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ABSTRACT
This paper presents workspace analysis of 6-PRRSparal-

lel manipulators based on the vertex space concept. A fully
geometric algorithm is described for the computation of the
constant-orientation workspace, which was implemented in the
CAD/CAM system CATIA. The influence of the different design
parameters on the workspace as well as on the other properties
of the manipulator is discussed. Finally, examples are provided
to demonstrate the usefulness of the proposed method.

NOMENCLATURE
Ai : center of base jointi.
Ai,0: start point of rail axisi.
Ai,1: end point of rail axisi.
Bi : center of platform jointi.
C: center of the mobile reference frame (tool-tip).
L: stroke of the actuators.
R: rotation matrix defined by three Euler angles (φ, θ, ψ).
`: length of the legs.
α: maximum misalignment angle of the base joints.
β: maximum misalignment angle of the platform joints.

1 INTRODUCTION
A 6-DOF fully-parallel manipulator, also called ahexapod,

consists of amobile platformconnected by sixlegs to a base

∗Currently doctoral student at Département de Ǵenie Mécanique, Université
Laval, Qúebec, Canada.

Figure 1. A typical HSM and the notation used.

through respectively spherical and universal joints. Most com-
monly, the base joints are fixed to the base while the legs are
of variable length (e.g. Fichter, 1986; McCallion and Pham,
1979). This typical design with sixRRPSserial kinematic chains,
present in most existing hexapods, will be referred to as theGen-
eral Parallel Manipulator(GPM).

Another common design of 6-DOF parallel manipulators
uses six kinematic chains of typePRRS(Fig. 1). In this nota-
tion, P stands for an actuated prismatic joint whose axis will be
called therail axis, denoted byAi,0Ai,1, RRstands for a passive
universal joint whose center is denoted byAi , andS stands for
a passive spherical joint whose center is denoted byBi , where
i = 1, . . . ,6. In addition, pointsO andC are respectively the cen-
ters of the fixed base frame and of the mobile frame. For brevity,
we will refer to this type of manipulator as theHexaSlide Ma-
nipulator (HSM). Examples of HSMs are the “active wrist” de-
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signed by Merlet and Gosselin (1991), the “Hexaglide” built at
ETH Zurich, the “NPM” proposed by Arai et al. (1996), and the
commercially available “HexaM” machine by Toyoda.

The main advantages of the HSM over the GPM come from
the fact that the actuators are fixed to the base. Each leg is a
small-diameter rod of constant length, attached at one end to
the actuator tip and at the other to the mobile platform. There-
fore, the HSM exhibits lighter moving mass and reduced risk of
leg collision. The drawbacks are smaller workspace and a need
for more complicated analysis due to the more complicated re-
lationship between the mobile platform posture and the actuator
lengths.

In the design of parallel manipulators, much concern is given
to the workspace factor. As the complete workspace of an HSM
is in a six-dimensional space for which no graphical representa-
tion exists, different types of subsets of the complete workspace
are usually determined. The most commonly determined work-
space is theconstant-orientation workspace, which is the three-
dimensional volume that can be attained by pointC when the
mobile platform is kept at a constant orientation.

A simple way of determining the workspace of a parallel ma-
nipulator is to use discretization methods (e.g. Arai et al., 1996;
Conti et al., 1997; Fichter, 1986; Masory and Wang, 1992). In
these methods, the workspace boundary is usually determined
in a spherical coordinate system by discretizing the range of az-
imuth and zenith angles. For each pair of them, the ray radius
is augmented until one of the constraints is violated, which is
checked by solving the inverse kinematics problem. Such meth-
ods can be easily applied for any type of robot architecture and
for any set of mechanical constraints. However, they are com-
putationally intensive and give little information about the exact
boundary of the workspace.

A more advanced geometric approach was first proposed by
Gosselin (1990) and then again by Gosselin et al. (1992) consid-
ering only the limits of the actuators. In the first paper, horizon-
tal cross-sections of the workspace have been determined, while
in the second, the workspace edges have been defined directly.
Merlet (1994) later extended this geometric approach by includ-
ing the limited ranges of the joints and the risk of leg interfer-
ence. Unlike the discretization methods, the geometric methods
are very fast and accurate. Furthermore, they bring insight into
the problem and are very useful during the design stage. All of
these geometric methods were, however, concerned exclusively
with the GPM. Even though, the geometric approach that was
previously developed for the GPM may be applied to other archi-
tectures, compared to the GPM, the HSM presents an increased
difficulty in conceiving and implementing such a geometrical al-
gorithm due to the more complicated type of kinematic chains.

The geometric approach was first applied to an HSM by
Merlet and Gosselin (1991) to compute horizontal cross-sections
of the constant-orientation workspace of their “active wrist”.
Due to the simplifying fact, however, that all rail axes of the

“active wrist” are parallel to thez-axis, each cross-section is ob-
tained as the intersection of circles. A detailed study on the work-
space computation of a general HSM was later performed by
Allan and Gosselin (1997). Again only horizontal cross-sections
have been determined, but this time obtained as the intersection
of circular and elliptic arcs. In both studies, however, the authors
have assumed for simplicity that the only constraint limiting the
workspace of the HSMs is the actuators’ stroke.

Thus, the main contribution of this article is to extend the ge-
ometric approach to the case of the HSM considering all possible
constraints and directly obtaining the workspace in 3-D. In ad-
dition, a particular implementation method is suggested, which
allows the integration of the whole design process in the com-
mercially available CAD/CAM system CATIA. Based on the
geometrical study of the HSM’s workspace, we propose simple
guidelines for its design, which illustrates the importance of the
geometric approach.

The organization of this paper is as follows. In section 2,
we describe the geometric method for the constant-orientation
workspace of an HSM. Then, in section 3, we present in de-
tail the general algorithm used for implementation. Based on the
proposed geometrical method, we suggest in section 4, simple
design guidelines for constructing an HSM with desired work-
space characteristics. In section 5, we present examples of the
constant-orientation workspace of an HSM and its equivalent
GPM. Further suggestions for extending the proposed approach
for the computation of other types of workspaces are given in
section 6, and the final section 7 presents the conclusions.

2 GEOMETRIC STUDY OF THE WORKSPACE
In order to describe a geometric method for computing the

workspace of an HSM, it is necessary to establish geometric
models for all the constraints that determine the workspace. The
basic idea is first to regard all kinematic chains as independent
and then to consider their interdependence (Gosselin, 1990).

Thus, for a constant orientation of the mobile platform, let
us define thevertex space i(the term is shared from Ji, 1994)
as the volume that can be attained by vertexBi from chain i,
ignoring the constraints imposed by all other kinematic chains.
The constraints that determine each vertex space are (i) the leg’s
length, (ii) the serial-chain singularity, (iii) the slider-leg interfer-
ence, (iv) the ranges of the base and mobile platform joints, and
finally (v) the actuator’s stroke. Next, we will investigate all the
constraints to finally construct the vertex space, assuming that all
serial chains are identical.

2.1 Leg’s Length
Let the length of a leg bè. Thus, when pointAi coincides

with point Ai,0, the set of points reachable byBi is a sphereSi of
radius` and centerAi,0 (Fig. 2).
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Figure 2. The lune modeling constraints 2.1 through 2.3.
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Figure 3. Ranges of motion of the (a) base and (b) platform joints.

2.2 Serial-Chain Singularity
A particular characteristic of HSMs is that their serial chains

have a singularity at configurations where a leg is perpendicular
to its corresponding rail axis. In this singularity, the two branches
of the inverse kinematics of a serial chain meet and the mobile
platform loses one degree of freedom (Gosselin and Angeles,
1990). Since passing through such a singularity is undesirable,
the motion of each leg should be restricted so that the angle be-
tween vectorsA iBi andA i,0A i,1 be always in only one of the two
ranges[0◦,180◦) or (90◦,180◦]. Hence, we split the sphereSi

by a planePi,N, normal to the rail axis and passing through point
Ai,0. Without loss of generality, we take the hemisphere from
the side of the rail axis (Fig. 2). The great circle formed by the
intersection ofSi with that plane will be denoted byCi,N.

This constraint has a very peculiar role, and if it is not con-
sidered, the workspace analysis changes significantly. At the end
of this section, we will discuss what will occur if the constraint

Ci,P

Ci,N

Ai,0

Ai,1

Ci,B

Ci,A

allowable
spherical

region

Figure 4. The lune and the two spherical caps.

is not considered. At this point, let us just note that all existing
HSMs are designed to exclude singularities in their serial chains.

2.3 Slider-Leg Interference
We assume that the prismatic joints are comprised of linear

motion (LM) guides, which is the case in most existing HSMs.
If the actuators are of telescopic type (as in the “active wrist”),
then this constraint does not exist and the workspace analysis is
simpler. In addition, the workspace is much larger, but at the
expense of a lower overall stiffness of the manipulator.

The sliders that move along the LM guides are relatively
wide with a planar face. To avoid a slider-leg collision, the leg
should be only in one of the half-spaces separated by the plane
Pi,P, parallel to the slider face and passing through pointAi,0. Let
Ni be the unit vector normal to that plane and in the direction of
the allowable half-space. The great circle formed by the inter-
section of the plane withSi will be denoted byCi,P. Thus, the
hemisphere is redefined to a 90◦ lune(Fig. 2).

2.4 Range of the Base Joint
The physical constraints that limit the range of a passive

joint can be modeled by a general conical surface whose ver-
tex is the center of the joint. We already mentioned that the legs
are attached to the sliders through universal joints but in prac-
tice spherical joints are often used instead. Thus, we chose to
model the constraint imposed by the base joint as a circular cone
(Fig. 3a). If indeed, U-joints are used, then a better model would
be a pyramid as used in (Merlet, 1994), which, however, will in-
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Figure 5. Vertex space i.

evitably make the workspace analysis slightly more complicated.
Let α be the maximum misalignment angle of the base joints

(α< 90◦) and letjAi be the unit vector along the axis of symmetry
of the joint at pointAi . Then, the allowable region for pointBi

consists of aspherical capof radius` and centerAi . This cap
will be denoted byKi,A, and itsbase circleby Ci,A (Fig. 4).

2.5 Range of the Mobile Platform Joint
The same cone model will be used for the platform spherical

joints. Letβ be the maximum misalignment angle of the platform
joints (β < 90◦) and letj ′Bi

be the unit vector along the axis of
symmetry of the joint with centerBi with respect to the mobile
frame (Fig. 3b). Then, the allowable region for pointAi , referred
to the mobile frame, consists of a spherical cap of radius` and
centerBi . Let jBi be the opposite unit vector, and with respect to
the base frame, defined as:

jBi =−Rj ′Bi
(1)

Thus, with respect to the base frame, pointBi is located on
an identical spherical cap of radius` but centerAi (Fig. 4). This
cap will be denoted byKi,B, and its base circle byCi,B.

2.6 Actuator’s Stroke
Theallowable spherical regionfor point Bi , when pointAi

is fixed, is the intersection of the lune and the two spherical caps
defined previously (the square-hatched region in Fig. 4). Now,
since pointAi can move between pointsAi,0 andAi,1, the allow-
able spatial region for vertexBi is the volume swept by the al-
lowable spherical region along the directrixA i,0A i,1. This vol-
ume isvertex space i(Fig. 5). Let us also define the vertex space
obtained for an unlimited range of the platform joint as themax-

imum vertex space. Note that the latter is independent from the
orientation of the mobile platform.

After the six vertex spaces have been defined, we must con-
sider the fact that all pointsBi are rigidly fixed to the mobile
platform. Let us call this theclosure constraint. Since the mobile
platform is kept at a constant orientation, the allowable spatial re-
gion for pointC—taking into account the restrictions imposed by
only kinematic chaini—is obtained by translating vertex spacei
along the vectorBiC. Thus, the intersection of all six translated
vertex spaces is the workspace of the HSM.

Now, for more precise workspace determination, the next
constraints to be considered should be the leg interference and
the singularity configurations. Both of these constraints relate
to the geometric relationships among the six line segmentsAiBi .
For the GPM case, Merlet (1994) has shown that the leg inter-
ference can be generally modeled by quadratic surfaces, which
divide the workspace into separate volumes. Unfortunately, the
expressions defining the six line segmentsAiBi of an HSM as
functions of the platform orientation are too complicated to in-
volve any algebraic study of these two constraints. Thus, the only
way to consider them is by using a numerical method following
the application of the proposed geometric algorithm.

Finally, let us see what happens if we do not consider the
serial-chain singularity constraint. Instead of a 90◦ lune, we will
have a hemisphere, and the allowable spherical regions (recall
Fig. 4) may have portions from both sides of planePi,N. Sweep-
ing such a spherical surface can only be implemented by sweep-
ing separately each of its two portions and then taking the union
of the two swept volumes. Consequently, it may happen that the
workspace of the HSM consists of two separate volumes.

3 IMPLEMENTATION ALGORITHMS
As we saw, the constant-orientation workspace of an HSM

is the intersection of the six translated vertex spaces. Hence, the
following two observations can be made.

Observation 1. The boundary of the constant-orientation
workspace consists of portions of spheres, right circular cylin-
ders, elliptic cylinders, and planes.

Observation 2. The edges of the constant-orientation work-
space consist of line segments, circular and elliptic arcs, and
segments of spatial curves of order 4.

Next, we will propose an algorithm for determining each
vertex space. The idea is to obtain explicitly thecontourof the
allowable spherical region and then to construct the boundary
representation of the vertex space. We assume thatβ≥ α.

Algorithm for the Vertex Space:

S1. If circles Ci,A andCi,B coincide (i.e.α = β and jAi = jBi )
then do not considerCi,B further.
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Figure 6. The possible cases where the number of intersection points

between Ci,A and Ci,B is less than two.

S2. Calculate the intersection points between all pairs of cir-
clesCi,N, Ci,P, Ci,A, andCi,B, storing each point into lists
corresponding to each circle.

S3. For each circle, order the list of intersection points. If two
or three points coincide (i.e. three or all of the circles have
a common point) then erase all but one.

S4. For each circle, if its list has more than one intersection
point, calculate the center point of each arc connecting two
successive intersection points. If this center point lies on
the lune and on the two spherical caps then construct the
arc and put it into the list defining the contour.

S5. For circles Ci,A and Ci,B, if their lists have one or
no intersection points (see Fig. 6), then check whether
cos−1(jT

Ai
jBi ) ≤ (β−α). If this is not true, then stop (i.e.

vertex spacei and, consequently, the workspace do not ex-
ist for this orientation). Otherwise, putCi,A in the list and
go to step 7 (i.e. the contour is simply circleCi,A).

S6. Order the list of arcs that define the contour.

S7. Define the spherical patch bounded by the contour (i.e. the
allowable spherical region).

S8. Translate a duplicate of that patch alongA i,0A i,1.

S9. Create the side boundary of the vertex space by offsetting
the contour alongA i,0A i,1.

S10. Create a volume from the three boundaries.

Depending on the available geometric tools and on the de-
sired visualization technique, the sequence of steps for construct-
ing the workspace can be different. If no geometric libraries
are available, then the horizontal cross-sections of the workspace
can be determined as in (Merlet, 1994). Alternatively, the edges
of the workspace can be calculated directly as in (Gosselin et
al., 1992) to obtain a simplified wireframe model. Finally, if a
geometric library capable of performing Boolean operations on
solids is available, then the workspace can be directly determined
in 3-D as a solid model.

We implemented our approach in the CAD/CAM system
CATIA using its IUA application programming interface. This

choice was motivated by (i) CATIA’s advanced visualization ca-
pabilities and (ii) the possibility for integrating the entire design
process in one CAD/CAM system.

4 DESIGN CONSIDERATIONS
As the constant-orientation workspace is the intersection of

the six vertex spaces, it is easy to make the following observation.

Observation 3. The constant-orientation workspace cannot
be larger than the maximum vertex space.

Based on the geometrical description of the HSM’s work-
space, we will now study the design parameters that influence
it. To allow a systematic study, we will classify the parameters
into three groups. The first group consists of the actuators’ stroke
(L), the legs’ length (̀), and the ranges of the joints (α, β). The
second group includes the arrangement of the LM guides (OA i,0,
OA i,1) and the platform joints (CB′i). The third group consists
of the orientation of the joints (jAi , j ′Bi

). Finally, we will chose
the performance criteria as (i) the volume and (ii) the shape of
the workspace at a given orientation, and (iii) their variation as a
function of the orientation.

4.1 First Group of Design Parameters
The first group of design parameters relates to the volume

and shape of the vertex spaces. The main components of an
HSM are the linear actuators or—in the workspace context—
their strokeL. Naturally, the larger the stroke, the larger the
workspace.

The next components are the legs. In general, the longer the
legs, the bigger the workspace volume. When`� L, the volume
of the workspace decreases rapidly at greater orientations. When
` < L, the workspace shape becomes slightly simpler. Shorter
legs also prevent error amplification.

The last components are the joints or—in particular—their
ranges. In order to maximize the vertex space, the spherical cap
Ki,A should cover completely the lune. For an angle ofα = 90◦,
the spherical cap may cover completely the lune, while for an
angle ofα≤ 50◦, the spherical cap may cover no more than two
thirds of it.

As the platform orientation changes, the spherical capKi,B

covers different parts of the constant intersection of the lune and
the capKi,A. The vertex space will be maximal whenKi,B covers
completely that intersection. The larger the value ofβ, the higher
the range of orientations at which all vertex spaces exist.

4.2 Second Group of Design Parameters
The arrangement of the LM guides defines the orientation

and the initial position of the vertex spaces. This is the most
distinguishing characteristic of an HSM, which determines the
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(a) (b)

Figure 7. Two extreme configurations of a serial chain characterized by

(a) lower and (b) higher stiffness and resolution at the end point Bi .

shape (and volume) of its workspace. For example, if the rail
axes are mutually parallel and arranged along a cylindrical sur-
face (as in the “active wrist”), then the workspace is close to a
prism. If the rail axes are mutually parallel but coplanar (as in
the “Hexaglide”), then the workspace is close to a semi-cylinder
topped with two quarter-spheres.

The arrangement of the LM guides also affects theresolution
of the HSM. Note that when vertexBi is close to the cylindrical
boundary of the vertex space, i.e. when serial chaini is nearly at
singular configuration, large actuator displacements lead to small
platform motions (Carretero et al., 1997). On the contrary, when
vertexBi is close to the center of the planar boundary of the ver-
tex space, i.e. when the leg is almost collinear with the rail axis,
the actuator displacements lead to compatible platform motions.
Thus, if high resolution is aimed, the rail axes should be arranged
in such a way that the resulting boundaries of the workspace be
mainly cylindrical (e.g. as in the “Hexaglide”). Furthermore, the
stiffness of such an HSM will be higher since it will be less af-
fected by the axial compliance of the LM guides (Fig. 7).

The reasons for the variation of the workspace at different
orientations are (i) the variation of the vertex spaces due to the
variation of the platform joints’ orientations, and (ii) the variation
of the vectorsBiC. The variation of the workspace is also depen-
dent on the initial arrangement of the LM guides. For the first
reason, we already mentioned that increasing the range of the
platform joints is the main way to reduce the variation of the ver-
tex spaces. As for the second reason, recall that the arrangement
of the platform joints defines the vectorsBiC along which the
vertex spaces are finally translated. Hence, naturally, the smaller
the length of these vectors, the smaller the variation of the work-
space. Decreasing the length of these vectors, however, increases
the risk of leg interference and reduces the rotational resolution
of the mobile platform.

4.3 Third Group of Design Parameters
The final parameters to be considered define the installation

of the joints. Masory and Wang (1992) have already suggested
how to install the joints of a GPM in order to obtain a larger

workspace. A similar guideline is to be followed for the HSM.
For the base joints, each vectorjAi is to be selected so that

it lies in the plane passing through the rail axis and perpendicu-
lar to Pi,P. In general, the acute angle between a leg and its rail
axis is maximum when the mobile platform is in its lowest po-
sition and minimum when the platform is in its highest position.
Hence, the angle betweenjAi and the rail axis should be the aver-
age of these maximum and minimum angles. As for the platform
joints, vectorj ′Bi

should be selected in such a way thatjAi = jBi

at the reference orientation, since usually the workspace at this
orientation should be maximum.

5 EXAMPLES
To illustrate our geometric method, we take as an example

a “HexaM” type of HSM (Fig. 1) whose data are given in the
Appendix.

In our implementation, we adopt the choice ofmodified
Euler anglesintroduced in (Bonev and Ryu, 1999) to represent
the orientation of the mobile platform. For this choice, we rotate
first the mobile platform around the basez-axis by an angle−φ,
then around the basey-axis by an angleθ, then around the base
z-axis by an angleφ and finally around the mobilez′-axis by an
angleψ. Defined in this way, angleψ is theroll angle, angleθ
is thetilt angle, and angleφ is the angle between the basex-axis
and the projection of the mobilez′-axis onto the basexy-plane.
The resultant 3×3 rotation matrixR is defined as:

R = Rz(φ)Ry(θ)Rz(ψ−φ) (2)

whereRz(·) andRy(·) are basic rotation matrices. These angles
have the property that the constant-orientation workspace for a
fixed direction of the mobilez′-axis (φ, θ) is largest atψ = 0◦.

We present here two examples of the HSM’s workspace. The
first one is at thereference orientation(Fig. 8),φ = θ = ψ = 0◦,
and the second is at a relatively extreme orientation (Fig. 9),φ =
135◦, θ = 30◦, ψ = 0◦. It is interesting to note that the volume of
the workspace at the reference orientation (0.328 m3) is almost
equal to the cube of the actuators’ stroke (L3 = 0.343 m3) and
less than one half of the volume of the maximum vertex space
(0.720 m3). Note also the complex shape of the workspace due
to the fact that̀ > L. Also, at this orientation, the workspace is
not affected by the joint ranges. As for the second example, the
workspace is severely limited by the range of one of the platform
joints, which accounts for the portions of elliptic cylinder in the
workspace boundary.

Finally, to illustrate the known drawbacks of HSMs for hav-
ing a smaller workspace than GPMs, we present an example of
the workspace of a GPM, equivalent to the HSM used in the pre-
vious examples. In that GPM, the centers of the base joints are
chosen as pointsAi,0 of the HSM, and the range of the actuators
is [`, `+L]. All other parameters are the same.
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Figure 8. The workspace of the HSM for the reference orientation. The

volume of the workspace is 0.328 m3.

Figure 9. The workspace of the HSM for an extreme orientation. The

volume of the workspace is 0.154 m3.

Indeed, the volume of the workspace of the equivalent GPM
for the reference orientation is 0.447 m3, or with a third bigger
than that of the HSM. A substantial portion of that increase is,
however, situated in the sharp-edged top regions of the work-
space (see Fig. 10), which are hardly expected to be utilized in
practice.

As already mentioned, a program was written in CATIA
V4R1.9 using its IUA application programming interface for
computing the constant-orientation workspace of an HSM. A
similar—yet much simpler—program was also written for the
GPM case. The programs were run on a 175 MHz SGI Indigo 2
workstation with 256 Mb RAM. The computation time for the
HSM case was established at about 2 min, while for the GPM
case, it was only 1 min. Note that since the maximum vertex

Figure 10. The workspace of the equivalent GPM for the reference

orientation. The volume of the workspace is 0.447 m3.

spaces are constant, the computation time can be reduced by
prestoring them.

6 FURTHER WORK AND SUGGESTIONS
Based on the vertex space approach, we may suggest the

foundations of other geometrical methods for determining the
different types of workspaces. Of great practical interest is the
total orientation workspacedefined as the spatial region in which
the mobile platform can reach any orientation within a given
range (Merlet et al., 1998). Particularly, the user may be inter-
ested in the workspace for the range of orientations defined by
φ ∈ [0◦,+360◦),θ ∈ [0◦,θmax], andψ = 0◦. For this range, each
vertexBi describes an identical spherical region with centerC.
Similarly, it is possible to find an approximated reduced spheri-
cal capKi,B, which models the platform joint range for the total
range of orientations. A given point belongs to the total orien-
tation workspace if each spherical region is fully included in the
corresponding reduced vertex space.

For some particular HSM designs there is more than
one slider moving along the same guideway (e.g. for the
“Hexaglide”). Therefore, a geometric model should be devel-
oped for the potential slider-slider interference. In the case of the
“Hexaglide”, for each pair of legs, this model will be simply a
tabulated cylindrical surface, which may exclude a portion of the
constant-orientation workspace.

Finally, in terms of design, we saw that the arrangement of
the rail axes is the main factor influencing the shape of the work-
space and the resolution of the machine. Therefore, it may be
useful to create a reconfigurable HSM in which one or more pa-
rameters control the arrangement of the rail axes.

7 Copyright  1999 by ASME



7 CONCLUSIONS
A geometric algorithm for the determination of the constant-

orientation workspace of 6-PRRS parallel robots was intro-
duced. The algorithm was implemented in the CAD/CAM sys-
tem CATIA using its application programming interface. De-
sign criteria were proposed based on the geometric model of the
workspace. Finally, an example was presented for the workspace
of a “HexaM” type of manipulator.

It became clear that the frequently mentioned drawback of
HSMs for having a smaller workspace than GPMs is compen-
sated by an increased resolution. Combined with the main ad-
vantages of HSMs for having an improved dynamics, the HSM
emerges as indispensable for applications where accuracy domi-
nates over workspace requirements.
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APPENDIX: DATA FOR THE HSM
Table 1 shows the data for the “HexaM” type of HSM used

in the examples given in section 5. In addition,` = 900 mm,
L = 700 mm,α = β = 50◦.

Table 1. Geometry of the HSM (all units are in [mm]).

i OA i,0 OA i,1 CB′i jAi =−j ′Bi
Ni

1

[−738.035
−553.122

0.000

][−213.035
−250.013
−350.000

][ −51.507
−156.755

200.000

] [
0.433
0.250
−0.866

] [−0.433
−0.250
−0.866

]

2

[−848.035
−362.596

0.000

][−323.035
−59.487
−350.000

][−161.507
−33.771
200.000

] [
0.433
0.250
−0.866

] [−0.433
−0.250
−0.866

]

3

[−110.000
−915.718

0.000

][−110.000
−309.500
−350.000

][−110.000
−122.984

200.000

] [
0.000
0.500
−0.866

] [
0.000
−0.500
−0.866

]

4

[
110.000
−915.718

0.000

][
110.000
−309.500
−350.000

][
110.000
−122.984

200.000

] [
0.000
0.500
−0.866

] [
0.000
−0.500
−0.866

]

5

[
848.035
−362.596

0.000

][
323.035
−59.487
−350.000

] [
161.507
−33.771
200.000

] [−0.433
0.250
−0.866

] [
0.433
−0.250
−0.866

]

6

[
738.035
−553.122

0.000

][
213.035
−250.013
−350.000

][
51.507

−156.755
200.000

] [−0.433
0.250
−0.866

] [
0.433
−0.250
−0.866

]
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