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Abstract

A method for synthesizing grammatical models of na-
tural plants is presented. It is an attempt at solving the
inverse problem of generating the model that best de-
scribes a plant growth process, presented in a set of 2D
pictures. A geometric study is undertaken before trans-
lating it into grammatical meaning; a genetic algorithm,
coupled with a deterministic rule generation algorithm,
is then applied for navigating through the space of pos-
sible solutions. Preliminary results together with a de-
tailed description of the method are presented.

1 Background and motivation

The detailed study of a set of plants from an agricul-
tural field or a forest is a precious source of information
about their health, the treatments that the plants have un-
dergone and, consequently, about the appropriate man-
agement strategies. However, there is a physical impos-
sibility in bringing to the field the specialized equipment
needed to perform such a study. An approach to solve
this constraint is to build a detailed model in order to
obtain a-priory knowledge about the plants we wish to
observe or to perform virtual computer studies. Our first
attempt is to model dichotomous trees such as the great
Maple.

Based on the self-similarity observed in its develop-
ment (Mandelbrot [6], Barnsley [1]), a plant can be
thought of as a natural (”existing in nature”) representa-
tion of a fractal; therefore, it is modeled using tools cre-
ated by the fractal research community. We are specially
interested in a family of models calledL-Systems (for
L indenmayerSystems, [5]). With the addition of sim-
ple geometric features,L-Systems have been used ex-
tensively for visualization of natural developmental pro-
cesses (see, for example, [7] and [8])1.

However,observinga natural growth process and then
generatinga model that describes it is still more of an art
than a structured approach more suitable to science. In
section 2 we present thisinverse problem; a solution is

1In this paper, we won’t go into any deeper details concerning the
basic concept and definition ofL-Systems. These can be found in [9]

proposed in 3. Preliminary results are discussed in 4, and
we conclude in 5.

2 Evolving a model to describe plant growth: the in-
verse problem

2.1 The inverse problem for a fractal

As mentioned, a tree can be represented using its frac-
tal characteristics. To represent a given tree, one must
search for a grammar that generates a fractal that best
represents the sought tree. The question to solve is then:
how to find a model to generate aspecificfractal figure?

Answers from different disciplines exist to related
questions: in architecture, Coateset al ([2], chap. 14)
combinedL-Systems with genetic programming for ex-
ploring designs. In [10], Lindenmayer and Prusin-
kiewicz generatedFASS (space-Filling, self-Avoiding,
Simple and self-Similar) curves with graph rewriting
techniques. In [11], Vanyiet al. developed a system for
graphically describing the circulation of blood in a hu-
man retine, coupling evolutionary methods coupled with
a restricted form ofL-Systems. And, finally, theCollage
Theoremestablishes a way of solving the inverse prob-
lem usingIterated Function Systems(IFS) ([1]).

2.2 The inverse problem for plant growth

The growth processof a plant can be described as a
suite of fractal figures, each one representing a specific
stage in time of this process; amodelfor this suite then
describes the growth process of this plant. The question
to answer at this stage is then: havingobserveda growth
process of a plant (or tree), what is the model that best
describes it?

The use ofL-Systems (see [5, 7, 8, 9] for details) in an
attempt to answer this question is quite appropriate as the
recursive nature of the grammar usage makes them gen-
erate intermediate results in discrete time steps, much
like observing a plant growth in predefined, equally
spaced time intervals. Prusinkiewicz and Hanan, in [9],
extensively demonstrate the usefulness ofL-Systems for
answering this question with what is known ascomputa-
tional botany. Somehow guided by a different objective,



Koza, in [4], uses genetic programming for generating
the (one and only) rule of anL-System.

The question that we address in this research project
goes still a step further, adding a geometrical compo-
nent: the object whose growth process is studied is
three-dimensional, but the temporal information that we
have is two-dimensional (a suite of 2D pictures). With
this new restriction in mind, we propose in section 3 a
method for generating a growth model for a tree (ex-
pressed as anL-System grammar), having a set of 2D
pictures. No hard restriction is set on theshapeof the
pictures (they don’t have to be taken from any specific
point in space) nor on theirage(whenthey were taken is
not important, as long as we have this information).

3 Proposal
This research problem, as stated, implies working

with 2 parallel views of trees: thegeometricrepresen-
tation, that defines how the tree is formed as a compo-
sition of shapes, and thesyntacticrepresentation: the
L-System string that is interpreted as the named geome-
tric figure. We have to be able to handle both views at
the same time, as the objective is to generate the same
geometry, but this can only be done through the correct
generation of a syntactic model.

In this section, a characterization of the kind of solu-
tions we are looking for is described (3.1), and how this
is represented in the syntactic domain is inferred (3.2).

3.1 Geometric considerations

Our goal being to model natural trees, the geometric
nature of tree growth should be reflected in the chosen
L-System rules. We defined 3 ways in which a tree
grows, exemplified with a series of drawings. If the
shape of a givenyoung treeis as in Fig. 1(a), thenatural
growth is a combination ofY-shape(Fig. 1(b)),T-shape
(Fig. 1(c)) andB-shape(Fig. 1(d))

3.2 Grammatical translation

As shown in Fig. 1(b,c,d), the different types of
growth amount to different ways of combining the
”young tree” while forming a larger tree. We have de-
fined 3 syntactic operators, namedB, T, andY, trans-
lating the geometric relations explained in Fig. 1 to
L-System notation. These are called thegrowth oper-
ators:

1. Fig. 1(d), representingB, would beS + (a)F (b).
Extending it to a three dimensional space and
specifying the contexts, the completeL-System
rule would be:

left ctx. < B(a, b, c) > right ctx.→ S+(a)&(c)F (b)
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of lengtha, and then the young tree appears
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(c) Growth in T-Shape: a tree has a
trunk of lengtha, and then the young
tree appears rotated an angleb from
the vertical

y

b

a

young tree

(d) Growth in B-Shape:
from the young tree grows
a line of lengthb rotated an
anglea from the vertical

Fig. 1. Growth of a tree

This notation presents the advantage of having
non-fixed contexts, allowing for a family of rules
of this shape. Following this idea, we also derive a
set of rules with the geometry of Fig. 1(b) and (c)
(in three dimensions):

2. Fig. 1(b):

Y (a, b, c, d) → F (a)[+(b)&(d)S][−(c)&(d)S]

3. Fig. 1(c):

T (a, b, c) → F (a)[+(b)S]S

Now that we have defined the operators, we can take
a closer look at theprimordial components of the tree
(Fig. 1(a)); this ”young tree” has a specific meaning as
part of anL-System: it is theaxiom, S. As mentioned,
the operators only use combinations of this first tree for
building the whole tree; so it is important to choose a
large enoughfamily of axiomsfor representing a large
number of different type of trees, if we want our method
to be general.

We have chosen this family to have the following syn-
tactic form:PtsGPtsGPts, where:

• G is one ofB, T , or Y (correspondingly parame-
terized) and

• Pts is the L-System string of aprimordial tree
shape.



Fig. 2. General primordial tree shape

This primordial shape is a generalization of the shape
shown in Fig. 2. It is represented by the concatenation
of 5 parameterizedL-System regular expressions: part
1, 3, and 5 in Fig. 2 areF (l)0/1 (”straight line of length
l”), and part 2 and 4 are[±(α1)&(α2)F (l)]0/1 (”straight
line of lengthl, growing from the vertical trunk at a 3D
angle specified byα1 andα2”). The exponent0/1 trans-
lates the possibility of presence/absence of the term.

3.3 The L-System family of solutions

These translations generate aparametric context-
sensitiveL-System family (Table 1, with rules represent-
ing objects in 3D)2.

I 12 reserved symbols: RS = {F,f,+,-,∧,&,\,/,(,),[,]}
I Alphabet: T = RS ∪ R
I A parameterized AxiomS ∈ T+

lcb
1 < B(a,b,c)> rcb

1 → S+(a)&(c)F(b)
...
lcb

n < B(a,b,c)> rcb
n → S+(a)&(c)F(b)

lcy
1 < Y(a,b,c,d)> rcy

1 → F(a)[+(b)&(d)S][-(c)&(d)S]
...
lcy

m < Y(a,b,c,d)> rcy
m → F(a)[+(b)&(d)S][-(c)&(d)S]

lct
1 < T(a,b,c)> rct

1 → F(a)[+(b)&(c)S]S
...
lct

k < T(a,b,c)> rct
k → F(a)[+(b)&(c)S]S

Table 1. The shape of the family of grammars

3.4 Method: generating a grammar

Now the problem is more specific:

Having a list of figuresLt, find a grammar
of the family defined in Table 1 whose gra-
phical interpretation best approachesLt

Our approach for solving this is shown in Alg. 1

2lcr
i stands forleft context i for rule type randrcr

j for right context
j for rule type r

Algorithm 1 Grammar synthesis
1: procedure GENERATEGRAMMAR (Lt: target figu-

res; Pt: spatial and temporal information aboutLt)
2: repeat
3: Choose a parameterized grammarMa from the

axiom space .
4: Generate the best set ofproduction rules(PR) for

the current axiom .
5: G = Ma ⊕ PR . current grammar
6: until G is good enough
7: ReturnG

8: end procedure

The exploration of the axioms’ space (line 1.3) is im-
plemented as a genetic algorithm, described in 3.4.1.
The production rules generation (line 1.4) is described
in (3.4.2), and the fitness function for the whole process
is presented in 3.4.3.

3.4.1 Choosing axioms: Each symbol of the
axiom (as described in 3.2 and Table 1) is encoded as a
gene in the chromosome, which is then 64 genes long.
Straightforward 1-point crossover and mutation opera-
tors are implemented on such representation.

3.4.2 Navigating the production rules space:
In this approach, we derive only the rules that could pos-
sibly expand a specific axiom. We use information from
Alg.1: generation of the rules comesafter choosing a
possible axiom. The general method calculates each pos-
sible outcome of a string, starting from the axiom, and
then derives the rule that would generate this string. For
example, if the axiom isS : B(1, 2, 3)F (4), then its first
derivation will be

S+(1)&(3)F (2)F (4) or B(1, 2, 3)F (4)

depending on whether there is a rule in the grammarG
that replacesB(1, 2, 3) or not. SoG will be eitherG1 or
G2:

G1 =
{

Axiom = S : B(1, 2, 3)F (4)
B(a,b, c) > F → S + (a)&(c)F (b)

G2 =
{

Axiom = S : B(1, 2, 3)F (4)
∅

Each possibility defines a current work string, that in
turn could be replaced by the rules of a grammar; this
iterative procedure is repeated for the number of gener-
ations indicated in the information about the target figu-
res.



In that way, starting from the axiom, we build a graph
in which each node is the state of the generation of a
string, and whose leading transition is the rule that was
applied in order to obtain the string (see Fig. 3). This
type of graph does not have cycles, so it is a tree; each
path from the root to each one of the leaves is a com-
plete grammar, and a possible solution to the optimiza-
tion problem. Finding thebest grammaris now equiv-
alent toevaluating each grammar path with an appro-
priate fitness function (3.4.3) and choosing the one with
better fitness. A x i o mS 1 . 1 S 1 . 2 S 1 . 3r u l e A . 1 r u l e A . 2 r u l e A . 1 A N D r u l e A . 2

S p . mS p . nS p . 2S p . 1
r u l e S 1 . 1 . k r u l e S 1 . 2 . 1 r u l e S 1 . 3 . 1r u l e S 1 . 1 . 1 r u l e S 1 . 2 . t r u l e S 1 . 3 . l

r u l e r 1 r u l e r 2 r u l e r n r u l e r m
Fig. 3. Grammar evaluation graph

3.4.3 Fitness function: The fitness of a gram-
marG is adistancebetween a list of target figuresLt and
the figures generated byG. Thedistancebetween 2 figu-
res is evaluated by a comparison between their respective
fractal dimensions (F , calculated using the box-counting
algorithm) and their size (S):

D(f1, f2) = α∗(F (f1)−F (f2))+(1−α)∗(S(f1)−S(f2))

α is a weighting estimator of the importance of each
measure; for this paper, we fixedα = 0.5

The fitness of a grammarG (F(G)) is the sum of all
the distancesD

4 Results and discussion
We implemented an environment to experiment with

the visual appearance and with the formal definitions of
L-Systems ([3]). We then built a synthetic database of
2D pictures of trees generated using 3D grammars. The
proposed method is being evaluated for its ability to gen-
erate grammars that can evolve trees corresponding to
the source synthetic pictures.

For this first set of tests we aimed at finding perfect
fitness (fitness = 0, becausefitnessas in 3.4.3 is a sum of
distances). Fitness being the ending condition in Alg. 1,
this severe rule, associated with the cardinality of the
axiom space being∼ 1010, meant that the exploration of
the whole space was unthinkable, even with very pow-
erful machines. However, such a drastic constraint (fit-
ness =0) was useful in evaluating the proposed approach
when dealing with simple geometric figures and a sub-
set of the grammar. Not only did this allowed to verify
if we generated similar trees, but also similar grammars
(remember that we are using synthetic trees).

To this end, we studied the geometry of grammars
with simple axioms and one growth rule, either B, T, or
Y. Under certain conditions, the geometry of each class
of grammars is very distinctive, and is presented (in its
8th. iteration) in Fig. 4. We gave as inputs to our method

(a) Grammar with axiom:
F[+F]F[-F]FB(30,1,45) and
theB growth operator as the sole
rule

(b) Grammar with axiom:
T(1,30,45)F[+F]F[-F]F and
theT growth operator as the sole rule

(c) Grammar with axiom:FY(1,45,45,45)and
theY growth operator as the sole rule

Fig. 4. Input to our experiences

the sequences generated using each of the growth rule,
and hoped to obtain not only trees that were similar but
also the same grammar as entered. We repeated the ex-
periences 10 times with each sequence, and present here
some of our observations:

1. for all replicates, the resulting grammar generated
a tree that was similar to the input picture

2. in 8 replicates out of 10, the algorithm did not find
the exact grammar as entered, and the search con-
tinued even though the solutions were very close
and the fitness near 0.



3. in 2 replicates out of 10, the stochastic process
quickly generated a perfect solution.

4. the solutions were generated in reasonable
amounts of time. However, once again, the end-
ing condition requiring a perfect fit (fitness = 0)
did not allow the algorithm to stop when accept-
able solutions were encountered.

5 Conclusion and future work

These first results are very promising, and demon-
strate that the proposed approach is a solution to the in-
verse problem. We now have to improve the intuitiveness
of our fitness function: make it closer to our expectations
when comparing 2 natural trees. We, as humans, do not
expect a tree to lookexactlythe same in 2 different pic-
tures. However, we can recognize different pictures as
coming from the same tree. To this end, additional cri-
teria, such as comparing the number of segments, the
compactness, or even the texture of the trees, would def-
initely improve the value returned by the fitness function.

Another important consideration is in devising a more
objective way of evaluating our method. This is actually
quite difficult to achieve, as we are evaluating the results
as humans, in a subjective manner. However, we think
that we would greatly benefit from a form of ”mathemat-
ical evaluation” of our results.

We believe that the proposed approach for generat-
ing grammatical models from example is novel and very
promising, even though the presented results are still pre-
liminary. The next step will be to generate a consistent
set of results, along with extending it to more compli-
cated grammars (for example, stochastic). Finally, we
would like to draw some conclusions about the correct-
ness, usefulness and robustness of the proposed method.
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