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Information fusion research has recently focused on the characteristics of the decision profiles of ensem-
ble members in order to optimize performance. These characteristics are particularly important in the
selection of ensemble members. However, even though the control of overfitting is a challenge in
machine learning problems, much less work has been devoted to the control of overfitting in selection
tasks. The objectives of this paper are: (1) to show that overfitting can be detected at the selection stage;
and (2) to present strategies to control overfitting. Decision trees and k nearest neighbors classifiers are
used to create homogeneous ensembles, while single- and multi-objective genetic algorithms are
employed as search algorithms at the selection stage. In this study, we use bagging and random subspace
methods for ensemble generation. The classification error rate and a set of diversity measures are applied
as search criteria. We show experimentally that the selection of classifier ensembles conducted by
genetic algorithms is prone to overfitting, especially in the multi-objective case. In this study, the partial
validation, backwarding and global validation strategies are tailored for classifier ensemble selection
problem and compared. This comparison allows us to show that a global validation strategy should be
applied to control overfitting in pattern recognition systems involving an ensemble member selection
task. Furthermore, this study has helped us to establish that the global validation strategy can be used
to measure the relationship between diversity and classification performance when diversity measures
are employed as single-objective functions.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

The application of an ensemble creation method such as bag-
ging [4], boosting [6] or random subspace [9] generates an initial
set of classifiers C, where C ¼ fc1; c2; . . . ; cng. Given such a pool of
classifiers, there are two main options for designing ensembles:
(1) fusion; and (2) selection. The most common and most general
operation is the fusion of all n classifier decisions. Majority voting,
sum, product, maximum and minimum [11] are examples of func-
tions used to combine the decisions of ensemble members. Classi-
fier decision fusion is based on a hope that each classifier makes
independent errors. However, it is difficult to impose indepen-
dence among an ensemble’s component members, especially since
the component classifiers are redundant [31], i.e. they provide re-
sponses to the same problem. As a consequence, there is no guar-
antee that a particular ensemble combination method will achieve
error independence.

By contrast, classifier selection has focused on finding the most
efficient subset of classifiers, rather than combining all available n
classifiers. This approach is mentioned under different names in
the literature, such as ‘‘overproduce and choose strategy” [19]
and ‘‘test and select methodology” [31]. In any case, the principle
ll rights reserved.
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is that, given the initial pool C, the best performing subset of clas-
sifiers in PðCÞmust be found, and this is the powerset of C defining
the population of all possible candidate ensembles Cj. Although the
search for the best subset of classifiers can be exhaustive [31],
search algorithms might be used when a large C is available due
to the exponential computing complexity of an exhaustive search,
since the size of PðCÞ is 2n.

Several search algorithms have been applied in the literature for
classifier selection, ranging from ranking the n best classifiers [19]
to genetic algorithms (GAs) [28,33]. Ensemble combination perfor-
mance [27], diversity measures [33,1,30] and ensemble size [23]
are search criteria which are often employed. GAs are attractive
since they allow the fairly easy implementation of classifier selec-
tion tasks as optimization processes [32]. However, it has been
shown that such stochastic search algorithms, when used in con-
junction with machine learning techniques, are prone to overfit-
ting in different application problems like distribution estimation
algorithms [36], the design of an evolutionary multi-objective
learning system [14], multi-objective pattern classification [2]
and wrapper-based feature subset selection [15,7].

Overfitting is a key problem in supervised machine learning
tasks. It is the phenomenon detected when a learning algorithm fits
the training set so well that noise and the peculiarities of the train-
ing data are memorized. As a result of this, the learning algorithm’s
performance drops when it is tested in an unknown dataset. The
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amount of data used for the learning process is fundamental in this
context. Small datasets are more prone to overfitting than large
datasets [12], although, due to the complexity of some learning
problems, even large datasets can be affected by overfitting. In an
attempt to tackle this issue, several machine learning studies have
proposed solutions, such as: regularization methods, adding noise
to the training set, cross-validation and early stopping [25]. Early
stopping is the most common solution for overfitting control.

The problem of selecting classifier ensembles, using an optimi-
zation dataset O can be formulated as a learning task, since the
search algorithm operates by minimizing/maximizing the objec-
tive function. We may define overfitting in the context of ensemble
selection inspired by the definition provided by Mitchell [16] in the
following way. Let C�j and C�

0

j be the best performing candidate
ensembles found through calculating the error rate � for each ele-
ment of PðCÞ over samples contained in O and in a validation set V
respectively. Consider the classification error � of these two candi-
date ensembles measured using samples from V. We will denote
this classification error by �ðV;C�j Þ and �ðV;C�

0

j Þ. In this setting,
C�j is said to overfit on O if an alternative candidate ensemble
C�
0

j 2 PðCÞ can be found such that �ðV;C�j Þ > �ðV;C�
0

j Þ. In this
way, overfitting is measured as

overfitting ¼ �ðV;C�j Þ � �ðV; C�
0

j Þ: ð1Þ

Even though different aspects have been addressed in studies
investigating overfitting in the context of classifier ensembles, for
instance regularization terms [24] and methods for tuning classi-
fier members [20], very few authors have focused on proposing
methods to tackle overfitting at the selection stage. Tsymbal
et al. [34] suggested that using individual member accuracy (in-
stead of ensemble accuracy) together with diversity in a genetic
search can overcome overfitting. Radtke et al. [23] proposed a glo-
bal validation method for multi-objective evolutionary optimiza-
tion including classifier ensemble selection.

Nonetheless, overfitting in pattern recognition has attracted
considerable attention in other optimization applications. Llorà
et al. [14] suggested the use of optimization constraints to remove
the overfitted solutions over the Pareto front in an evolutionary
multi-objective learning system. Wiegand et al. [35] [23] proposed
global validation strategies for the evolutionary optimization of
neural network parameters. Loughrey and Cunningham [15] pre-
sented an early-stopping criterion to control overfitting in wrap-
per-based feature subset selection using stochastic search
algorithms such as GA and Simulated Annealing. Finally, Robilliard
and Fonlupt [26] proposed ‘‘backwarding”, a method for prevent-
ing overfitting in Genetic Programming (GP).

Overfitting control methods applied to pattern recognition
problems may be divided into three categories. The first contains
problem-dependent methods, which, as the name suggests, cannot
be widely reused [14,34]. The second contains the early stopping-
based methods [15], which can be directly used in single-objective
optimization problems. The method proposed in [15], for example,
relies on determining a stopping generation number by averaging
the best solution from each generation over a set of 10-fold cross-
validation trials. However, defining an early-stopping criterion is
more difficult when a Pareto front (i.e. a set of nondominated solu-
tions) is involved due to the fact that comparing sets of equal
importance is a very complex task. Finally, the third contains the
archive-based methods [23,35,26], which have been shown to be
efficient tools for tackling overfitting [35,26,29] and may be widely
reused in all optimization problems [23].

We show in this paper that overfitting can be detected during
the process of classifier ensemble selection, this process being
formulated as an optimization problem using population-based
evolutionary algorithms. We attempt to prove experimentally that
an overfitting control strategy must be conducted during the opti-
mization process. Since both single-objective GA and multi-objec-
tive GA (MOGA) are examined in this paper, we investigate the use
of an auxiliary archive A to store the best performing candidate
ensembles (or Pareto fronts in the MOGA case) obtained in a vali-
dation process using the validation partition V to control overfit-
ting. Three different strategies for update A have been compared
and adapted in this paper to the context of the single- and multi-
objective selection of classifier ensembles: (1) partial validation
where A is updated only in the last generation of the optimization
process; (2) backwarding [26] which relies on monitoring the opti-
mization process by updating A with the best solution from each
generation; and (3) global validation [23] updating A by storing in
it the Pareto front (or the best solution in the GA case) identified on
V at each generation step.

The initial pools of classifiers are created using bagging and the
random subspace method while decision trees (DT) and k nearest
neighbors (kNN) are the base classifiers. Four diversity measures
(described in Section 4.1.3) and the classification error rate � are
used to guide the optimization process. Diversity measures are ap-
plied by MOGA in combination with � in pairs of objective func-
tions. Moreover, the diversity measures, as well as �, are
employed as single-objective functions by GA. The global valida-
tion strategy is also used to show the relationship between diver-
sity and performance, specifically when diversity measures are
used to guide GA. The assumption is that, if a strong relationship
exists between diversity and performance, the solution obtained
by performing global validation solely guided by diversity should
be close, or equal, to the solution with highest performance among
all solutions evaluated. This offers a new possibility for analyzing
the relationship between diversity and performance, which has re-
ceived a great deal of attention in the literature [13,5,27].

Our objective in this paper is to answer the following questions:

(1) Which is the best strategy employing an archive A for
reducing overfitting in classifier ensemble selection when
this selection is formulated as an optimization problem?

(2) Are classifier ensembles generated by bagging and the ran-
dom subspace method equally affected by overfitting in clas-
sifier ensemble selection?

The following section demonstrates the circumstances under
which the process of classifier ensemble selection results in over-
fitting. In Section 3, three strategies used to control overfitting
are introduced. The parameters employed in the experiments are
described in Section 4. Finally, the experimental results are pre-
sented in Section 5. Conclusions and suggestions for future work
are discussed in Section 6.

2. Overfitting in selecting classifier ensembles

The selection process for classifier ensembles is illustrated in
Fig. 1. An ensemble creation method is employed using a training
dataset (T) to generate the initial pool of classifiers C. Thus, the
search algorithm calculates fitness on O by testing different candi-
date ensembles. The best candidate ensemble (C�

0

j ) is identified in
V to prevent overfitting. Finally, the generalization performance
of C�

0

j is measured using a test dataset (G), xk representing a class
label. Hence, the selection stage requires at least these four data-
sets. However, when it is necessary to adjust base classifier param-
eters, such as weights in multilayer perceptron (MLP), the number
of neighbors considered (k value) in kNN classifiers, etc, it may be
better to use a fifth dataset, as was done in [23], than to use the
same V for both validation tasks, control of overfitting in optimi-
zation process and classifier parameter adjustment. The following



Fig. 1. Overview of the process of selection of classifier ensembles and the points of entry of the four datasets used.
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sections describe how overfitting can be detected in single- and
multi-objective optimization problems performed by GAs.

2.1. Overfitting in single-objective GA

Traditionally, in single-objective problems, the search algorithm
is guided by an objective function during a fixed maximum num-
ber of generations (maxðgÞ). In Fig. 2, � is employed as the objective
function to guide GA using the NIST-digits database (Section 4.1.1).
The random subspace (RSS) method was used to generate C as a
pool of 100 kNN classifiers (see Section 4.1.2 for further details).
Although GA was only guided by �, we show plots of � versus the
ensemble’s size to better illustrate the process.

We denote CðgÞ as the population of candidate classifier ensem-
bles found at each generation g. The best candidate ensemble found
by evaluating all individuals from CðgÞ on O is represented by C�j ðgÞ,
while each point on the plot corresponds to a candidate ensemble Cj

taken from PðCÞ and evaluated during the optimization process. In-
deed, these points represent the complete search space explored for
maxðgÞ ¼ 1000. The number of individuals at any CðgÞ is 128.

Actually, the overfitting phenomenon measured when selecting
classifier ensembles presents a behavior very similar to what is
seen in a typical Machine Learning process, i.e. the chance that
the search algorithm will overfit on samples taken from O increases
with the number of generations. This phenomenon can be ob-
served in Fig. 2(e), which shows the evolution of �ðO;C�

0

j Þ in the
search space. On the one hand, it is clear that the optimization pro-
cess could be stopped before overfitting starts to occur in this
problem using GA. On the other hand, it is difficult to define a stop-
ping criterion to control overfitting in a multi-objective optimiza-
tion process, as explained in Section 2.2.

2.2. Overfitting in MOGA

Pareto-based evolutionary algorithms often constitute solutions
to optimization processes guided by multi-objective functions, such
as the combination of � and diversity measures. These algorithms
use Pareto dominance to reproduce the individuals. A Pareto front
is a set of nondominated solutions representing different tradeoffs
between the multi-objective functions. In our classifier ensemble
selection application, a candidate ensemble solution Ci is said to
dominate solution Cj, denoted Ci � Cj, if Ci is no worse than Cj on
all the objective functions and Ci is better than Cj in at least one
objective function. Based on this nondominance criteria, solutions
over the Pareto front are considered to be equally important.

Among several Pareto-based evolutionary algorithms proposed
in the literature, NSGA-II (elitist non-dominated sorting genetic
algorithm) [10] appears to be interesting because it has two impor-
tant characteristics: a full elite-preservation strategy and a diver-
sity-preserving mechanism using the crowding distance as the
distance measure. The crowding distance does not need any
parameter to be set [10]. Elitism is used to provide the means to
keep good solutions among generations, and the diversity-preserv-
ing mechanism is used to allow a better spread among the solu-
tions over the Pareto front.

NSGA-II [10] works as follows. At each generation step g, a par-
ent population CðgÞ of size w evolves and an offspring population
CqðgÞ, also of size w, is created. These two populations are com-
bined to create a third population CrðgÞ of size 2w. The population
CrðgÞ is sorted according to the nondominance criteria, and differ-
ent non-dominated fronts are obtained. Then, the new population
Cðg þ 1Þ is filled by the fronts according to the Pareto ranking. In
this way, the worst fronts are discarded, since the size of Cðg þ 1Þ
is w. When the last front allowed to be included in Cðg þ 1Þ has
more solutions than the Cðg þ 1Þ available free space, the crowding
distance is measured in order to select the most isolated solutions
in the objective space to increase diversity. Algorithm 1 summa-
rizes NSGA-II.

Algorithm 1. NSGA-II

1: Creates initial population Cð1Þ of w chromosomes
2: while g < maxðgÞ
3: create CqðgÞ
4: set CrðgÞ ¼ CðgÞ [ CqðgÞ
5: perform a non-dominated sorting to CrðgÞ and identify different fronts Ck ,
k ¼ 1;2; . . . ; etc:
6: while jCðg þ 1Þj þ jCkj 6 w
7: set Cðg þ 1Þ:=Cðg þ 1Þ [ Ck

8: set k :¼ kþ 1
9: endwhile
10: perform crowding distance sort to Ck

11: set Cðg þ 1Þ :¼ Cðg þ 1Þ [ Ckb1 : ðw� jCðg þ 1ÞjÞc
12: create Cqðg þ 1Þ from Cðg þ 1Þ
13: set g :¼ g þ 1
14: endwhile

Fig. 3(left) illustrates the optimization process performed for
maxðgÞ ¼ 1000 using NSGA-II guided by the following pair of
objective functions: jointly minimize � and difficulty measure (Sec-
tion 4.1.3) in the same problem investigated with GA in last sec-
tion. The Pareto front from population CðgÞ found on O is
denoted by CkðgÞ. Thus, C�k (diamonds) and C�

0

k (circles) represent
the final Pareto fronts found on O and V, respectively.

Especially noteworthy in Fig. 3(f) is that, besides the fact that the
solutions over C�

0

k are different from solutions over C�k, which was
expected considering that V and O are different datasets, the
non-dominated solutions over C�

0

k are discarded during the optimi-
zation process (Fig. 3(e)). Hence, the definition of a stopping crite-
rion for multi-objective optimization problems is difficult for the
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Fig. 2. Optimization using GA guided by �. Here, we follow the evolution of C�j ðgÞ (diamonds) from g ¼ 1 to maxðgÞ (a,c,e) on the optimization dataset O, as well as on the
validation dataset V (b,d,f). The overfitting is measured as the difference in error between C�0j (circles) and C�j (f). There is a 0.30% overfit in this example, where the minimal
error is reached slightly after g ¼ 52 on V, and overfitting is measured by comparing it to the minimal error reached on O. Solutions not yet evaluated are in grey and the best
performing solutions are highlighted by arrows.
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following reasons: (1) solutions over CkðgÞ found during the optimi-
zation process may not be non-dominated solutions over V and (2)
since the evolution of CkðgÞ must be monitored on V, comparing
sets of equally important solutions is a complex task. We show in
the next section that the use of an auxiliary archive A makes it pos-
sible to control overfitting taking into account these aspects.
3. Overfitting control methods

The focus of this paper is to evaluate strategies that rely on
using V to create an archive A to control overfitting, since these
memory-based strategies may be applied in any optimization
problem. The idea is to use the error rate measured on V as an
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Fig. 3. Optimization using NSGA-II and the pair of objective functions: difficulty measure and �. We follow the evolution of CkðgÞ (diamonds) from g ¼ 1 to maxðgÞ (a,c,e) on
the optimization dataset O, as well as on the validation dataset V (b,d,f). The overfitting is measured as the difference in error between the most accurate solution in C�

0

k

(circles) and in C�k (f). There is a 0.20% overfit in this example, where the minimal error is reached slightly after g ¼ 15 on V, and overfitting is measured by comparing it to the
minimal error reached on O. Solutions not yet evaluated are in grey.
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estimation of the generalization error. In order to accomplish the
objectives of this paper, we have adapted two overfitting control
strategies to the context of classifier ensemble selection for both
single- and multi-objective optimization problems: (1) backward-
ing originally proposed in [26] to prevent overfitting in GP; and
(2) global validation proposed in [23] and [26] to control overfit-
ting in multi-objective evolutionary optimization problems. Par-
tial validation, a control strategy traditionally used to avoid
overfitting in classifier ensemble selection problems [33] is also
investigated. It is interesting to note that these strategies can be
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ordered with respect to the cardinality of the solution set used for
overfitting control: partial validation uses only the last population
of solutions (or C�k in the MOGA case), backwarding validates the
best solution (or C�kðgÞ) at each g, while global validation uses all
solutions at each g.

It is important to mention that the global validation strategy is
employed in [23] in a complex two-level system which includes
feature extraction, feature selection and classifier ensemble selec-
tion, all performed by MOGA. In this paper, we adapt their strategy
to single-objective GA. As mentioned earlier, we use ensembles
generated by bagging (BAG) and RSS.

3.1. Partial validation (PV)

The first and simplest procedure relies on selecting C�
0

j at the
end of the optimization process by validating the last population
CðmaxðgÞÞ (for GA) or C�k (respectively for MOGA). Consequently,
in PV, it is assumed that, C�

0

j 2 CðmaxðgÞÞ and C�
0

j 2 C�k, C�
0

j denotes
the ensemble candidate with the best performance. Hence, there
is only one update on A, more precisely for maxðgÞ. PV is summa-
rized in Algorithm 2.

Algorithm 2. PV

1: Create initial population Cð1Þ of w chromosomes
2: A ¼ ;
3: for each generation g 2 f1; . . . ;maxðgÞg
4: perform all genetic operators and generate new population Cðg þ 1Þ.
5: endfor
6: validate all solutions from CðmaxðgÞÞ (for GA) or C�k (for MOGA)
7: choose as C�

0

j the solution with highest recognition rate
8: update A by storing C�

0

j

9: return C�
0

j stored in A

3.2. Backwarding (BV)

Overfitting remains uncontrolled even when PV is used, be-
cause CðmaxðgÞÞ (for GA) or C�k for MOGA are composed of overfit-
ted solutions, as explained in Section 2. An alternative to PV is to
validate not only CðmaxðgÞÞ (or C�k), but the C�j ðgÞ (or CkðgÞ) found
at each generation. The BV method [26] proposed for GP prob-
lems is based on this idea. The authors advocate that GP is prone
to overfitting especially on later generations as in machine learn-
ing tasks. Motivated by this observation, they proposed BV to
control overfitting by monitoring the optimization process on V

to determine the point where GP starts to overfit O. This approach
uses A to store the best solution found before overfitting starts to
occur. Even though � is not the only objective function used to
guide GA in this paper, we use � to represent the objective func-
tion in Algorithm 3, which shows how BV is employed with GA.
However, other objective functions can be used without loss of
generality.

Algorithm 3. BV for GA

1: Create initial population Cð1Þ of w chromosomes
2: A ¼ ;
3: Find C�j ð1Þ and set C�

0

j :¼ C�j ð1Þ
4: Store C�

0

j in A

5: for each generation g 2 f1; . . . ;maxðgÞg
6: perform all genetic operators
7: generate new population Cðg þ 1Þ and find C�j ðg þ 1Þ as usual
8: if �ðV;C�j Þðg þ 1Þ < �ðV;C�

0

j Þ
9: set C�

0

j :¼ C�j ðg þ 1Þ
10: update A by storing in it the new C�

0

j

11: endif
12: endfor
13: return C�

0

j stored on A
Where multi-objective optimization is concerned, Pareto fronts
must be stored in A instead of individual solutions. Taking into ac-

count that BV relies on comparing each new solution found on O to
the solution stored on A, this fact leads to the following question:
How can Pareto fronts be compared so as to identify whether or
not one Pareto front is better than the others? Because of the var-
ious tradeoffs over the Pareto front, the definition of a quality mea-
sure is much more complex in multi-objective than in single-
objective optimization problems. Some quality measures such as
the Pareto front spread, the objective functions spread [37], the
epsilon indicator and the coverage function [39] have been pro-
posed. In order to determine whether or not the CkðgÞ found at
each generation is better than the C�

0

k stored in A, we propose to
use the Pareto quality measure called the coverage function, intro-
duced by Zitzler et al. [39].

The coverage function, measured on V, is based on the weak
dominance criteria and indicates the number of candidate ensem-
bles in CkðgÞ that are weakly dominated by at least one solution in
C�
0

k . Given two solutions Ci 2 C�
0

k and Cj 2 CkðgÞ, we may say that Ci

covers Cj if Ci is not worse than Cj in all objective functions. The
idea is to verify the Pareto improvement among generations on
A. Coverage can be denoted as

covðC�
0

k ;CkðgÞÞ: ð2Þ

In this way, the average number of solutions in C�
0

k covering the
solutions on CkðgÞ is calculated. Thus, covðC�

0

k ;CkðgÞÞ < 1 or
covðC�

0

k ;CkðgÞÞ ¼ 1, whether C�
0

k covers the entire Pareto CkðgÞ or
not. The Pareto improvement at each generation is then measured
as

impðCkðgÞ;C�
0

k Þ ¼ 1� covðC�
0

k ;CkðgÞÞ: ð3Þ

Improvement reaches its maximum (imp ¼ 1) when there is no
solution on CkðgÞ covered by solutions on C�

0

k and its lowest possi-
ble value ðimp ¼ 0Þ, when all solutions on CkðgÞ are covered by
those on C�

0

k . Consequently, the update of A is dependent on the
improvement obtained between these two Pareto fronts. When
imp > 0, A is updated; otherwise, there is no update. The BV for
MOGA is summarized in Algorithm 4.

Algorithm 4. BV for MOGA

1: Creates initial population Cð1Þ of w chromosomes
2: A ¼ ;
3: Find Ckð1Þ and set C�

0

k :=Ckð1Þ
4: Store C�

0

k in A

5: for each generation g, g 2 f1; . . . ;maxðgÞg
6: perform all genetic operators;
7: generate Cðg þ 1Þ and find Ckðg þ 1Þ as usual
8: if impðCkðg þ 1Þ;C�

0

k Þ > 0
9: set C�

0

k :=Ckðg þ 1Þ
10: update A by storing in it the new C�

0

k

11: endif
12: endfor
13: return C�

0

k stored on A to pick up C�
0

j .

3.3. Global validation (GV)

There is a problem with BV, since C�j ðgÞ (or CkðgÞ for MOGA)
found on O at each generation, may not be the best solution (or
Pareto front) on V. One approach which avoids such a limitation
is the global validation GV [23,35]. This approach relies on using
A to validate the entire population CðgÞ from each generation, in
the context of multi-objective optimization as follows (Algorithm
5): at each g step, all solutions are validated, and thus the set of
non-dominated solutions found on V is stored in A. When the
optimization process is completed, two sets of non-dominated
solutions are available: (1) the traditional C�k found on O; and (2)
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C�
0

k , the set of non-dominated solutions found on V. In Fig. 3(f), the
solutions composing C�

0

k stored in A are represented by circles. As
can be observed in this figure, the solutions stored in A are differ-
ent from the solutions over C�k.

Algorithm 5. GV for MOGA

1: Create initial population Cð1Þ of w chromosomes
2: A ¼ ;
3: for each generation g 2 f1; . . . ;maxðgÞg
4: perform all genetic operators
5: generate Cðg þ 1Þ
6: validate all solutions in Cðg þ 1Þ over samples contained in V

7: perform a non-dominated sorting to Cðg þ 1Þ [A to find C�
0

k

8: update A by storing in it C�
0

k

9: endfor
10: return C�

0

k stored in A

We propose to change Radtke et al.’s method [23] slightly to
adapt it to single-objective optimization problems. Since no Pareto
front is involved when using GA, we are interested in the best solu-
tion C�

0

j . In this case, it is sufficient to validate all solutions at each
new generation, find the best solution C�

0

j ðgÞ and compare it to C�
0

j ,
which is stored in A. In this way, we keep the solution C�

0

j found on
V stored in A. Letting � represent the objective function, the com-
plete GV algorithm for GA is described in Algorithm 6.

Algorithm 6. GV for GA

1: Create initial population Cð1Þ of w chromosomes
2: A ¼ ;
3: Validate all solutions in Cð1Þ over samples contained in V

4: Find C�
0

j ð1Þ from Cð1Þ
5: Set C�

0

j :¼ C�
0

j ð1Þ
6: for each generation g 2 f1; . . . ;maxðgÞg
7: perform all genetic operations and generate Cðg þ 1Þ
8: validate all solutions in Cðg þ 1Þ
9: find C�

0

j ðg þ 1Þ
10: if �ðV;C�

0

j Þðg þ 1Þ < �ðV; C�
0

j Þ
11: set C�

0

j :¼ C�
0

j ðg þ 1Þ
12: update A by storing in it the new C�

0

j

13: endif
14: endfor
15: return C�

0

j stored in A

An example of the GV strategy for single-objective GA is illus-
trated in Fig. 2f. This figure shows overfitting when comparing
�ðV; C�

0

j Þ and �ðV;C�j Þ. The ensemble C�
0

j probably has higher gener-
alization performance than C�j obtained in O. In Sections 4 and 5,
we analyze such an assumption experimentally.

To summarize, on the one hand PV is applied at the end of the
optimization problem to validate the candidate ensembles which
compose the last population of solutions (or the Pareto front in
the MOGA case). On the other hand, BV and GV are applied during
the optimization process. While BV validates only the best solution
(or Pareto front), GV validates the whole population of classifier
ensembles generated at each generation. In all of the three strate-
gies, the best solution found by the validation process is used to
classify the test samples.

4. Experiments

The parameters and the experimental protocol employed are
described in Sections 4.1 and 4.2 respectively.

4.1. Parameter settings on experiments

The databases, ensemble construction methods, search algo-
rithms and objective functions used to conduct the experiments
are defined in this section.
4.1.1. Databases
It is important to note that the databases must be large enough

to be partitioned into the four above-mentioned datasets: T, O, V
and G, to perform experiments using the holdout validation strat-
egy. However, very few large databases containing real classifica-
tion problems are available in the literature. The approach for
selecting classifiers proposed in this paper is general enough to
be conducted using small datasets by applying k-fold cross-valida-
tion. Accordingly, we performed experiments using both the hold-
out and 10-fold cross-validation strategies. Another important
aspect taken into account in selecting the databases for our exper-
iments is that relatively high-dimensional feature spaces are nec-
essary for the RSS method.

Two databases were used in the holdout validation experi-
ments: (1) NIST Special Database 19 containing digits (NIST
SD19), which we call NIST-digits here; and (2) NIST SD19 contain-
ing handwritten uppercase letters, which we call NIST-letters here.
We use the representation proposed by Oliveira et al. [18], which
appears to be well defined and well suited to NIST SD19. The fea-
tures are a combination of the concavity, contour and surface of
characters. The final feature vector is composed of 132 compo-
nents: 78 for concavity, 48 for contour and 6 for surface. Table 1
lists important information about these two databases and the par-
titions used to compose the four separate datasets. These same
partitions were used in [33] for NIST-digits and in [22] for NIST-let-
ters. We used two test datasets from NIST-digits, which we call
data-test1 (60,089 samples) and data-test2 (58,646 samples) here.
Data-test2 is well known to be more difficult to use for classifica-
tion than data-test1 [8]. Table 2 describes the three databases used
in the 10-fold cross-validation experiments: dna, texture and
satimage.

4.1.2. Ensemble construction methods and base classifiers
We chose kNN and DT as the base classifiers in our experiments.

The C4.5 algorithm [21] (Release 8) was used to construct the trees
with pruning. In addition, we used k ¼ 1 for kNN classifiers in all
databases without fine-tuning this parameter in order to avoid
additional experiments. BAG and RSS were applied to generate
the initial pools of classifiers in our experiments. RSS was proposed
by Ho in [9], and works by randomly choosing n different subspac-
es from the feature space. Each random subspace is used to train
one individual classifier ci. BAG is a bootstrap technique proposed
by Breiman [4], which builds n replicate training datasets by ran-
domly sampling, with replacement, from T. Thus, each training
dataset is used to train one classifier ci.

Three initial pools of 100 classifiers were created: (1) 100 DT
and (2) 100 kNN, which were generated using RSS, and (3) 100
DT, which was generated using BAG (BAG is mostly effective with
unstable classifiers, such as DT). The size of the subsets of fea-
tures used by RSS is shown in Table 1 for large datasets and in
Table 2 for small datasets. The same subspaces are used for both
kNN and DT classifiers. Majority voting was used as the combina-
tion function. Considering an ensemble of n classifiers, yi as the
output of the i-th classifier and the following set of class labels
X ¼ fx1;x2 . . . ;xcg, majority voting (mv) is calculated as

mv ¼max
c

k¼1

Xn

i¼1

yi;k: ð4Þ
4.1.3. Objective functions
Diversity measures and � are applied as objective functions to

guide the optimization processes. Kuncheva and Whitaker [13]
studied 10 diversity measures. They conclude that these diversity
measures may be divided into three different groups, taking into
account the correlation among measures: (1) the double-fault



Table 2
Specifications of the small datasets used in the experiments.

Dataset # of samples # of features Features RSS Pool C size

dna 3186 180 45 100
texture 5500 40 20 100
satimage 6435 36 18 100

Table 1
Specifications of the large datasets used in the experiments.

Dataset # of features Training set (T) Optimization set (O) Validation set (V) Test set (G) Features RSS Pool C size

NIST-digits 132 5000 10,000 10,000 test1 60,089 32 100
test2 58,646

NIST-letters 132 43,160 3980 7960 12,092 32 100
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alone; (2) coincident failure diversity (also alone); and (3) the
remaining eight diversity measures. Thus, in order to reduce
redundancy in our experiments, we chose to employ only four
diversity measures: double-fault (d), coincident failure diversity
(r) and difficulty measure (h), from the third group, plus ambiguity
(c) as defined in [38], which was not investigated in [13]. These
measures are described below:

(1) Ambiguity: given the candidate ensemble Cj ¼ fc1; c2; . . . ; clg
and its output xk, ambiguity is calculated as follows:
aiðxÞ ¼
0 if yi ¼ xk;

1 otherwise;

�
ð5Þ

where aiðxÞ is the ambiguity of the ith classifier for sample x.
Considering X as the dataset and jXj its cardinality, and jCjj as
the ensemble’s size, the ambiguity for the whole Cj is

c ¼ 1
jXj � jCjj

X
i2Cj

X
x2X

aiðxÞ: ð6Þ
(2) Coincident failure diversity: this measure is based on the
same distribution F proposed for h. Here, however, Y ¼ i

l
denotes the proportion of classifiers that do not correctly
classify x. Given pq as the probability that q classifiers fail
when classifying x, this measure is defined as follows:
r ¼
0 p0 ¼ 1:0;

1
ð1�p0Þ

Pl

q¼1

q
l
ðq�1Þ
ðl�1Þ pq p0 < 1:

8><
>: ð7Þ
(3) Difficulty measure: letting F calculated from f0
l ;

1
l ; . . . ;1g,

which represents the number of classifiers contained in Cj

that correctly classify x, this measure may be calculated as
h ¼ VarðFÞ: ð8Þ
(4) Double-fault: let Nab be the number of examples classified
in X, where a; b determine whether the classifier is correct
(1) or not (0). This pairwise measure is defined for a pair
of classifiers ci and ck as
di;k ¼
N00

N11 þ N10 þ N01 þ N00 : ð9Þ
Table 3
Genetic algorithms parameters.

Population size 128

Number of generations 1000
Probability of crossover 0.8
Probability of mutation 0.01
One-point crossover and bit-flip mutation
4.1.4. Genetic algorithms
The selection of classifier ensembles was applied in this work in

the context of GAs based on binary vectors. Since we used baseline
ensembles composed of 100 classifiers, each individual was repre-
sented by a binary vector with a size of 100. Each bit value deter-
mines whether a classifier is active (1) or not (0). The genetic
parameters were set as in [3] to avoid the need to run additional
experiments using a separate dataset. Table 3 shows the parameter
settings employed. The same parameters were used for both GAs in
all experiments.

4.2. Experimental protocol

Our experiments were broken down into three main series. In
the first and second series, the holdout and 10-fold cross-valida-
tion strategies were implemented to verify the impact of overfit-
ting in large and small databases respectively. The validation
control methods PV, BV and GV were also compared in order to
determine the best method for controlling overfitting. Diversity
measures were employed in pairs of objective functions combined
with � by NSGA-II, and only � was used to guide GA in both series
of experiments. Finally, in the third series, diversity measures were
applied individually as single-objective functions. As a result of this
last series of experiments, we show that the relationship between
diversity and performance may be measured using the GV strategy.

To conduct the 10-fold cross-validation experiments, the origi-
nal whole datasets were divided into 10 folds. Each time one of the
10 folds was used as G, a second fold was used as V, a third fold
was used as O and the remaining 7-folds were put together to com-
pose T. Thus, T, O and V were used to generate the initial pools of
classifiers, to perform the optimization process and to perform the
three validation strategies respectively. This process was repeated
10 times.

It is also important to mention that each optimization process
with the holdout and 10-fold cross-validation strategies was repli-
cated 30 times due to the use of stochastic search algorithms. Then,
the best solution for each run was picked up according to the over-
fitting control strategy employed. The solutions were tested on
multiple comparisons using the Kruskal–Wallis nonparametric sta-
tistical test by testing the equality between mean values. The con-
fidence level was 95% (a ¼ 0:05), and the Dunn–Sidak correction
was applied to the critical values. Therefore, the results for the
10-fold cross-validation experiments were obtained as the mean
of the error rates over 30 replications, and the final error rates re-
ported in the results tables as the mean of the error rates across 10
trials.

5. Results

The results obtained in each series of experiments are summa-
rized in this section.

5.1. Holdout validation results

Table 4 shows the mean error rates obtained using both GA and
NSGA-II search algorithms in NIST-digits data-test1 and data-



Table 4
Mean and standard deviation values of the error rates obtained on 30 replications comparing selection procedures on large datasets using GA and NSGA-II. Values in bold indicate
that a validation method decreased the error rates significantly, and underlined values indicate that a validation strategy is significantly better than the others.

Method Val GA NSGA-II

Error (�) Ambiguity (c) Coincident (r) Difficulty (h) Double-fault (d)

NIST-digits - test1 (100 kNN = 3.72; 100DT-RSS = 2.92; 100DT-BAG = 5.65)
kNN-RSS NV 3.60 (0.06) 3.66 (0.06) 3.67 (0.03) 3.64 (0.05) 3.63 (0.07)

PV 3.60 (0.06) 3.70 (0.07) 3.68 (0.04) 3.63 (0.05) 3.64 (0.07)
BV 3.57 (0.07) 3.70 (0.07) 3.65 (0.03) 3.63 (0.07) 3.64 (0.07)
GV 3.55 (0.06) 3.63 (0.06) 3.62 (0.06) 3.60 (0.08) 3.60 (0.09)

DT-RSS NV 2.82 (0.05) 2.96 (0.10) 2.92 (0.07) 2.81 (0.03) 2.81 (0.04)
PV 2.80 (0.05) 2.97 (0.10) 2.97 (0.11) 2.83 (0.02) 2.82 (0.05)
BV 2.83 (0.05) 2.97 (0.10) 2.97 (0.11) 2.83 (0.02) 2.82 (0.06)
GV 2.84 (0.06) 2.94 (0.08) 2.94 (0.09) 2.82 (0.06) 2.84 (0.07)

DT-BAG NV 5.20 (0.07) 5.73 (0.07) 5.87 (0.12) 5.67 (0.06) 5.73 (0.08)
PV 5.18 (0.07) 5.71 (0.08) 5.86 (0.10) 5.68 (0.05) 5.73 (0.08)
BV 5.18 (0.05) 5.71 (0.08) 5.85 (0.10) 5.69 (0.05) 5.72 (0.09)
GV 5.18 (0.06) 5.54 (0.06) 5.56 (0.11) 5.55 (0.09) 5.57 (0.07)

NIST-digits-test2 (100 kNN = 8.10; 100DT-RSS = 6.67; 100DT-BAG = 10.99)
kNN-RSS NV 7.91 (0.14) 7.90 (0.14) 8.09 (0.16) 8.12 (0.09) 8.12 (0.09)

PV 7.89 (0.12) 7.97 (0.15) 8.11 (0.18) 8.11 (0.11) 8.14 (0.12)
BV 7.85 (0.17) 7.97 (0.15) 8.10 (0.18) 8.11 (0.10) 8.14 (0.14)
GV 7.80 (0.13) 7.87 (0.13) 7.94 (0.15) 7.93 (0.10) 7.93 (0.13)

DT-RSS NV 6.53 (0.08) 6.76 (0.17) 6.77 (0.14) 6.59 (0.11) 6.60 (0.10)
PV 6.50 (0.09) 6.79 (0.18) 6.88 (0.21) 6.69 (0.06) 6.65 (0.11)
BV 6.53 (0.09) 6.79 (0.18) 6.88 (0.21) 6.69 (0.06) 6.65 (0.12)
GV 6.53(0.09) 6.73 (0.13) 6.76 (0.12) 6.59 (0.09) 6.63 (0.13)

DT-BAG NV 10.16(0.15) 10.99 (0.17) 11.28 (0.28) 11.05 (0.08) 11.13 (0.08)
PV 10.11 (0.15) 10.96 (0.17) 11.25 (0.23) 11.06 (0.11) 11.12 (0.21)
BV 10.11(0.13) 10.94 (0.17) 11.24 (0.24) 11.06 (0.10) 11.10 (0.14)
GV 10.09(0.13) 10.68 (0.11) 10.76 (0.22) 10.76 (0.15) 10.83 (0.07)

NIST-letter (100kNN = 6.60; 100DT-RSS = 6.06; 100DT-BAG = 7.63)
kNN-RSS NV 6.49 (0.11) 6.58 (0.10) 6.73 (0.25) 6.41 (0.09) 6.55 (0.13)

PV 6.50 (0.09) 6.58 (0.11) 6.71 (0.26) 6.43 (0.11) 6.60 (0.12)
BV 6.47 (0.12) 6.58 (0.12) 6.71 (0.26) 6.43 (0.11) 6.58 (0.12)
GV 6.49 (0.09) 6.54 (0.14) 6.50 (0.13) 6.33 (0.16) 6.45 (0.12)

DT-RSS NV 6.03 (0.07) 6.24 (0.11) 6.34 (0.19) 5.93 (0.08) 6.10 (0.12)
PV 6.03 (0.07) 6.25 (0.11) 6.34 (0.19) 5.92 (0.06) 6.11 (0.12)
BV 6.05 (0.09) 6.24 (0.11) 6.34 (0.19) 5.92 (0.07) 6.03 (0.13)
GV 6.01 (0.09) 6.08 (0.09) 6.12 (0.14) 5.89 (0.07) 6.02 (0.10)

DT-BAG NV 7.71 (0.10) 7.68 (0.09) 8.00 (0.14) 7.56 (0.08) 7.78 (0.12)
PV 7.69 (0.08) 7.64 (0.07) 8.08 (0.18) 7.51 (0.05) 7.78 (0.13)
BV 7.71 (0.10) 7.64 (0.07) 8.03 (0.16) 7.51 (0.05) 7.76 (0.12)
GV 7.70 (0.08) 7.64 (0.07) 7.87 (0.14) 7.54 (0.08) 7.64 (0.12)
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test2, and in NIST-letters. The error rates obtained by combining
the initial pool of 100 classifiers are also included in this table as
well as the results with no overfitting control, denoted NV.

These experiments showed the following:

(1) The results from the literature [12], which conclude that
complex learning problems are more affected by overfitting,
are confirmed. There are more problems presenting overfit-
ting in NIST-digits data-test2 than in data-test1. As we
mentioned in Section 4.1.1, NIST-digits data-test2 is more
difficult to use for classification.

(2) NSGA-II is more prone to overfitting than GA. Even though,
in the majority of the experiments using GA, at least one of
the validation methods slightly decreased the error rates
when compared with NV, the differences are not signifi-
cant. In contrast, these differences are more likely to be sig-
nificant in experiments with NSGA-II. Of 36 cases using
NSGA-II, an overfitting control decreased the error rates
in 30. In 17 of these experiments, the differences were
significant.

(3) When overfitting was detected, GV outperformed both PV
and BV. The Kruskal–Wallis test shows that, among 19 cases
where overfitting control decreased the error rates signifi-
cantly, GV was the best strategy in 18 problems.
(4) In terms of ensemble creation methods, our results indicate
an order relation between the methods investigated for the
NIST-digits database. BAG was more prone to overfitting than
RSS. In addition, ensembles of DT were less prone to overfit-
ting than ensembles of kNN, both generated using RSS. For
the NIST-letters database, the results were equivalent.

(5) Although this paper does not focus on comparing ensemble
creation methods in terms of performance, our results indi-
cate that ensembles generated with BAG performed worse
than ensembles generated by RSS. Also, DT ensembles per-
formed better than kNN.

(6) Classifier ensemble selection was a better option than com-
bining the initial pools of classifiers. For NIST-digits, GA
using � as the objective function, and for NIST-letters,
NSGA-II using h and � as the pair of objective functions,
found solutions better than the baseline composed of 100
classifiers in all three problems.

5.2. Cross-validation results

Table 5 summarizes the mean values and the standard devia-
tion values achieved on the three small datasets presented in Table
2. We also report the error rates obtained on combining the initial
pools of classifiers by majority voting.



Table 5
Mean and standard deviation values of the error rates obtained on 30 replications comparing selection procedures on small datasets using GA and NSGA-II. Values in bold indicate
that a validation method decreased the error rates significantly, and underlined values indicate when a validation strategy is significantly better than the others.

Method Val GA NSGA-II

Error (�) Ambiguity (c) Coincident (r) Difficulty (h) Double-fault (d)

Texture (100 kNN = 1.11; 100DT-RSS = 2.56; 100DT-BAG = 3.60)
kNN-RSS NV 1.09 (0.03) 1.28 (0.03) 1.19 (0.06) 0.87 (0.03) 0.90 (0.05)

PV 1.09 (0.04) 1.40 (0.06) 1.21 (0.07) 0.84 (0.03) 0.94 (0.06)
BV 1.08 (0.04) 1.41 (0.06) 1.21 (0.08) 0.88 (0.04) 0.89 (0.06)
GV 1.11 (0.03) 1.26 (0.06) 1.18 (0.08) 0.95 (0.05) 0.98 (0.09)

DT-RSS NV 2.54 (0.07) 2.94 (0.11) 3.16 (0.15) 2.40 (0.05) 3.00 (0.14)
PV 2.52 (0.09) 3.03 (0.14) 3.41 (0.19) 2.41 (0.06) 3.09 (0.11)
BV 2.55 (0.08) 3.04 (0.15) 3.42 (0.15) 2.44 (0.06) 3.10 (0.10)
GV 2.51 (0.09) 2.93 (0.15) 3.20 (0.21) 2.41 (0.09) 2.91 (0.18)

DT-BAG NV 3.58 (0.10) 3.60 (0.09) 4.09 (0.15) 3.49 (0.09) 4.02 (0.14)
PV 3.53 (0.08) 3.63 (0.13) 4.18 (0.20) 3.55 (0.08) 4.14 (0.19)
BV 3.60 (0.08) 3.62 (0.11) 4.17 (0.18) 3.46 (0.12) 4.14 (0.20)
GV 3.58 (0.08) 3.63 (0.10) 4.01 (0.15) 3.43 (0.11) 4.04 (0.22)

DNA (100 kNN = 6.87; 100DT-RSS = 5.05; 100DT-BAG = 5.02)
kNN-RSS NV 8.01 (0.27) 9.61 (0.36) 10.60 (0.51) 8.86 (0.22) 9.21 (0.35)

PV 8.02 (0.2) 9.85 (0.35) 10.85 (0.55) 8.93 (0.20) 9.38 (0.39)
BV 7.64 (0.24) 9.82 (0.37) 10.76 (0.52) 8.85 (0.21) 9.37 (0.41)
GV 7.69 (0.23) 8.60 (0.37) 8.75 (0.45) 8.01 (0.33) 8.36 (0.30)

DT-RSS NV 5.10 (0.24) 6.44 (0.25) 7.05 (0.43) 5.15 (0.18) 6.20 (0.27)
PV 4.99 (0.18) 6.76 (0.31) 7.30 (0.46) 4.96 (0.12) 6.31 (0.30)
BV 4.98 (0.25) 6.76 (0.30) 7.30 (0.47) 4.93 (0.14) 6.30 (0.30)
GV 4.97 (0.16) 5.93 (0.29) 6.36 (0.42) 4.77 (0.17) 5.67 (0.33)

DT-BAG NV 5.00(0.10) 5.35 (0.14) 5.51 (0.22) 5.13 (0.14) 5.55 (0.23)
PV 4.99 (0.11) 5.50 (0.12) 5.69 (0.20) 5.08 (0.12) 5.35 (0.14)
BV 4.98 (0.15) 5.51 (0.11) 5.69 (0.20) 4.99 (0.12) 5.38 (0.15)
GV 4.99 (0.08) 5.36 (0.20) 5.41 (0.21) 4.93 (0.13) 5.54 (0.22)

Satimage (100kNN = 8.59; 100DT-RSS = 8.64; 100DT-BAG = 9.59)
kNN-RSS NV 8.64 (0.09) 8.76 (0.12) 9.12 (0.16) 8.81 (0.23) 9.15 (0.14)

PV 8.62 (0.07) 8.76 (0.09) 9.25 (0.17) 8.88 (0.25) 9.28 (0.13)
BV 8.57 (0.10) 8.75 (0.09) 9.23 (0.18) 8.88 (0.26) 9.33 (0.14)
GV 8.58 (0.11) 8.69 (0.10) 9.05 (0.17) 8.84 (0.18 9.15 (0.17)

DT-RSS NV 8.83 (0.11) 8.92 (0.11) 9.44 (0.20 ) 8.88 (0.10) 9.25 (0.19)
PV 8.80 (0.09) 9.00 (0.12) 9.63 (0.22) 8.93 (0.12) 9.38 (0.18)
BV 8.81 (0.09) 9.00 (0.10) 9.61 (0.23) 8.94 (0.11) 9.39 (0.17)
GV 8.82 (0.12) 8.77 (0.11) 9.19 (0.18) 8.75 (0.13) 9.03 (0.17)

DT-BAG NV 9.63 (0.09) 9.81 (0.10) 10.40 (0.19) 9.91 (0.13) 10.14 (0.18)
PV 9.61 (0.07) 9.81 (0.12) 10.55 (0.18) 9.89 (0.09) 10.34 (0.17)
BV 9.65 (0.10) 9.82 (0.12) 10.53 (0.17) 9.91 (0.09) 10.35 (0.16)
GV 9.63 (0.09) 9.65 (0.14) 10.25 (0.22) 9.71 (0.13) 10.10 (0.16)
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Based on these results, it may be observed that:

(1) For small databases, NSGA-II was also more prone to overfit-
ting than GA. The overfitting control strategies significantly
decreased the error rates of the solutions found by GA only
in one case (dna with kNN-based ensembles) out of nine,
while they significantly reduced the error rates of the solu-
tions found by NSGA-II in 16 of 36 cases.

(2) In 15 cases in which overfitting was detected, the difference
between the overfitting control methods was significant. GV
was also the best strategy for controlling overfitting in this
series of experiments.

(3) Texture is a highly stable database: it has the same class dis-
tribution and it can be easily classified, since the error rates
can be lower than 1% (see results obtained using h and � to
guide NSGA-II). Hence, it is not surprising that our results
do not show overfitting in this database.

(4) For dna, overfitting was detected in the two problems
involving ensembles generated using RSS. For satimage,
DT-based ensembles generated using RSS were more prone
to overfitting than the other two methods. Thus, unlike the
NIST-digits results, BAG was less prone to overfitting than
RSS for these two databases.

(5) RSS-based ensembles presented lower error rates than BAG-
based ensembles in all three databases.
(6) The solutions found by NSGA-II guided by h and � were bet-
ter than the baseline combination for texture and dna,
except for ensembles of kNN for dna. However, for satim-
age, selection did not outperform combination.

5.3. Relationship between performance and diversity

When GA was guided by diversity measures as single-objec-
tive functions, we observed that a relationship between diversity
measures and performance could be measured using the GV
strategy, as illustrated in Fig. 4. The same optimization problem
investigated in Section 2 is shown here. GA was guided by the
minimization of h as the objective function. It is important to
mention that the optimization was only guided by h. The reason
for showing plots of � versus h in this figure is to demonstrate
the relationship between this diversity measure and perfor-
mance.

Fig. 4(a) shows all Cj evaluated during the optimization process
(points) and C�j (in terms of h values) found on O. It is interesting to
note that Fig. 4b confirms that the overfitting problem is also de-
tected when h is the objective function used to guide GA, since
�ðV;C�j Þ > �ðV;C�

0

j Þ. Thus, in this example, there is an overfitting
measured by �ðV;C�

0

j Þ � �ðV;C�j Þ ¼ 0:23. The use of GV allows us
to keep (C�

0

j ) stored in A. However, Fig. 4b also shows that C�
0

j is
not the solution with the smallest � among all candidate ensembles
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Fig. 4. Optimization using GA with h as the objective function. In (a) all Cj evaluated during the optimization process (points), C�j (diamonds), C�
0
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shown on O; controlled and uncontrolled overfitting using GV are shown in (b). Arrows highlight C0j .
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evaluated. In fact, the solution denoted C0j is the candidate ensem-
ble with lowest �.

These observations lead us to propose the use of GV to measure
the relationship between diversity and performance. The assump-
tion is that there is a relationship between these two measures
when the generalization performance is increased by keeping the
solution C�

0

j stored in A (based on diversity values). In addition,
the relationship may range from weak to strong, based on the dif-
ference (overfitting) between �ðV;C�

0

j Þ and �ðV;C0jÞ. For instance,
since �ðV;C0jÞ � �ðV;C�

0

j Þ ¼ 0:05 in Fig. 4b, a 0:23% overfitting
was controlled using GV and a 0:05% overfitting remains uncon-
trolled. Because this difference is close to 0, h is assumed to be
strongly related to performance in this problem.
Table 6
Mean and standard deviation values of the error rates obtained on measuring the uncontro
decreases. The best result for each case is shown in bold.

Method Strategy Ambiguity (c)

Texture
�ðV;C�

0

j Þ 1.20 (0.04)
kNN-RSS �ðV;C0jÞ 1.12 (0.03)
GA � ¼ 1:11 / 0.08 (0.03)

�ðV;C�
0

j Þ 2.80 (0.04)
DT-RSS �ðV;C0jÞ 2.63 (0.08)
GA � ¼ 2:51 / 0.18 (0.06)

�ðV;C�
0

j Þ 3.59 (0.09)
DT-BAG �ðV;C0jÞ 3.61 (0.09)
GA � ¼ 3:58 / �0.02(0.09)

DNA
�ðV;C�

0

j Þ 10.6 (0.00)
kNN-RSS �ðV;C0jÞ 9.05 (0.00)
GA � ¼ 7:69 / 1.56 (0.00)

�ðV;C�
0

j Þ 7.40 (0.16)
DT-RSS �ðV;C0jÞ 5.17 (0.18)
GA � ¼ 4:97 / 2.23 (0.17)

�ðV;C�
0

j Þ 5.02 (0.11)
DT-BAG �ðV;C0jÞ 5.00 (0.10)
GA � ¼ 4:99 / 0.03 (0.10)

Satimage
�ðV;C�

0

j Þ 8.60 (0.09)
kNN-RSS �ðV;C0jÞ 8.55 (0.07)
GA � ¼ 8:58 / 0.05 (0.08)

�ðV;C�
0

j Þ 8.22 (0.12)
DT-RSS �ðV;C0jÞ 8.11 (0.12)
GA � ¼ 8:82 / 0.11 (0.12)

�ðV;C�
0

j Þ 9.61 (0.09)
DT-BAG �ðV;C0jÞ 9.66 (0.15)
GA � ¼ 9:63 / �0.05 (0.12)
Taking into account that the relationship between diversity and
performance has been measured in the literature using correlation
measures [13] and kappa-error diagrams [5] for example, the use
of GV offers a different strategy for analyzing such a key aspect
in classifier ensembles literature. However, there may be a draw-
back to this strategy: diversity measures are not independent of
ensemble size [1,17], i.e. when diversity measures are employed
as single-objective functions, a minimization of the number of clas-
sifiers may result. It is expected that ensembles which are too
small will perform considerably less well than other approaches,
such as combining the initial pools of classifiers or selecting the
best subset of classifiers using GA only guided by � or MOGA
guided by � combined with diversity.
lled overfitting. The relationship between diversity and performance is stronger as /

Coincident (r) Difficulty (h) Double-fault (d)

1.12 (0.03) 1.01 (0.03) 1.01 (0.02)
1.09 (0.04) 1.09 (0.04) 1.09 (0.05)
0.03 (0.04) �0.08 (0.04) �0.08 (0.03)
2.50 (0.08) 2.40 (0.06) 2.46 (0.07)
2.50 (0.07) 2.43 (0.09) 2.46 (0.09)
0.00 (0.07) �0.03 (0.07) 0.00 (0.08)
3.56 (0.07) 3.48 (0.06) 3.49 (0.06)
3.61 (0.08) 3.54 (0.06) 3.57 (0.08)
�0.05 (0.08) �0.06 (0.06) �0.08 (0.07)

8.33 (0.21) 7.50 (0.25) 7.89 (0.16)
8.00 (0.33) 8.44 (0.30) 7.75 (0.29)
0.33 (0.27) �0.94 (0.30) 0.14 (0.20)
5.01 (0.18) 4.50 (0.16) 4.67 (0.10)
5.09 (0.20) 5.24 (0.22) 4.91 (0.19)
�0.07(0.19) �0.73 (0.19) �0.24 (0.14)

5.16 (0.10) 4.93 (0.09) 4.94 (0.07)
5.08 (0.10) 5.05 (0.12) 5.01 (0.09)
0.08 (0.10) �0.12 (0.10) �0.07 (0.08)

8.58 (0.11) 8.64 (0.08) 8.62 (0.10)
8.60 (0.08) 8.66 (0.12) 8.62 (0.09)
�0.02 (0.09) �0.02 (0.10) 0.00 (0.09)

8.77 (0.11) 8.34 (0.03) 8.67 (0.11)
8.72 (0.11) 8.47 (0.14) 8.71 (0.11)
0.05 (0.11) �0.10 (0.08) �0.04 (0.10)
9.64 (0.13) 9.61 (0.09) 9.71 (0.11)
9.65 (0.13) 9.66 (0.12) 9.70 (0.10)
�0.01 (0.13) �0.05 (0.10) 0.01 (0.10)
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To avoid the problem of reaching a too small ensemble size, we
defined a large fixed minimum ensemble size for all diversity mea-
sures in this series of experiments. The minimum ensemble size
was fixed based on the median size of the ensembles obtained
using � as a single-objective function calculated on the three small
datasets described in Table 2. Taking into account these results, we
set the minimum ensemble size to 49 classifiers.

The four diversity measures presented in Section 4.1.3 were
used in this series of experiments. The objective of the experiments
was to verify which measure is the most closely related to perfor-
mance. The relationship between the four diversity measures and
performance is measured by calculating the uncontrolled overfit-
ting / ¼ �ðV;C0jÞ � �ðV;C�

0

j Þ. The lower /, the stronger the
relationship.

Table 6 summarizes the results obtained. We have also included
the results achieved using GA guided only by �, so that the solu-
tions found by all five single-objective functions investigated in
this paper can be compared. These results are the same as those
shown in Table 5.

Our results indicate that the differences among the results ob-
tained with diversity measures are small, except for dna in RSS-
based ensembles. In fact, we confirmed the results of previous
work, e.g. [27,13], that diversity measures are highly correlated.
However, our experiments reveal important information about
the relationship between performance and diversity. Taking into
account the assumption that the closer to zero the uncontrolled
overfitting, the stronger the relationship between the two mea-
sures, we can observe the following results:

(1) The diversity measure d was more closely related to perfor-
mance. The uncontrolled overfitting / was either zero or as
close as possible to zero in five cases out of a total of nine
cases.

(2) The diversity measure c was less closely related to perfor-
mance. The results obtained using c presented the highest
/ in six cases.

(3) h was highly related to performance and appears to be better
than � for guiding classifier ensemble selection. In eight
cases, h found solutions better than those found using �. In
addition, the ensembles found using h presented the highest
negative /. What this means, in effect, is that guiding GV
using h is better than doing so using �.

(4) Our results indicate that diversity measures can be effective
objective functions for selecting high-performance classifier
ensembles. The main problem is that diversity measures are
critically affected by ensemble size. Since we have fixed
quite a large ensemble size, i.e. 49 classifiers, diversity mea-
sure performances exceeded those of �.

6. Conclusions

This work presented the experimental results of a study com-
paring three overfitting control strategies adapted to classifier
ensemble selection performed as optimization problems using sin-
gle- and multi-objective genetic algorithms. We showed that the
task of selecting classifier ensembles may be prone to overfitting,
we pointed out the best strategy for controlling overfitting and
we used a global validation strategy to measure the relationship
between diversity and performance. The following overfitting con-
trol methods were investigated: (1) partial validation, in which
only the last population of solutions is validated; (2) backwarding,
which relies on validating each best solution at each generation,
and (3) global validation, in which all solutions at each generation
are validated. Three initial pools of 100 classifiers were generated:
100 kNN and 100 decision trees using the random subspace meth-
od, and a third pool of 100 decision Trees using Bagging. Five dif-
ferent objective functions were applied: four diversity measures
and the error rate.

The experiments were divided into three series. The three over-
fitting control methods were compared in two large databases
(first series of experiments) and in three small datasets (second
series). The error rate was employed as a single-objective function
by single-objective genetic algorithm and the four diversity mea-
sures were combined with the error rate to make up pairs of objec-
tive functions to guide the multi-objective genetic algorithm
(NSGA-II). Finally, in the third series of experiments, the four diver-
sity measures were directly applied by single-objective genetic
algorithm, and the global validation strategy was applied to control
overfitting. The objective in this third series of experiments was to
show how the global validation strategy can be used for identifying
the diversity measure more closely related to performance.

The results show that overfitting can be detected in classifier
ensemble selection, especially when NSGA-II is employed as the
search algorithm. In response to the following question: which is
the best strategy employing an archive for reducing overfitting in
classifier ensemble selection when this selection is formulated as
an optimization problem? posed in the introduction, the global
validation may be deemed to be the best strategy. In all problems
where overfitting was detected, in both large and small databases,
the global validation strategy outperformed the other overfitting
control methods. In response to the second question: are classifier
ensembles generated by bagging and random subspace equally af-
fected by overfitting? our results indicate that classifier ensembles
generated by the random subspace method are more prone to
overfitting than the bagging-based ones, even though the same
behavior was not observed in all databases investigated. In terms
of ensembles generated by the random subspace method, our re-
sults globally showed that kNN ensembles and decision trees
ensembles are equally affected by overfitting. This aspect is totally
problem-dependent.

Finally, our results outlined a relationship between perfor-
mance and diversity. Double-fault and ambiguity were the diver-
sity measures more and less closely related to performance,
respectively. These results confirm what is reported in the litera-
ture, which is that double-fault is highly correlated with majority
voting error [27] and that measures which do not need information
about the correctness of the classifier output, such as ambiguity,
are less correlated to the performance [1]. Moreover, we show that
the difficulty measure can be better than the error rate as a single-
objective function for selecting high-performance classifier ensem-
bles. It is important, however, to realize that quite a large mini-
mum ensemble size (49) was fixed for all diversity measures.
Such a size was defined based on the size of the ensembles found
by GA guided by the error rate.

The next stage of this research will involve determining strate-
gies to improve the selection results, such as a post-processing le-
vel employing dynamic classifier selection. Although we were able
to increase the generalization performance of the baseline initial
pool of classifiers by selecting subsets of classifiers, the gain in per-
formance can be increased still further.
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