, it is severely damaged.
The other option, the CETs, produce electrical signals proportional to the travel of
their extension cables. The cable end is attached to the moveable object while the device itself is fixed to a stationary part. As the object moves the cable extends or retracts. The linear
displacement is then converted to angular displacement with the cable being wound onto a
cylindrical spool. A rotary sensor (potentiometer or shaft encoder) measures the spool rotation. The tension of the cable is guaranteed by a spring connected to the spool. Using a cable
guide, the cable is allowed to move within a 20 cone, making it suitable for threedimensional movement applications such as that of the mobile platform. Manufacturers of
such sensors are Celesco Transducer Products Inc., SpaceAge Control Inc., Carlen Controls
Inc., and several others.
CETs provide a long range (0.0440 m), typical accuracy of 0.2% of full scale (FS) in
case of potentiometers and 0.02% FS in case of shaft encoders, and typical repeatability of
0.02% FS. The maximum allowable cable velocity is about 7.2 m/s and the maximum cable
acceleration is about 200 m/s2. The characteristics of a typical CET make it appropriate for
the discussed application.
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The attachment place of a CET on the base is to be decided by several criteria. Firstly,
the base attachment point should be far from the robot base joints and ensure no interference
of the cable with the legs within the workspace of the manipulator. Secondly, the total length
of the cable should be large enough to guarantee that the cables stays within a 20 cone for
any posture of the mobile platform within its maximal workspace while still keeping the
CET within the framework of the base.

6.4 Summary
In this chapter, we presented simple guidelines for the design of an HSM based on obtaining
desired workspace properties. We showed that one of the greatest disadvantages of the
HSMs over GPMs—a smaller workspace—is paid back by an increased resolution and increased overall stiffness. We also outlined the importance of the platform joints in limiting
the manipulator’s workspace. The solution to a simple optimal design problem was introduced to find the slope of the rail axes that maximizes the workspace volume. In terms of
mechanical construction, HSMs offer a great possibility for modular design—a factor that
may considerably reduce the cost of HSMs in future. Thus, we introduced briefly the existing alternatives for the main mechanical components and discussed their influence on the
properties of the parallel manipulator.
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7. CONCLUSIONS AND FURTHER RESEARCH
A complete analysis of parallel manipulators of type 6-PRRS requires a wide area of expertise and, thus, exceeds the scope of a single master thesis. Nevertheless, we have tried to address some of the main problems that are, unfortunately, more complicated for the case of
the HexaSlide Manipulator, than for the General Parallel Manipulator.
In Chapter 2, we presented the complete solution to the inverse kinematics problem
and derived the inverse Jacobian matrix, thus, establishing the fundamentals for the analyses
of the HSM. We also defined briefly the three kinds of singular configurations that are present in the HSM. In Chapter 3, we proposed a method for solving the direct kinematics problem of HSMs by using three linear extra sensors. The attachment points of the extra sensors
are all distinct, which distinguishes our approach from those presented in the literature and
allows a simple implementation. However, the unique solution is found by solving a fifth
degree polynomial, which may cause some difficulties in a real-time implementation. Further, we failed to prove mathematically the uniqueness of the solution and relied on a number of numerical examples, all supporting this hypothesis. We believe that a more vigorous
mathematical approach may not only prove the uniqueness of the solution but also lead to a
simpler way of finding it (e.g. a lower degree polynomial).
In Chapter 4, we approached one of the most practical problems, namely the workspace analysis. A detailed description of a geometrical algorithm for the computation of the
constant-orientation workspace of HSMs was presented, and we believe this completes the
research in this particular area. The proposed algorithm was implemented in the CAD/CAM
system CATIA, which software, however, is unlikely to be available to all owners of HSM
machines. Thus, we encourage the implementation of this approach as an independent program.
In addition, we introduced a modified set of Euler angles and dealt with the problem
of computing the orientation workspace of actually any type of hexapod. We described a
simple discretization algorithm, which computes the orientation workspace. For that purpose, we proposed a simple geometrical check for the compatibility constraint—a constraint
that seems to have often been neglected. The most important contribution in this area is,
however, the demonstration of the usefulness of the proposed set of Euler angles for computing the newly-defined projected orientation workspace. Finally, we suggested how the proposed set of Euler angles can be combined with the geometrical concepts described for the
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computation of the constant-orientation workspace, to introduce the fundamentals of a new
geometric algorithm for the computation of the total-orientation workspace.
In Chapter 4, we verified the dynamic model proposed in [1] by implementing it in
MATLAB and comparing its results with those obtained in DADS. The results were not
quite the same, which may be due to the simplicity of the dynamic model. More research
should be done in this area to develop a better dynamic model. However, note that there is
no unique and perfect dynamic model for hexapods, since they are run under a variety of operating conditions.
Finally, in Chapter 6 we investigated the issues pertaining to the design of a parallel
manipulator of type HSM. We based our investigation on the geometrical approach for computing the HSM’s workspace. We also presented a simple example of optimal design where
we varied the slope of the rail axes and found two optimal designs—one corresponding to
the “HexaM” machine, and a new design with positive slope. At the end, we discussed briefly on the main mechanical components of an HSM. In conclusion, we outline again that the
often mentioned drawback of HSMs for having a smaller workspace than that of the GPM is
compensated by an increased resolution and overall stiffness.
Although, we concentrated our research only on the parallel manipulators of type 6PRRS, most of the methods presented in this thesis can be directly applied to other types of
parallel manipulators. The solution of the DKP presented in Chapter 3, can be directly applied to any hexapod with coplanar platform joints. In the workspace analysis, the discussions on the orientation workspace are valid for any type of hexapod, while the geometrical
method for the constant-orientation workspace can be extended to any type of 6-XRRS manipulator, where X denotes a 1-DOF actuator (rotary, linear, 4-bar mechanism, etc.).
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APPENDIX A
DATA FOR THE HEXAM TYPE OF MANIPULATOR
i

1

OA i,0   738.035
  553122
. 

0.000

2

3

4

5

6

  848.035
  362.596 

0.000

  110.000
  915.718

0.000

 110.000
  915.718

0.000

 848.035
  362.596

0.000

 738.035
  553122
. 

0.000

OA i,1   213.035   323.035   110.000  110.000  323.035  213.035
 250.013   59.487  309.500  309.500   59.487  250.013
  350.000  350.000  350.000  350.000  350.000   350.000

. 
  51507
 156.755
 200.000

. 
 161507
  33.771
 200.000

 110.000
 122.984
 200.000

 110.000
 122.984
 200.000

. 
 161507
  33.771
 200.000

. 
 51507
 156.755
 200.000

j Ai

 0.433
 0.250
 0.866 

 0.433
 0.250
 0.866 

 0.000
 0.500
 0.866

 0.000
 0.500
 0.866

 0.433
 0.250
 0.866

 0.433
 0.250
 0.866

jBi

 0.433
 0.250
 0.866 

 0.433
 0.250
 0.866 

 0.000
 0.500
 0.866

 0.000
 0.500
 0.866

 0.433
 0.250
 0.866

 0.433
 0.250
 0.866

Ni

 0.433
 0.250
 0.866 

 0.433
 0.250
 0.866 

 0.000
 0.500
 0.866

 0.000
 0.500
 0.866

 0.433
 0.250
 0.866

 0.433
 0.250
 0.866

CBi

Table A.1 Geometry of the HexaM type of manipulator (in millimeters).

In addition:
  900.000 mm,  max  700.000 mm,     50 .

The coordinates of the sensors attachment points (in millimeters) are:
x S1  822.724, y S1  475.000, z S1  0;
x S2  0.000,
y S2  950.000, z S2  0;
x S3  822.724, y S3  475.000, z S3  0;
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APPENDIX B
EXPRESSIONS FOR THE DIRECT KINEMATICS PROBLEM
Expressions for M, v0, v1, v2, and v3, appearing in equation (3.8):
M
k z A1
(1  k )( x A1  xS 3 ) (1  k )( y A1  yS 3 ) 
0
0
 k ( y A1  y S1 )
 k ( y A  yS )




k
z
(
k
)(
x
x
)
(
k
)
z
1
1
0
0
A
A2
S2
A2
(1  k )( 2y  1y ) (1  k )2z


k
(
x
x
)
k
z
0
0
A3
S1
A3
A3
S2
A3

2
k ( x A4  xS 2 )
k z A4 (1  k )( x A4  xS 3 ) (1  k )( y A4  yS 3 )
0
0


0
0
(1  k )( x A5  xS 2 ) (1  k ) z A5 k ( x A5  xS 3 ) (1  k )( y A5  yS 3 )
(1  k )( y  y ) (1  k ) z
0
0
k ( x A6  xS 3 ) (1  k )( y A6  yS 3 )
A
S
A
6
1
6


 x 2A1  y 2A1  z 2A1  ks1  (1  k )s3   2  (1  k ) x S23  (1  k ) y S23  kx S21  ky S21  k (1  k ) p 2 
 x 2  y 2  z 2  ks  (1  k )s   2  (1  k ) x 2  (1  k ) y 2  kx 2  ky 2  k (1  k ) p 2 
A2
A2
S2
S2
S1
S1
1
2

 2A2
x A3  y 2A3  z 2A3  ks2  (1  k )s1   2  (1  k ) x S21  (1  k ) y S21  kx S22  ky S22  k (1  k ) p 2 

v0   2
x A  y 2A4  z 2A4  ks2  (1  k )s3   2  (1  k ) x S23  (1  k ) y S23  kx S22  ky S22  k (1  k ) p 2 
 24
2
2
2
2
2
2
2
2
 x A5  y A5  z A5  ks3  (1  k )s2    (1  k ) x S2  (1  k ) y S2  kx S3  ky S3  k (1  k ) p 
2
2
2
2
2
2
2
2
2
 x A6  y A6  z A6  ks3  (1  k )s1    (1  k ) x S1  (1  k ) y S1  kx S3  ky S3  k (1  k ) p 


 20, (1  k )( y  y ), k ( y
 2(1  k ) z , 0, 0, (1  k ) z



v1  2 k ( x A1  x S1 ), k ( x A2  x S1 ), (1  k )( x A3  x S1 ), 0, 0, (1  k )( x A6  x S1 )
v2
v3

2

A1

S2

A3

A4

T



 y S2 ), k ( y A4  y S2 ), (1  k )( y A5  y S2 ), 0

, kz A5 , kz A6
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APPENDIX C
MINIMUM DISTANCE BETWEEN TWO LINE SEGMENTS
The key point in considering the leg interference constraint while computing the workspace
of a parallel manipulator is the calculation of the shortest distance between two legs. Consider the lines Ai Bi and A j B j that are respectively along leg i and leg j. The unit vectors along
these two lines are n i and n j . Let p i , j be the unit vector that is perpendicular to both vectors n i and n j , given by
p i, j 

ni  n j
ni  n j

.

(C.1)

Then, the minimum distance between the lines Ai Bi and A j B j , denoted by Di , j , will be
Di , j  p Ti , j B i B j

(C.2)

Note that the minimum distance between the two line segments is not always given by eq.
(C.2). In addition, when the two lines are parallel (as in the “HexaM” machine for the reference orientation), eq. (C.1) is invalid. In such cases, the correct minimum distance between
the two line segments is given by
d i. j  n i  B i B j .

(C.3)

Let us assume now that the two lines are not parallel. Then, let points Pi and Pj be
the intersection points of respectively the lines Ai Bi and A j B j , and their common normal.
The minimum distance between the two line segments will be given by eq. (C.2) if and only
if the two points Pi and Pj lie respectively on the line segments Ai Bi and A j B j .
From here, we follow the derivations presented in [56]. It may be easily derived that:

B i Pi  n i

m Ti B i B j
m Ti n i

and B j P j  n j

m Tj B i B j
m Tj n j

(C.4)

where

m i  p i , j  n j and m j  p i , j  n i .
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(C.5)
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Figure C.1 Different cases for the minimum distance.
Point Pi will lie on the line segment Ai Bi , if and only if

Pi B i   and

A i B i  Pi B i   . Similarly, we may check for point Pj . According to the locations of the-

se two points, there will be three main cases (Fig. C.1):

Case 1: Both intersection points lie on their line segments (Fig. C.1a).
This is the only case in which d i , j  Di , j .

Case 2: One of the intersection points does not lie on its line segment (Fig. C.1b-c).
If point Pi does not lie on line segment Ai Bi , the minimum distance is:

d i. j  n j  B i B j .

(C.6)

Otherwise, if point Pj lies on line segment A j B j , the minimum distance is:

d i. j  n i  B i B j .

(C.7)

Case 3: Both intersection points do not lie on their line segments (Fig. C.1d-f).
In this case, the minimum distance depends on the locations of points M i and M j ,
which are respectively the feet of the perpendiculars from A j to line Ai Bi , and from Ai to
line A j B j . Point M i will not lie on segment Ai Bi if n Ti B i B j  0 , and similarly, point M j
will not lie on segment A j B j if  n Tj B i B j  0 . There will be three subcases:
1. If point M i does not lie of Ai Bi , and point M j lies on A j B j (Fig. C.1d), the
minimum distance is given by eq. (C.6).
2. If point M j does not lie of A j B j , and point M i lies on Ai Bi (Fig. C.1e), the minimum distance is given by eq. (C.7).
3. If both points M i and M j do not lie respectively on segments Ai Bi and A j B j
(Fig. C.1f), then the minimum distance is equal to B i B j .
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APPENDIX D
COMPATIBILITY CHECK
To simplify the algorithm for the compatibility check, we assume that the mobile platform
cannot tilt more than 90. Consider now the triplet of legs {i, j, k} represented respectively
by the line segments Ai Bi , A j B j , and Ak Bk , and the unit vectors along them, denoted by
n i , n j , and n k (Fig. D.1). Figure D.1a shows the three legs and a fragment of the mobile

platform in a typical configuration, compatible with the initial assembly. Figure D.1b, shows
the same sub-mechanism but in an incompatible configuration. Note, that in this configuration, the minimum distances between the legs are greater than d s .

Aj

Aj
Ai

Ai

Ak

Bi

line segment AkBk
intersects the triangles
AiBiBj and AjBiBj

Bj
(a)

Ak
Ek
Bk

Bk

(b)

Bj

Bi

Figure D.1 Compatibility check applied to a triplet of legs; (a) the initial assembly of the
manipulator, and (b) an incompatible configuration.
With the aforementioned assumption, it may be seen that the sub-mechanism is in an
incompatible configuration if and only if one of the line segments, say Ak Bk , intersects two
of the four triangular planar regions formed by the other four joint centers, i.e. Ai , Bi , A j ,
B j ( Ai Bi B j , A j Bi B j , Ai Bi A j , Ai A j B j ). Further, the common line to the two intersected

triangular regions should not be Ai B j or A j Bi . We present a simple geometrical algorithm
for performing this check on each triplet of legs.
First, the intersection point Ek of the line Ak Bk and the plane Aj B j Bi should be
found from the following equation:
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Ek B k  n k

rT B jBk
,
r T nk

(D.1)

where for this step, r  A j B j  A j B i is the normal vector of the plane A j B j Bi . Of course,
point Ek will not exist if and only if line Ak Bk is parallel to plane A j B j Bi , i.e. r T n k  0 .
Next, we check whether point Ek lies on the line segment Ak Bk , i.e. whether Ek B k  
and A k B k  E k B k   . If this is true, then we also check whether point Ek lies inside the
triangle A j B j Bi , i.e. whether

 E k B Tj E k B i
cos 1 
 E B E B
k i
 k j


 E BT E A
  cos 1  k j k j

 E B E A
k
j

 k j


 E AT E B
  cos 1  k j k i

 E A E B
k i

 k j


  180 . (D.2)



If the test result for line segment Ak Bk is negative, then we apply the same test to line
segments Ai Bi and A j B j . If the rest results are again all negative, then the sub-mechanism
is in a compatible configuration. To check whether the whole parallel manipulator is in a
compatible configuration, the test presented in this appendix should be applied to all the 20
triplets of legs.
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APPENDIX E
LEG INTERFERENCE FOR CONSTANT ORIENTATION
The aim here is to determine the locations in space, referred to as the interference locus,
where the minimum distance between a pair of legs, Ai Bi and A j B j , is equal to the safety

distance d s when the mobile platform is held at a constant orientation. We assume that the
minimum distance between the two line segments Ai Bi and A j B j can be equal to d s only
when the minimum distance between the two lines Ai Bi and A j B j is equal to d s . For most
hexapod prototypes, this assumption is quite realistic, since other constraints (mainly joint
ranges) will prevent the distance from a line segment endpoint to the other line segment to be
equal to d s .
In other words, we have a sub-mechanism consisting of legs i and j that are connected
to the mobile platform held in constant orientation. Furthermore, we have one constraint that
the distance between the two lines Ai Bi and A j B j is equal to d s . This sub-mechanism has 2
degrees of freedom and therefore, its workspace is a surface. The distance constraint between the two lines Ai Bi and A j B j , may be expressed as

 B B  n  n 
i

T
j

i

j

2

ni  n j

2

 d s2

(E.1)

Note that this formula does not hold when the lines are parallel. For a given orientation of
the mobile platform, we may calculate the constant vector B 1B 2 and let
B 1B 2   x b , y b , z b  and B1B 2  b .
T

(E.2)

E.1 The Case of the GPM
Let us first approach the simple case of the GPM. Here, we chose a new reference frame
which has an origin Ai and is oriented so that point A j has coordinates ( a , 0, 0 ) . Let us refer to the position of the mobile platform by the coordinates of point Bi , namely

( x Bi , y Bi , z Bi ) . Inserting these values into eq. (E.1) leads us to a quadratic equation defining
a quadric surface. This quadratic equation can be further factored into two linear equations:
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In other words, the quadratic surface is degenerated and consists of two intersecting

planes. The line of intersection passes through points with coordinates ( 0, 0, 0) and
( a  xb ,  yb ,  zb ) .

The condition D = 0 is equivalent to the equation
d 2s 

A i A j  B iB j

2

A i A j  B iB j

2

(E.6)

in which case the two planes are coincident. In fact, it may be shown that for this value of
d s , referred to as a critical safety distance (as in [57]), the quadric is degenerated to a single

line. When d s  0 , the quadric is degenerated to a single plane whose equation is
yb z Bi  zb y B j  0 , i.e. passing through the points Ai and A j .

E.2 The Case of the HSM

Now, in the HSM, the base joints Ai and A j are not fixed to the ground. From Chapter 2,
we have
A i B i  A i ,0 B i  a i  i  A i ,0 B i  a i a Ti A i , 0 B i  a i







a

T
i

A i ,0 B i





2

 A i,0 B i

 I 3  a i a Ti A i ,0 B i  a i  2  A i , 0 B Ti I 3  a i a Ti A i , 0 B i

2

 2

(E.7)

where I 3 is the 33 identity matrix. If the arrangement of rail axes i and j is arbitrary, then
despite the choice of reference frame, inserting eq. (E.7) into eq. (E.1) results in an equation
that can not be expanded in closed-form (using Maple software). If numerical values are
used, eq. (E.1) results in a non-algebraic one containing radicals of the unknowns
x Bi , y Bi , z Bi . The fact alone that we cannot obtain this equation in closed form prevents us

from being able to study the surface and use it in our geometrical method.
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Let us now assume that the rail axes are parallel and chose the reference frame in such
a way that its z-axis is parallel to the rail axes, and the coordinates of points Ai,0 and Aj,0
are respectively 0, 0, 0 and   a, 0, 0 . Referring again to the position of point Bi we
have



A i B j  x Bi ,

 2  x B2 i  y B2 i

yB j ,


A j B j   x B j  xb  a ,


y B j  yb ,

,
T



 



2
2
 2  x B j  xb  a  y B j  yb 


T

(E.8)

which inserted in eq. (E.1) results in a large but closed-form expression of the same type as
for the case of non-parallel rail axes.
Finally, if we assume that the legs are of very small diameter and look only for the locations where the distance between the line segments i and j is zero, we obtain:



 
 y x    x

zb xb y Bi  yb x Bi  ay Bi  xb y Bi  yb x Bi  yba



 xb y Bi

b Bi

2



2  x B2 i  y B2 i

 
2

Bi

 xb  a  y Bi  yb



2

0

(E.9)

Equation (E.9) represents the equation of a curve in the xy-plane, which translated
along the z-axis forms the leg interference locus (a tabulated cylinder).
Note that even under the most simplifying conditions, the equation of the interference
locus is too complicated to allow inclusion into a geometrical algorithm for the computation
of the constant-orientation workspace.
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APPENDIX F
DESCRIPTION OF THE PROGRAMS
All

packages with

corresponding

detailed

descriptions

are

freely available

at

<URL:http://geguri.kjist.ac.kr/~ilian/Thesis.html>.

F.1 The Inverse Kinematics Package (MATLAB 5)

The program is built with an intuitive Graphical User Interface (GUI). The orientation representation of the mobile platform is the one described in Chapter 4. Several pre-stored trajectories are available, which may be loaded from a menu. In addition, an interactive mode may
be selected, which allows the user to change the posture of the mobile platform through six
sliders, observing simultaneously the corresponding motion of the HSM.
F.2 The Direct Kinematics Package (MAPLE)

Several files constitute this program that was used for simulating the solution of the direct
kinematics problem using three linear sensors.
F.3 The Constant-Orientation Workspace Package (CATIA)

Three IUA files in ASCII format are available. The main program defines the HSM geometry, interacts with the user, and finds the intersection of the six vertex spaces. This program
calls six times a procedure for vertex space computation. Finally, the latter procedure calls
the third procedure, which is needed for obtaining the allowable spherical region.
F.4 The Orientation Workspace Package in (MATLAB 5)

Two programs and several functions constitute this package. The main programs are the one
for computing the orientation workspace and the one for computing the projected orientation
workspace. The different functions are for the compatibility check, for computing the distance between two line segment, for plotting, etc.
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