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Abstract— This paper presents the computation and repre-
sentation of the Type 2 singularity loci of symmetric spherical
parallel mechanisms based on a not-well-known intuitive
orientation representation. The latter, previously introduced
under the name of the Tilt-and-Torsion angles, is briefly
described. Then, to illustrate the approach, the two most basic
spherical parallel mechanisms are considered and their Type 2
singularities are fully analyzed for various designs.

Index Terms— spherical parallel mechanisms, wrists, sin-
gularities, orientation representation, Euler angles.

I. INTRODUCTION

Recently, there has been a certain breakthrough in the
synthesis of spherical parallel mechanisms (SPMs), accom-
plished mainly by a couple of researchers in the field [1]–
[3]. This completes a series of older works on more basic
3-DOF SPMs [4]–[6]. Still, there are most certainly new
SPMs to be discovered, yet the design and analysis of even
the most basic SPMs are far from complete.

One of the least studied problems related to SPMs is
their singularity analysis or, more specifically, finding their
singularity loci. For example, even though the prototype of
the Agile Eye (a 3-DOF 3-RRR1 SPM with orthogonal joint
axes) was built in 1993 [7], it was not until nearly a decade
later that its singularities were fully studied [8]. Yet, how
can one adopt a specific design without exact knowledge
of its singularity-free workspace.

The only other works that focus on the Type 2 singularity
loci2 of SPMs (of 3-UPS/S type) are presented in [10] and
[11]. In these works, analytic expressions for the singularity
loci are obtained in the ZYZ and XYZ Euler angles but are
very hard to interpret. The works illustrate clearly why the
singularity loci of SPMs are so unattractive to study—it is
not intuitive to represent them. By offering a geometric tool
for computing and representing the properties of SPMs, we
overcome this difficulty.

In the following section, we describe this geometric
tool that should become a standard for the orientation
representation of symmetric SPMs. Then, in Section III, we
apply this tool for the computation and representation of
the singularity loci of 3-UPS/S symmetric SPMs. Similarly,
in Section IV, we analyze 3-RRR symmetric SPMs. Finally,
a conclusion is given in Section V.

1It is common to denote parallel mechanisms by using the symbols U,
R, S, and P, which stand respectively for universal, revolute, spherical,
and prismatic joint. When a joint is actuated, its symbol is underlined.

2It is common to classify the singularities of parallel mechanisms into
two types [9]: Type 1 (or serial) and Type 2 (or parallel) singularities.

II. ORIENTATION REPRESENTATION

A novel three-angle orientation representation, later
called the Tilt-and-Torsion (T&T) angles, was proposed
in [12] in 1999, in conjunction with a new method for
computing the orientation workspace of symmetric spatial
parallel mechanisms. It was shown that the T&T angles
take full advantage of a mechanism’s symmetry. These
angles were also independently introduced in [13] and
[14] in 1999. Later, it was found out that the angles had
been proposed in [15] in 1984 under the name halfplane-
deviation-twist angles. The author of that reference pro-
posed the set due to its indisputable advantages in modeling
the limits of human body joints. Yet, again in 1999, these
angles were proposed independently in [16] as a new
standard in modeling angular joint motion, and particularly
that of the spinal column’s vertebra. These angles are
also used for computer animation of articulated bodies,
known as the swing-and-twist representation. Finally, in
[17], the advantages of the T&T angles in the study of
spatial parallel mechanisms were further demonstrated. It
was shown that there is a class of 3-DOF mechanisms that
have always a zero torsion.

The T&T angles are defined in two stages—a tilt and a
torsion. This does not, however, mean that only two angles
define the T&T angles but simply that the axis of tilt is
variable and is defined by another angle. In the first stage,+
illustrated in Fig. 1(a), the body frame is tilted about a
horizontal axis, a, at an angle θ, referred to as the tilt. The
axis a is defined by an angle φ, called the azimuth, which
is the angle between the projection of the body z′ axis onto
the fixed xy plane and the fixed x axis. In the second stage,
illustrated in Fig. 1(b), the body frame is rotated about the
body z′ axis at an angle σ, called the torsion.
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Fig. 1. The successive rotations of the T&T angles: (a) tilt, (b) torsion.
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For space limitations, we will omit the otherwise quite-
interesting details of the derivation process (see [17]), and
write directly the resulting rotation matrix of the T&T
angles, which is

R(φ, θ, σ) = cφcθcσ−φ − sφsσ−φ −cφcθsσ−φ − sφcσ−φ cφsθ

sφcθcσ−φ + cφsσ−φ −sφcθsσ−φ + cφcσ−φ sφsθ

−sθcσ−φ sθsσ−φ cθ

, (1)

where cφ = cos φ, sφ = sinφ, cθ = cos θ, sθ = sin θ,
cσ−φ = cos(σ − φ) and sσ−φ = sin(σ − φ).

One of the properties of three-angle orientation repre-
sentation is that a given orientation can be represented
by at least two triplets of angles. To avoid this and the
representational singularity at θ = π (which is hardly
achieved by any parallel mechanism), we set the ranges of
the azimuth, tilt, and torsion as, respectively, φ ∈ (−π, π],
θ ∈ [0, π), and σ ∈ (−π, π]. Then, probably the most
valuable property of the T&T angles is that for the ranges
just defined, the angles (θ, φ, σ) can be represented in a
cylindrical coordinate system (r, φ, h) through a one-to-one
mapping. In other words, any orientation (except a θ = π
one) corresponds to a unique point within a cylinder in the
cylindrical coordinate system, and vice versa. The reason is
that the T&T representational singularity at θ = 0 is of the
same nature as the singularity of the cylindrical coordinate
system occurring at zero-radius (r = 0).

Fig. 2(a) shows an example of the orientation workspace
of a symmetric spatial parallel mechanism, and illustrates
the use of the T&T angles in a cylindrical coordinate
system [12]. In cases where the torsion is irrelevant, as
in a parallel kinematic machine with an axisymmetric tool,
we are only interested in the set of all possible directions of
the body z′ axis (all φ and θ), referred to as the projected
orientation workspace. An example of the latter is shown in
Fig. 2(b). We will use the same polar format to represent
the singularity loci of spherical parallel mechanisms for
a constant torsion, in analogy to the constant-orientation
singularity plots of planar parallel mechanisms.
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Fig. 2. Example of (a) the orientation workspace and (b) the projected
orientation workspace of a symmetric spatial parallel mechanism.

III. SINGULARITY LOCI OF 3-UPS/S SPMS

Consider now the 3-DOF 3-UPS/S symmetric SPM
shown in Fig. 3, which is the simplest spherical parallel
mechanism, from any point of view. It consists of a mobile
platform connected to a base through a spherical joint
and three identical UPS legs, each comprising a prismatic
actuator ending by a universal joint and a spherical joint.
Let the centers of the base and platform joints be denoted
by Oi and Bi, respectively (in this paper, i = 1, 2, 3). Let
O−xyz be the frame that is fixed to the base (base frame)
and C − x′y′z′ be the frame that is fixed to the mobile
platform (mobile frame), and let O ≡ C coincide with
the center of the spherical joint that connects the mobile
platform to the base. Finally, let these frames be chosen in
such a manner that the vectors connecting O with Oi and
expressed in the base frame, denoted by rOi , and the ones
connecting O with Bi and expressed in the mobile frame,
denoted by r′Bi

, be

rOi
=

 `1 cos
(
(i− 1) 2π

3

)
sinβ1

`1 sin
(
(i− 1) 2π

3

)
sinβ1

−`1 cos β1

 , (2)

r′Bi
=

 `2 cos
(
(i− 1) 2π

3

)
sinβ2

`2 sin
(
(i− 1) 2π

3

)
sinβ2

`2 cos β2

 , (3)

where `1 and `2 are the lengths of the vectors, β1 is the
angle between rOi

and the negative base z axis, and β2 is
the angle between r′Bi

and the mobile z′ axis. Obviously,
β2 should be non-zero if we want our mechanism to have
all of its three degrees of freedom controllable. In addition,
to alleviate the presentation, we will make the natural
assumption that 0 ≤ β1 ≤ π/2 and 0 < β2 ≤ π/2.

Skipping the details, the input-output velocity equation
for our mechanism can be easily derived as

Zω =

 (rO1× rB1)
T

(rO2× rB2)
T

(rO3× rB3)
T

ω = diag(ρ1, ρ2, ρ3)ρ̇, (4)

where ω is the vector of angular velocity of the platform
and ρ = [ρ1, ρ2, ρ3]T is the vector of leg lengths.

Fig. 3. A 3-UPS/S symmetric spherical parallel mechanism.
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(a) β1 = 54.74◦, β2 = 54.74◦, σ = 30◦ (b) β1 = 54.74◦, β2 = 54.74◦, σ = 60◦ (c) β1 = 54.74◦, β2 = 54.74◦, σ = 90◦

Fig. 4. Example of the singularity loci of a 3-UPS/S spherical parallel mechanism.

The Type 1 singularity loci of this and other SPMs
will be the subject of another (even more technical) pa-
per. Indeed, while the geometric interpretation of Type 1
singularity loci is trivial, the computation of these loci
is a challenging task. However, let us only note that,
unlike the common practice, these singularities cannot be
generally found from the above velocity equation. The
Type 2 singularities, on the other hand, occur when the
matrix Z is singular. Now, the key idea of our paper is to
use the T&T angles to express r′Bi

in the base frame, i.e.,
rBi

= Rr′Bi
, where R is as given in (1). Then, after some

astute trigonometric manipulations, the equation defining
the Type 2 singularities becomes:

∆ = detZ

= `31`
3
2

3
√

3
16

sinβ1 sinβ2(p1 sin 3φ + p2 cos 3φ + p3)

= `31`
3
2

3
√

3
16

sinβ1 sinβ2∆′ = 0, (5)

where

p1 = (1− cos θ) sin θ(c1 cos 2σ sin 2β2 − c2 cos σ sin 2β1),
p2 = (1− cos θ) sin θ sinσ(c2 sin 2β1 − 2c1 cos σ sin 2β2),
p3 = (1 + cos θ) sinσ

(
(1 + cos θ) cos σ sin 2β1 sin 2β2 +

2c1c2 cos θ + 12c1 + 12c2 − 10c1c2 − 16
)
,

and

cj = 1 + cos2βj = (3 + cos 2βj)/2,

for j = 1, 2.
We will not miss this opportunity to stress on the

importance of the manipulations that led us to the above
simple equation. Because of the use of the T&T angles
and the symmetry of the mechanism, it is logical to expect
that for a constant torsion, the singularity loci will repeat
themselves with a period of 120◦ in φ. This is an indication
that the expression for these Type 2 singularity loci may
possibly be written in terms of 3φ—and indeed it can.
Without this simplification, we will not be dealing with a
linear trigonometric equation in sin 3φ and cos 3φ but with
a cubic one in sinφ and cos φ. Similarly, though this is of
much lesser importance, the singularities will be exactly the
same even if βj were replaced by βj+180◦ (j = 1, 2). This

means that the Type 2 singularity expression may probably
be written in terms of 2β1 and 2β2, which makes the
expression more compact and, therefore, easier to analyze.

Now, we can proceed with analyzing the Type 2 sin-
gularity loci and finding a way to plot them. Obviously,
when β1 = 0 or β2 = 0, we have an architecture singularity
and the resulting mechanism is singular for any orientation.
Rejecting these trivial solutions, we need to solve the linear
polynomial equation ∆′ = 0 in sin 3φ and cos 3φ. We
may substitute with the tangent-half-angle identities and
receive two solutions for 3φ. These solutions are functions
of θ and σ (and β1 and β2, of course). Thus, for a
constant σ, we obtain two parametric functions for the
curves of interest. Each of these functions can be readily
plotted by incrementing θ from 0 to 180◦ and plotting the
corresponding three values for φ (spaced apart by 120◦).

An important observation can be made if we substitute
σ = 0 in ∆′ to obtain:

(1− cos θ) sin θ(c1 sin 2β2 − c2 sin 2β1) sin 3φ = 0. (6)

From the above, it follows that whatever the design of the
mechanism, there will be a singularity at φ = n60◦ (n =
1, 2, ..., 6) for any θ. If also β1 = β2, then there will be
a singularity for any direction (any θ and φ). The same
occurs for σ = 180◦. Therefore, one should always use the
mechanism far from the zero or 180◦ torsion.

Figs. 4 and 5 show the singularity loci of two different
3-UPS/S SPMs, for three different torsions. The plots are
in our constant-torsion polar format illustrated in Fig. 2(b).
To simplify the representation, however, the polar grid is
replaced by only two concentric circles corresponding to
θ = 90◦ (for the inner one) and θ = 180◦.

The maximum tilt angle that can be achieved in any
direction within the range σ ∈ [30◦, 90◦], without reaching
a singularity, is about 50◦ for the first mechanism (the base
as well as the platform vectors are orthogonal), and 70◦

for the second one (β1 = 30◦, β2 = 90◦). Indeed, from
a Type 2 singularity point of view, the second mechanism
represents one of the most optimal designs. Note, that the
singularity loci of the first mechanism can be found in a
trivial manner using the ZYX Euler angles and coordinate
frames coinciding with vectors rBi and rOi [18].
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(a) β1 = 30◦, β2 = 90◦, σ = 30◦ (b) β1 = 30◦, β2 = 90◦, σ = 60◦ (c) β1 = 30◦, β2 = 90◦, σ = 90◦

Fig. 5. Example of the singularity loci of a 3-UPS/S spherical parallel mechanism.

IV. SINGULARITY LOCI OF 3-RRR SPMS

Consider now the 3-DOF 3-RRR symmetric SPM shown
in Fig. 6. It consists of three identical RRR legs in which the
base joint is actuated. The axes of all nine revolute joints
intersect at one point. Let the axes of the base, intermediate,
and platform joints be defined by the unit vectors rOi

, rAi
,

and rBi , respectively. Let O − xyz be the base frame and
C − x′y′z′ be the mobile frame, and let O ≡ C coincide
with the intersection point of all joint axes. Finally, let these
frames be chosen in such a manner that the vectors rOi

expressed in the base frame and the vectors r′Bi
expressed

in the mobile frame be the same as the ones given by (2)
and (3), but with `1 = `2 = 1. Naturally, β1 and β2 will
have the same geometric definition as before.

Skipping again the details, the input-output velocity
equation for this mechanism can be easily derived as

Zω =

 (rA1× rB1)
T

(rA2× rB2)
T

(rA3× rB3)
T

ω = diag
(
(rA1× rB1)

T rO1 ,

(rA2× rB2)
T rO2 , (rA3× rB3)

T rO3

)
θ̇, (7)

where θ is the vector of active-joint variables.
From the above equation, we can easily see that the

mechanism is at a Type 2 singularity when the normals to
the planes of the distal links are linearly dependent. How-
ever, for a given orientation of the mobile platform, there

Fig. 6. A 3-RRR symmetric spherical parallel mechanism.

are generally two possibilities for each vector rAi . (Note
that the 3-RRR SPM has eight working modes, i.e., eight
solutions to its inverse kinematics.) Thus, similarly to the
much simpler case of 3-RRR planar parallel mechanisms
studied in [19], the determinant of Z will contain three
different radicals. It is virtually impossible to study such
an expression using an analytic method. Hence, the only
way to plot the Type 2 singularity loci of general 3-RRR
spherical parallel mechanisms will be through a numerical
or a discretization method.

Unlike for planar 3-RRR parallel mechanisms, however,
there is an easy way to significantly simplify the kinematics
of 3-RRR SPMs: it suffices to use links of 90◦. One of
the nice properties that have such mechanisms is that their
workspace is (theoretically) unlimited. The other is that
for a given orientation of the mobile platform, the two
solutions for each vector rAi

are opposite in direction and
the equation for rAi simplifies to:

rAi
= ±(rOi

× rBi
). (8)

Thus, not only the Type 2 singularity loci become the
same for all working modes, but the expression defining
these singularities becomes significantly simplified and
with no radicals at all. Indeed, using the T&T angles and
the same reasoning as in the previous section, we can obtain
that the equation defining the Type 2 singularity loci for
3-RRR spherical parallel mechanisms with links of 90◦ is:

∆ = detZ = ±3
√

3
32

sinβ2(p1 sin 3φ cos 3φ +

p2 sin2 3φ + p3 sin 3φ + p4 cos 3φ + p5)

= ±3
√

3
32

sinβ2∆′ = 0, (9)

where p1, p2, ..., p5 are coefficients depending only on β1,
β2, σ, and θ. While relatively small, these coefficients will
still fill up a page and will therefore not be presented here.

Once again, we substitute in the above equation the
tangent-half-angle identities and obtain four solutions for
3φ. These solutions are functions of θ and σ (and β1 and
β2). Thus, for a constant σ, we obtain four parametric
singularity curves. Each of these curves can be displayed
by incrementing θ from 0 to 180◦ and plotting the corre-
sponding three values for φ (spaced apart by 120◦).
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(a) β1 = 90◦, β2 = 90◦, σ = 30◦ (b) β1 = 0◦, β2 = 54.74◦, σ = 0◦ (c) β1 = 0◦, β2 = 60◦, σ = 0◦

(d) β1 = 90◦, β2 = 54.74◦, σ = 30◦ (e) β1 = 80◦, β2 = 30◦, σ = 0◦ (f) β1 = 45◦, β2 = 45◦, σ = 20◦

Fig. 7. Examples of the singularity loci of several 3-RRR spherical parallel mechanisms.

Before presenting a couple of examples, let us take
advantage of our analytic expression and try to find out
what designs could lead to simplified or particular cases.
We see immediately that if β2 = 0, then we have an
architecture singularity (the platform can freely rotate about
the coincident platform joint axes). If, on the other hand,
we have β1 = 0, our mechanism becomes, as expected,
significantly simplified. Indeed, if β1 = 0, then we can
find that (9) simplifies to

cos(3φ− 3σ) =
cos θ

(
1 + 3 cos4β2 + cos2θ(1− cos4β2 + 4 cos2β2)

)
sin3θ sinβ2 cos β2(1 + cos2β2)

. (10)

This means that the Type 2 singularity loci of 3-RRR SPMs
with coaxial base joints and 90◦ links have the same shape
for any σ—changing σ only rotates the loci.

Fig. 7 shows the singularity loci of several different
3-RRR SPMs. Once again, the two concentric circles cor-
respond to θ = 90◦ and θ = 180◦. Fig. 7(a) shows the
singularity loci of a 3-RRR SPM with coplanar base and
platform joint axes, shown in Fig. 8. For any torsion angle,
the Type 2 singularity loci of this mechanism are three
equally-spaced identical curves that pass through the center,
θ = 0. SPMs of this type, but not necessarily with 90◦ links
(which are hardly of any use due to the omnipresence of
singularities), were studied in [5].

Figs. 7(b) and 7(c) correspond to two designs with
coincident base joint axes. As we proved a few paragraphs
back, the Type 2 singularity loci of such designs are
identical for any torsion angle, but only rotated at the

torsion angle. It can be shown that the largest minimum
tilt angle occurs in the design where the three platform
axes are orthogonal (i.e., β2 = cos−1(1/

√
3) ≈ 54.74◦).

However, this largest minimum tilt angle is only about 35◦.
Therefore, 3-RRR spherical parallel mechanisms with 90◦

links and coincident base joint axes have a relatively small
singularity-free workspace. Yet, a US patent was recently
filed on this design [20], though not insisting on 90◦ links,
and a prototype was developed for laparoscopic surgery.
It is interesting to mention, though, that if β2 = 90◦,
∆′ = −4 cos θ sin2 θ, which means that this design has
a Type 2 singularity only when θ = 0, 90◦, or 180◦.
According to [4], such a spherical wrist was developed by
the Japanese company Shin Meiwa Industry Ltd., but with
proximal links of 70◦ and distal links of 95◦. Reference [4]
states, however, that the “kinematic and static performance
of this wrist is very poor” and suggests to rather use links
of 50◦ and 105◦.

Fig. 8. A 3-RRR symmetric SPM with coplanar base and platform axes.
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Fig. 9. The Agile Eye—the least singularity-prone 3-RRR SPM.

Fig. 7(d) corresponds to what might seem to be a special
design, as the base axes are coplanar while the platform
axes are orthogonal. However, we can see that apart from
the fancy shape of the singularity loci, there is nothing
particular about this design and it does not have a large
singularity-free workspace.

Fig. 7(e), on the other hand, corresponds to what looks
like an ordinary design. Yet, this mechanism can achieve,
without crossing a Type 2 singularity, tilt angles of up
to 70◦ in any direction and with torsion angles of up to
±85◦. Not surprisingly, a haptic device corresponding to
this design has been already developed [21].

Finally, Fig. 7(f) is one of a series of examples demon-
strating that for virtually any torsion when both β1 and β2

approach 54.74◦ (the Agile Eye design [7] shown in Fig. 9),
the Type 2 singularity loci diminish to finally disappear (in
fact, reduce to three points). Indeed, it was shown in [8]
that, in the Agile Eye, the Type 2 singularity loci coincide
with the Type 1 ones, which are only a couple of curves in
the whole orientation workspace. Thus, although with no
formal proof, we can safely state that the least singularity-
prone SPM is the Agile Eye.

V. CONCLUSION

We showed in this paper that the Tilt-and-Torsion an-
gles are a powerful geometric tool for the analysis of
symmetric spherical parallel mechanisms. Particularly, we
derived simple expressions for the Type 2 singularity loci
of two of the most basic spherical parallel mechanisms
and studied several designs of interest. Naturally, examples
of the singularity loci were given. It is clear that other
properties of symmetric spherical parallel mechanisms can
be studied with the same success using our approach.
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