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Abstract— This paper presents an innovative approach to the
design of a cycle to cycle control algorithm: Fuzzy Terminal
Iterative Learning Control (f-TILC). This is the first fuzzy
Terminal Iterative Learning Control (TILC) ever proposed up
to now. This fuzzy controller is built from a fuzzy model of the
process, based on the 1st order Takagi Sugeno Kwan Fuzzy In-
ference System. The rule consequents are expressed as matricial
equations, and obtained from experimental results and kriging
interpolation. Simulation results show the effectiveness of our
fuzzy TILC, especially in terms of providing a good initial
guess as to the inputs to apply to the control process. This
control approach can help to reduce the wastage of products
in thermoforming processes.

I. INTRODUCTION

Some processes are repetitive, since they produce the same
part over and over. Thermoforming machines and the rapid
thermal process for chemical vapor deposition (RPTCVD)
are of these processes, which produce molded plastic parts
and semiconductor wafers respectively. The quality of the
parts produced is strongly dependent on the process setpoints
tuning (in both case heater temperature setpoints) [1]–[6].

In the thermoforming process, setpoints are adjusted by the
machine operator, mostly using a trial-and-error approach.
This results in wasted products, especially at the start of a
new production batch [5]. To reduce this wastage, a cycle to
cycle control approach, Terminal Iterative Learning Control
(TILC) was introduced in [1], [2] in 1997, derived from
Iterative Learning Control (ILC). ILC uses measurements
sampled along all the cycle, while TILC uses measurements
sampled at the end of the cycle [2], [7].

TILC algorithms are based the following assumptions [1],
[4]:
• The cycle length T ∈ R has a fixed duration;
• The input vector u[k] ∈ Rm is maintained constant

during the entire cycle k ∈ N;
• The process always has the same initial state vector

x0[k] ∈ Rn;
• The desired output vector yd ∈ Rp must be feasible.

Therefore, there must be an input vector u[k]∗ such that
the measured output y[k] ∈ Rp is equal to yd. Also, the
input vector u[k]∗ must be unique.
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Engineering, École de technologie supérieure, Montreal, Canada, H3C 1K3,
robert.sabourin@etsmtl.ca

Fig. 1. Proposed fuzzy TILC structure in a closed loop system.

Since fuzzy ILC approaches have already been designed
and tested for the control of repetitive processes with some
success [8]–[10], we propose a fuzzy TILC (f-TILC) algo-
rithm to control these processes in which the outputs are
measured only at the end of the cycle. Generally, a fuzzy
ILC is built based on the knowledge of the process engineer.
In the approach proposed in this paper, we build the f-TILC
from measurements and from kriging interpolation.

The proposed f-TILC structure, which is shown in Figure
1, is based on a TILC with Internal Model Control (IMC),
but using a fuzzy nonlinear model instead of a linear model.
This is known in the literature as fuzzy nonlinear internal
model control (FNIMC) [11]–[14].

FNIMC uses the inverse of a fuzzy model with an expo-
nential filter. The role of this filter, which is also used in IMC,
is to adjust the convergence rate of the fuzzy controller while
ensuring closed-loop robustness [15]. Then, if the filter is
properly tuned, the FNIMC closed loop response is such that
the output vector y converges to the desired output vector
yd in a monotonic way [15].

In most papers on FNIMC, the fuzzy inference system
(FIS) selected is the Takagi Sugeno Kwan (TSK) of order 0
[11]–[14], [16], [17]. This means that the rule consequents
are constant values. In [13], the inversion of a fuzzy model
is presented. In [17], a nuclear power plant is decoupled
using a fuzzy nonlinear decouling controller. A review of
the literature on fuzzy model inversion is given in [12],
along with a description of the decomposition of a nonlinear
multiple input/multiple output (MIMO) system into multiple
input/single output (MISO) subsystems. While performing
an inversion of a single input/single output (SISO) fuzzy
model with a TSK FIS of order 0 may seem easy, it is more
challenging to do so with a MIMO system, which is why
decomposition of the MISO is justified, since it helps reduce
the complexity of the inversion process.

In the following sections, we show how to build a fuzzy f-
TILC based on the inverse of the fuzzy model of the process.
The fuzzy inference system (FIS) used in the fuzzy model
of the process is a 1st order TSK FIS, and so the rule



consequents are linear polynomials of the inputs [6].
The proposed FIS is a 1st order TSK, because we consider

that it makes fuzzy model inversion easier to achieve. Sadly,
this inversion is not accurate; however, the exponential filter
will compensate this inaccuracy. We can also increase the
number of fuzzy sets in the fuzzy model. Based on the
authors knowledge, this is the first fuzzy TILC ever proposed
up to now.

The f-TILC is used to control the RPTCVD process model
presented by Chen [1]–[3] and the thermoforming oven
model given in [4], [19].

Section II shows how a fuzzy model of a repetitive process
can be built based on a 1st order TSK FIS. Section III
explains how to invert this fuzzy model. Section IV shows
how this inverse fuzzy model is transformed into an f-
TILC by adding an exponential filter. Section V provides
our simulation results, and section VI concludes the paper.

II. FUZZY MODEL OF A PROCESS

To design an f-TILC algorithm, we need a fuzzy model
of the process that we wish to control. The fuzzy model
proposed here is based on the 1st order TSK FIS. Each fuzzy
set is triangular, and its consequent is a linear polynomial.

The process from which we build the fuzzy model has m
inputs identified as uj ∈ R with j ∈ {1, ...,m}. It also has
p outputs yj ∈ R with j ∈ {1, ..., p}.

In this paper we made the following assumptions about
the system to be modeled:
• The system has the same number of inputs and outputs:
p = m;

• In this closed-loop system, the input uj is paired with
the output yj in the j-th loop.

A. The universes of discourse of the inputs
Each input uj has a range of values, called a universe

of discourse Uj , such that uj ≤ uj ≤ uj , where uj is the
minimal value of uj and uj is its maximal value.

These universes of discourse are obtained from knowledge
of the process. The orthogonal combination of the universes
of discourse gives the input space U :

U = U1 × . . .× Um

Each universe of discourse Uj is then divided into Nj

triangular fuzzy sets.

B. The triangular fuzzy sets
The i-th triangular fuzzy set of the j-th input is identified

by the linguistic variable Aj,i. The base of this i-th triangular
fuzzy set extends from aj,i−1 to aj,i+1 and its peak is located
at aj,i (see the example in Figure 2).

There are two exceptions, fuzzy sets Aj,1 and Aj,Ni
,

the respective peaks of which, aj,1 and aj,Ni
, are on the

boundaries of the universe of discourse.
The fuzzy sets are such that the sum of the membership

levels of two adjacent fuzzy sets Aj,i and Aj,i+1 is equal
to 1:

µAj,i
+ µAj,i+1

= 1 (1)

for aj,i ≤ uj ≤ aj,i+1.

Fig. 2. Fuzzy sets parameters of the membership functions for input uj
(an example with 5 sets).

C. The rules and their consequents

The rules Ri1,i2,...,im of a fuzzy system are defined as:

Ri1,i2,...,im : If u1 is A1,i1 , and u2 is A2,i2 . . .

and um is Am,im , then y = ri1,i2,...,im
(2)

where ri1,i2,...,im ∈ Rp corresponds to the rule consequent,
and ij ∈ {1, . . . , Nj} selects the fuzzy set Aj,ij implied in
the rule for the j-th input. The number of fuzzy model rules
is Nrules = N1 × . . .×Nm.

Since we use a 1st order TSK FIS, the linear rule conse-
quent ri1,i2,...,im is defined as:

ri1,i2,...,im = Di1,i2,...,imu+ ci1,i2,...,im (3)

where the input vector u ∈ Rm is:

u =
[
u1 u2 . . . um

]T
, (4)

the matrix Di1,i2,...,im ∈ Rp×m contains the coefficients
of the rule polynomials, and ci1,i2,...,im ∈ Rp contains the
constant coefficients of the polynomials.

D. Obtaining the rules consequent

To obtain the consequents ri1,i2,...,im of the fuzzy model,
we need to perform some experiments on the process. To
help explain our approach to the fuzzy model design, we
begin with a SISO process.

1) The SISO process: In this example, the SISO process
has an input u with its universe of discourse moving from
u = a1 to u = a5, as shown in Figure 2 (except that, for
the SISO, we drop the input number subscript j). In this
example, the universe of discourse is divided into five fuzzy
sets, A1 to A5. So, there are five rule consequents to obtain.

The rules of a SISO process are obtained directly:

Ri : If u is Ai, then y = ri (5)

where ri = diu+ ci ∈ R is the rule consequent polynomial
and di ∈ R and ci ∈ R are the rule coefficients. i ∈
{1, . . . , N} identify the fuzzy set number, where N is the
number of fuzzy sets in this SISO fuzzy model.

Because rule Ri is associated with the fuzzy set Ai, we
say that this rule is dominant when µAi > 0.5, or when u is
between bi−1 and bi, with bi defined as follows:

bi =
ai + ai+1

2
(6)



Fig. 3. Rule Ri1,i2 boundaries and input coordinates for the experiments.

(for i ∈ {1, . . . , N − 1}). Therefore, bi corresponds to the
coordinate where two adjacent fuzzy sets Ai and Ai+1 share
the same membership value of 0.5.

At the boundaries of the universe of discourse, we define,
b0 = a1 and bN = aN (here, b5 = a5).

To obtain the rule consequent ri of Ri, we use two
measurements, at u = bi−1 and at u = bi. For the five
fuzzy sets in this SISO example, we measure the output
of the system when the input is in this list: b0, b1, b2, b3,
b4 and b5. The corresponding measured output values are
identified as follows: φ0, φ1, φ2, φ3, φ4 and φ5. So, there are
6 experiments to perform to obtain the five rules. Generally,
for SISO process, we have to perform N + 1 experiments.

The rule consequents ri (i ∈ {1, . . . , 5}) are calculated
using kriging interpolation. This interpolation approach is
explained in [20].

We provide a second example, with two inputs and two
outputs, in the subsection below, which will help explain the
fuzzy modeling of the MIMO process.

2) The MIMO process: In this example, we divide two
inputs u1 and u2 into five fuzzy sets (see Figure 2).

The rules for this two input fuzzy model are defined as
follows:

Ri1,i2 : If u1 is A1,i1 and u2 is A2,i2 , then y = ri1,i2 (7)

where ij ∈ {1, . . . , Nj} identify the fuzzy sets of input uj
used in the rule Ri1,i2 and ri1,i2 ∈ R2 is the rule consequent
vector:

ri1,i2 = Di1,i2u+ ci1,i2 (8)

where u =
[
u1 u2

]T
, Di1,i2 ∈ R2×2 and ci1,i2 ∈ R2.

As we did in the SISO case, we can consider the rule
Ri1,i2 to be dominant when both membership levels µA1,i1

and µA2,i2
, are over 0.5.

The area where rule Ri1,i2 is dominant is defined by four
boundaries: b1,i1−1 and b1,i1 along input u1; and b2,i2−1 and
b2,i2 along input u2 (Figure 3). Again, as in the SISO case
(6), bj,ij is defined as follows:

bj,ij =
aj,ij + aj,ij+1

2
(9)

for the j-th input. Also, at the boundaries of the universe of
discourse, we can define bj,0 = aj,1 and bj,Nj

= aj,Nj
.

To find rule Ri1,i2 , we have to perform four experiments
at the input coordinates in the second column of Table I
and shown in Figure 3. The input coordinates used for the
experiments to find the rules are highlighted in Figure 3 with
black dots.

The last column in Table I gives the measured outputs
that have been identified. From the inputs and outputs, we

TABLE I
EXPERIMENTS REQUIRED TO FIND RULE Ri1,i2

# Applied input uT Measured output yT

1
[
b1,i1−1 b2,i2−1

] [
φ1,i1−1,i2−1 φ2,i1−1,i2−1

]
2

[
b1,i1 b2,i2−1

] [
φ1,i1,i2−1 φ2,i1,i2−1

]
3

[
b1,i1−1 b2,i2

] [
φ1,i1−1,i2 φ2,i1−1,i2

]
4

[
b1,i1 b2,i2

] [
φ1,i1,i2 φ2,i1,i2

]

can obtain the rule consequents using kriging interpolation
(see [20]).

The total number of experiments required to find all the
rules of an m input MIMO fuzzy model is (N1+1)× . . .×
(Nm + 1), where Nj is the number of fuzzy sets of the j-
th input. For this MIMO example, 36 experiments must be
performed to find the 25 rules.

Processes with more inputs/outputs are modeled in a
similar fashion.

Once all the universes of discourse, fuzzy sets, and rules
have been defined, we have a fuzzy model y = F(u) of the
process. To be able to control the process with an f-TILC, we
need to invert this fuzzy model. We explain how to achieve
this in the next section.

III. INVERSION OF THE FUZZY MODEL

Starting with the fuzzy model of the process, we try to
obtain its inverse ũ = G(ỹ). Ideally, we want to have G =
F−1. However, it is not always possible to obtain an accurate
inverse fuzzy model, which is why we add an exponential
filter to the f-TILC algorithm, as explained in section IV and
shown in Figure 1. We assume that the number of inputs is
equal to the number of outputs (p = m).

The inversion process is carried out in two steps. First,
we build the triangular fuzzy sets of the inverse fuzzy model
(IFM) inputs. Then, we evaluate the IFM rules and their
consequents.

To help explain the fuzzy model inversion process, we
begin with the inversion of a SISO fuzzy model.

A. Inversion of a SISO fuzzy model

The inversion of a SISO fuzzy model is relatively straight-
forward. Remember that we drop the subscript j for this
model.

The first step in the inversion process is to define the fuzzy
sets for the IFM input. This input is identified as ỹ, since it
corresponds to the output y of the fuzzy model. Similarly,
the IFM output is identified as ũ.

The i-th fuzzy set of input ỹ is identified by the linguistic
variable Ãi. Its peak is located at ai = F(ai), because we
used the fuzzy model F(u) to find ai. We assumed that the
peak coordinates of the IFM fuzzy sets is related to those of
the fuzzy model.

The fuzzy sets of the IFM are triangular, and are such that:

µÃi
+ µÃi+1

= 1 (10)

for two adjacent fuzzy sets.
To be able to invert the fuzzy model, one of the following

statement must be true: (1) ai are not increasing (that is,



a1 > a2 > . . . > aN ); or (2) ai are not decreasing (that is,
a1 < a2 < . . . < aN ). If neither of these statements applies,
the inversion approach presented here cannot be used.

Once we have obtained the fuzzy sets and checked that
the inversion of the fuzzy model is feasible, the rules R̃i of
the IFM can be obtained. They are defined as follows:

R̃i : If ỹ is Ãi, then ũ = r̃i (11)

where:
r̃i =

ỹ − ci
di

= d̃iỹ + c̃i (12)

with the coefficients d̃i = 1/di and c̃i = −ci/di.
After defining the fuzzy sets and building their rules, we

have the IFM ũ = G(ỹ) of the process.
We now repeat the inversion process with a MIMO system

in the subsection below.

B. Inversion of a MIMO fuzzy model

We introduce MIMO fuzzy model inversion with two
input, two output example.

As was the case for the SISO fuzzy model, we begin by
building the fuzzy sets of the IFM input.

The i-th fuzzy set Ãj,i of the j-th input ỹj has a peak
located at:

aj,i = Fj(vj,i) (13)

where Fj(•) is the j-th output of the fuzzy model and vj,i ∈
R2 is the input to apply to the fuzzy model corresponding
to the peak of Aj,i.

The vector vj,i is defined by:

vj,i =
[
vj,i,1 vj,i,2

]T
(14)

In this vector, we define each entry vj,i,k (with k ∈ {1, 2})
as:

vj,i,k =

(
ak,Nk

− ak,1
aj,Nj

− aj,1

)
aj,i +

aj,Nj
ak,1 − aj,1ak,Nk

aj,Nj
− aj,1

(15)

Since a•,1 and a•,N• (with • equal to j or k) are at
the boundaries of the universe of discourse, the previous
equation can be rewritten as:

vj,i,k =

(
uk − uk
uj − uj

)
aj,i +

ujuk − ujuk
uj − uj

(16)

Note that if j = k, the previous equation reduces to vj,i,j =
aj,i.

As was the case with the SISO IFM, the fuzzy sets are
triangular, and are such that:

µÃi,j
+ µÃi,j+1

= 1 (17)

for two adjacent fuzzy sets. Furthermore, for each input
we must check whether the aj,i are strictly increasing or
decreasing for all inputs uj and indices i from 0 to Nj .

If the inversion of the fuzzy model is feasible, we can
build the IFM rules. These rules, identified as R̃i1,i2 , are
defined as follows:

R̃i1,i2 : If ỹ1 is Ã1,i1 and ỹ2 is Ã2,i2 , then ũ = r̃i1,i2 (18)

Fig. 4. Output space — fuzzy model vs inverse fuzzy model.

where the corresponding consequent r̃i1,i2 is defined:

r̃i1,i2 = D−1
i1,i2

(ỹ − ci1,i2) = D̃i1,i2 ỹ + c̃i1,i2 (19)

with D̃i1,i2 = D−1
i1,i2

and c̃i1,i2 = −D−1
i1,i2

ci1,i2 .
When using the MIMO IFM, we must check whether or

not the values ũ1 and ũ2 are on the universes of discourse
of u1 and u2 respectively.

Figure 4 shows an example of how the universes of inputs
u1 and u2 map to the output space y1 and y2. This mapping
appears in green in the figure, and the boundaries of the input
universes of discourse are identified on it.

For the IFM, the universes of discourse of inputs ỹ1 and
ỹ2 define the square with red dotted boundaries shown in
Figure 4. Then, for any (ỹ1,ỹ2) coordinates inside the red
dotted square, but outside the green area, we find values of
(ũ1,ũ2) such that at least one of them is outside the universes
of discourse of the inputs.

This inversion approach can be easily generalized for
MIMO having more than two inputs (m = p > 2).

By this point, we have created an IFM of the process that
we wish to control. To complete the f-TILC design, we need
to add an exponential filter, as explained in the next section.

IV. FROM INVERSE FUZZY MODEL TO FUZZY TILC
In the previous section, we showed how to obtain the IFM

of a process, which gives us the second part of the f-TILC,
as shown in Figure 1. The first part is the exponential filter
that evaluates the input ỹ to apply to the IFM from the error
e between the desired output and the measured output.

This filter, expressed in the z domain is defined by this
diagonal matrix:

F(z) = diag(f1(z), f2(z), . . . , fp(z)) (20)

where:
fj(z) =

(1− αj)z

z − 1
(21)

αj is the j-th loop filter parameter and is such that 0 ≤ αj <
1.

The value of each parameter αj has an effect on the speed
of convergence from y to yd.

When we start controlling the process with the f-TILC,
the output of the exponential filter is initialized at the desired



Fig. 5. Thickness error with the f-TILC with an initial input of 7.5

output value, and so the initial value of ỹ is directly set to
yd.

When the IFM is the exact inverse of the process, the
output y = yd when ỹ = yd, and all is well. But, most
of the time, this is not the case, and y 6= yd even when
we initialize ỹ at yd. Since our initial guess was wrong,
the exponential filter will change the value of ỹ based on
the value of the error e and the previous value of ỹ. If the
αi parameters of the filter are appropriately adjusted, y will
converge to yd (or the error e will converge to 0) [15].

V. SIMULATION RESULTS

To show the effectiveness of our f-TILC design approach,
we test it on two repetitive processes. The first process that
we try to control with the f-TILC algorithm is Rapid Process
Thermal Chemical Vapor Deposition (RPTCVD). This is a
SISO process. The second process is a thermoforming oven,
and is a MIMO process. We present the f-TILC closed loop
system behavior of both processes. An important metric is
the convergence speed to a low level of error, since this is
related to wastage of products. We assume that there are no
measurement noise.

A. RPTCVD results
For the RPTCVD process, we use the mathematical model

given in [3] as a benchmark. The input of this system is a
parameter related to the lamp power profile and the output
is the deposit thickness.

The universe of discourse of the input u moves from 0.25
to 24 while the output moves from 0.0212 to 1.4269 µm.
The deposit thickness is usually measured in a laboratory at
the end of the process cycle.

The fuzzy model of the RPTCVD process is obtained and
then inverted to design the f-TILC. We create designs with
2, 5, and 10 fuzzy sets. The fuzzy set peaks are equidistant
in all cases. To obtain the rules, we need to perform 3, 6, and
11 experiments on the process respectively, since we need to
do Nrules +1 experiments. We also build a f-TILC based on
a TSK FIS of order zero with 5 fuzzy sets to compare our
results.

For all simulations, the desired thickness is fixed at 0.5
µm and the exponential filter parameter α is set to 0.5, in
order to achieve a monotonic convergence.

Fig. 6. Thickness error with the f-TILC with its initial input guessed by
the IFM

For the first set of simulations, we choose (arbitrarily) 7.5
as the initial value sent by the f-TILC to the process input.
The simulation results are shown in Figure 5. We can see
that in all cases the closed loop error converges below 0.025
µm in 5 cycles. In this case, the f-TILC with the TSK FIS of
order zero outperform the f-TILC algorithms based on TSK
FIS of order one.

We repeat the simulations, but using the initial guess given
by the inverse fuzzy model based on the desired thickness.
Figure 6 shows that the initial error is much lower when we
use the initial guess given by the f-TILC. The worst case
occurs with the 2 fuzzy set f-TILC, while the best cases are
the f-TILC with 10 fuzzy sets. The f-TILC based on the TSK
FIS of order zeros gives similar results as the other f-TILC.

These results show that the number of wasted wafers can
be reduced because of the initial guess made by the f-TILC,
even with an inverse fuzzy model based on only two fuzzy
sets. Furthermore, the f-TILC based on a TSK FIS of order
one seems to not gives a great improvement, compared to
the f-TILC based on a TSK FIS of order zero.

B. Thermoforming oven model

To test the design of a MIMO f-TILC, we use the
mathematical model of the thermoforming oven presented in
[4] as benchmark, with 6 heaters and 6 infrared sensors (used
for surface temperature measurement). For a MIMO system,
it is very hard to obtain a f-TILC based on a TSK FIS of
order zero. This is the major advantage of the proposed f-
TILC approach.

The universes of discourse of all the heaters were fixed in
the 250 to 450 ◦C range. This range was divided among a
number of fuzzy sets (for each input).

The six heater, six sensor oven simulation gives also
very interesting results. If we ask for a uniform surface
temperature of 150◦C at the six measurement points, the
initial guesses of the heater temperature setpoints give an
error over 5◦C, but this error falls below 5◦C at the 2nd

cycle, as shown in Figure 7.
It is important to note that for a MIMO system we need

to check whether of not the output ũ of the f-TILC falls
into the feasible range of process inputs. This is illustrated



Fig. 7. Surface temperature error (with the IFM guess — desired surface
temperatures: 150, 150, 150, 150, 150 and 150 ◦C — α = 0.5)

in Figure 4. When a desired output vector is requested that
is outside the green region in Figure 4, the f-TILC will give
input values that are outside the feasible space of the process
model.

This is done for the thermoforming process to ensure
that we never apply unreasonable setpoint values that could
damage the oven. If the plastic sheet is heated too much,
it could become so malleable that it falls onto the bottom
heaters, which would require that the process be stopped to
clean them.

The f-TILC approach seems to work well for a MIMO
process like thermoforming. However, we had to perform
numerous experiments to obtain the fuzzy rules for the fuzzy
model of the process. For the four input, four output case,
when the number of fuzzy sets per input is equal to 2, 81
experiments are required. With 7 fuzzy sets per input, the
number of experiments rises to 4096! We are hopeful that the
f-TILC will perform well with a small number of fuzzy sets
per input, because we use an exponential filter to compensate
for the inverse fuzzy model error.

VI. CONCLUSION

This paper shows that good quality results can be obtained
using an f-TILC algorithm designed with the approach
proposed in this paper. This approach uses a fuzzy model
of the process based on the 1st order TSK FIS. The linear
polynomial rules were built from measurements performed
on the process, along with kriging interpolation. The model
is then inverted and combined with an exponential filter to
obtain our f-TILC.

This f-TILC helps to achieve faster convergence, since it
gives a good initial estimate of the input to apply to the
process. The results seems to be good, with the RPTCVD
and thermoforming processes requiring only two fuzzy sets
per input. These processes, which are used as benchmarks,
are both nonlinear.

In future work, we will address the case where the number
of inputs is not the same as the number of outputs. We will
need to assess the effect of measurement noise on the fuzzy
model and the resulting f-TILC, and answer the following
question: How much noise can be tolerated by the f-TILC

before its behavior begins to deteriorate? We will also have
to look into the possibility of using the measurement data
acquired during normal production to build the fuzzy model,
in order to reduce the number of measurements required to
obtain the fuzzy model.
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