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Abstract 

 
In this work, the authors have evaluated almost 20 

millions ensembles of classifiers generated by several 
methods. Trying to optimize those ensembles based on the 
nearest neighbours and the random subspaces paradigms, 
we found that the use of a diversity metric called 
“ambiguity” had no better positive impact than plain 
stochastic search.  
 
1. Introduction 
 

Research on ensembles of classifiers (EoC) has 
become an important topic in the pattern recognition 
community. It is now well known that, in order to achieve 
high recognition rate, individual classifiers belonging to 
EoC must yield different outputs. The key idea is that if 
fairly good classifiers make errors on different examples, 
the ensemble should be more accurate than its single best 
element. Diversity can take multiple forms and, in the 
case of voting classifiers, a measure called “ambiguity” 
has been proposed [4] to help the creation of high-
performance EoCs. This measure represents the average 
rate of classifiers that disagree with the ensemble’s 
decision. 
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ClassV  is the class chosen by the classifier and 
( )kiVClass  is the output of the ensemble. The ambiguity of 

the EoC on a given database is: 
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where I is the set of classifiers, K is the set of examples in 
the database and |I| and |K| are the cardinality of I and K 
respectively. 

Using a hill-climbing method, it has been shown that 
maximizing ambiguity in ensembles of kNN creates more 
accurate EoCs than if no measure of diversity is used [4].  
It has also been shown that the random subspace method 
is efficient in creating kNN-based EoCs that have higher 
recognition rate than a single kNN [3]. Knowing that such 

ensembles have an inherent diversity, would there be any 
benefit in using the measure of ambiguity as an 
optimization criteria in order to maximize performance? 
Can we significantly reduce the number of kNN in the 
ensemble, and thus reduce the cardinality of the EoC 
without any loss of performance in generalization? 
 
2. Optimization methods 
 

In this work, we analyzed the effect of using a measure 
of diversity called ambiguity [4] in the optimization of 
ensembles of kNN generated by the random subspace 
method. The optimization is done using a multi-objective 
genetic algorithm and the NIST SD19 database [1]. The 
data consists of handwritten numerals forming a 10 
classes pattern recognition problem. 

Prior to the optimization, we have experimentally 
determined that a one-nearest neighbour classifier (k=1) 
in a subspace of 32 features (out of 132) was the best 
combination of parameters for our ensembles of kNN. 
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Figure 1: Accuracy evolution as the training set increases for 
MLP, kNN and ensemble of 100 kNN in random subspace. 

We have created and trained ensembles of 100 kNN 
with several subsets of the NIST SD19 database (0,5, 1, 5, 
10, 25, and 50 x 103 prototypes). For consistency, the 
recognition rate of these ensembles was measured on the 
same database containing 10,000 examples (Figure 1). 
The evaluation of the performance was done by taking the 
vote of each kNN of the ensemble. The class with the 
highest number of votes wins and ties are arbitrarily 
resolved.  

For the rest of the paper, we focused on the ensemble 
trained with 5000 prototypes and compared a number of 
methods of classification based on the 100 base 
classifiers. 



The single kNN (Figure 1) is used as reference and is 
composed of a single 1-NN classifier trained with the full 
feature set. A multilayer perceptron (MLP) is also used as 
reference. More details on that neural net can be found in 
[1]. The base EoC is made of 100 1-NN generated by the 
random subspace method [3], each of which having been 
trained with 32 randomly selected features out of the 
initial feature space. This base EoC provides a reference 
for the optimized EoC as it is composed of a non-
optimized ensemble already better than the single kNN. 
Therefore, the search for a better ensemble consists in 
finding, if it exists, a subset of N classifiers out of the 100 
base classifiers forming the base EoC. A better ensemble 
is defined as one that has a higher recognition rate. For 
equal recognition rates, the classifier with the lower 
number of classifiers is considered as the best one.  

Certainly the most straightforward search method, the 
ranked search consists in sorting the base classifiers by 
decreasing recognition rate, then adding up these 
classifiers one by one to create a growing EoC. The EoC 
is evaluated at each size, starting with only the single best 
classifier, and then adding the second best to the ensemble 
and so on. This method creates a set of 100 EoCs from 
which we can chose the one we consider the better.  

  As with the ranked search, stochastic search consists 
in building 100 EoCs by adding to the ensemble 
individual classifiers one by one. In this case, the order in 
which the kNN are put in the EoC is randomly selected. 
Every time a kNN is added, the recognition rate of the 
new EoC is evaluated. The procedure can be repeated for 
a number of times and the final set of solutions contains 
the single best EoC of each size (from 1 to 100). 
Stochastic search allows thus a quite exhaustive sampling 
of the search space. It is a good way to observe the 
“natural” behaviour of the different measures taken here 
and the relation between them (recognition rate, number 
of classifiers and ambiguity).  

All four remaining search methods use genetic 
algorithms (GA) and are hence guided search. The first 
obvious GA used is a simple GA with one objective: to 
maximize the recognition rate of the EoC. Each kNN is 
represented by a bit in a 100 bits chromosome. Turning 
on/off a bit selects/unselects the corresponding classifier 
in the EoC.  

The non-dominated sorting GA (NSGA) [1] approach 
used here tends to maximize or minimize two or more 
objectives at the same time in multi-dimensional fitness 
spaces, avoiding thus the aggregation of metrics capturing 
multiple objectives into a single metric. This is achieved 
by sorting the evaluated solutions by Pareto fronts. This 
kind of algorithms produces a set of non-dominated 
solutions (the Pareto front, Figure 2) from which we can 
choose the one we consider the better according to a new 
criterion.  

Three (3) different couples of objective functions have 
been used for the search with NSGA, each of these for a 

particular purpose. The first one is to maximize conjointly 
the recognition rate (F1) and the ambiguity (F2a), which is 
precisely what this work aims to study.  

A second couple of objective functions has been 
chosen: to minimize the error rate (F1’) and to minimize 
the ambiguity (F2b), in order to get a better understanding 
of the behaviour of the ambiguity as and optimization 
criteria. But for the formalism and some graphical 
representation, F1’ and F1 are the same logical objective. 
Joint minimization of F1’ and F2b may result in high 
margin EoCs, e.g. their average degree of agreement has 
good chances of being located far from the majority 
threshold of 50%, an ideal situation according to [2]. 

F1’ along with minimization of the cardinality of the 
EoCs (F2c) constitutes the last couple of objective 
functions. Minimizing the cardinality of the EoC is a 
natural objective and the most obvious way to reach it is 
to explicitly put pressure on it.  
 
3. Experimental Protocol 
 

The optimization of EoCs requires four (4) distinct 
databases, that is one more than when performing the 
optimization of a single classifier. The first data set is 
used to train the base classifiers, here corresponding to the 
kNN’s memory. It is called the “training set”, the 
“training database” or simply the “prototypes”. A set 
called the “optimization set” is used to measure the 
performance of the generated EoCs. All search methods 
in this paper aim at minimizing recognition error on that 
database. Since these search methods offer the choice of 
several EoCs, a third database called “validation set” is 
needed to choose the final EoC in order to avoid 
overfitting. Finally, a test database is used to measure 
performances in generalization.  

All data sets come from NIST SD19. The test database 
has 60089 examples (hsf_7). The optimization set and the 
validation set each contain 10,000 examples. The size of 
the training set is a parameter that could eventually vary 
but that is fixed at 5000 examples for the current study. 
All samples related to the optimization, validation and 
training datasets were extracted from hsf_0-3. In this case, 
each class is composed of the same number of samples.  

Experiments are divided into two categories. The first 
category regroups the reference techniques that produce a 
single solution (classifier or EoC), e.g.: the simple kNN, 
the MLP, the base EoC and the ranked search. The second 
is a set of techniques rather producing a set of solutions, 
e.g.: the stochastic search, the NSGA-based algorithm and 
the simple GA.  

Several MLPs have been trained with the training set 
while the optimization set was used to avoid overfitting. 
Each of these neural nets had a different number of units 
in the hidden layer according to the methodology 



described in [1]. The validation set was used to choose 
the best configuration.  

The GA-based experiments all share the same setup: 
128 individuals in the population and 1000 generations, 
which means that 128,000 EoCs are evaluated in each of 
these experiments. The stochastic search produces 100 
EoCs at each run. To compare with the GA-based 
methods, 1280 runs have been conducted for the same 
total of 128,000 evaluated EoCs.  

All kNN are trained with the training set. The ranking 
for the ranked search and the recognition rate for the other 
methods are calculated on the optimization set. When the 
algorithm stops, the ensemble of solutions proposed by 
the algorithm is evaluated using the validation database. 
The EoC with the highest performance on that set is 
chosen as the best one found with a particular method. 
This EoC is then evaluated on the test set, giving a final 
score that can be compared with the score of other EoC 
obtained by different search methods. At every stage 
performance, ambiguity and cardinality of each EoC are 
recorded to allow further analysis of the results.  
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Figure 2: Example of a Pareto front after 1000 generations 
(NSGA F1-F2c). 

The set of solutions for the stochastic search is made 
of the best EoC evaluated for all cardinalities from 1 to 
100. NSGA produces a set of solutions directly from the 
Pareto front while the whole population of the last 
generation is considered as the solution set for the single 
GA approach. 

Each experiment was replicated 30 times, giving thus 
30 optimized EoCs according to each of the 5 search 
methods.  These replications allow further statistical 
analysis of the behaviour and expected performance of 
each search method. In the end, 19.2 x106 EoCs where 
evaluated (128 x 103 x 5 x 30). 

 
4. Results 
 

As it has already been demonstrated [3, 4], kNN-based 
EoCs have higher recognition rates than simple kNN 
(Figure 3 and Table 1). The single kNN recognition rate - 
slightly higher than 93% on all data set - is inferior to the 
recognition rate of other searches. The highest 
improvement in the recognition rate occurs between the 
single kNN and the ensemble of 100 kNN. In other words, 

it is the transition from a one-classifier technique to an 
EoC technique that gives the most important gain.  

Table 1: Recognition rates of reference methods 
Optimization Validation Test

Single kNN (132 feat.) 93,23 93,33 93,34

MLP (132 feat.) 96,11 95,91 95,27

Ensemble of 100kNN 95,79 96,09 96,28

Ranking (76 kNN) 95,93 96,15 96,26  
 
The biggest impact of optimizing the base EoC is in 

the reduction of its cardinality (Figure 4) though it is 
possible to slightly improve the recognition rate in 
generalization (test set). GA-based methods have the 
highest recognition rates on the optimization set (in 
memorization) but that performance drops off on the other 
sets (in generalization).  

 
Figure 3: Accuracy of the best ensemble found for all 
studied search methods on the 3 data sets (average). 

A Student’s two-tailed t-test shows that the difference 
between the average results on the simple GA and results 
of other methods is significant at a confidence level of 
95%. Consequently, it is safe to say that the simple GA 
gives the most accurate EoCs on all data sets; the EoCs 
found with that method has an average recognition rate of 
96.41% on test set. The use of the genetic operators is 
therefore more efficient at finding good solutions than the 
exhaustive stochastic search or the use of a heuristic like 
the ranking. The impact on the cardinality is even more 
important, with an average of 34.66 classifiers against 
62.50 for the stochastic search and 76 for the ranked 
search.  

Further Student’s t-tests show that the stochastic 
search, NSGA F1-F2a and NSGA F1’-F2c produce EoCs 
that are not significantly different as far as the recognition 
rate is concerned. While their average recognition rate is 
slightly under the one obtained with the simple GA, EoCs 
generated by NSGA F1’-F2c have fewer classifiers than 
others EoCs (average of 18.87).  

The loss in performance (96.35%) on the test set might 
be considered as very small in comparison of the 



reduction of cardinality. Student’s t-tests showed no 
difference between the average cardinality of EoCs 
generated by NSGA F1’-F2b and NSGA F1’-F2c.  
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Figure 4: Complexity of the best ensemble found for the 
studied search methods (average). 

The use of a measure of ambiguity did not help the 
search of better EoCs. The intrinsic diversity of the 
random subspaces-based kNNs yields ambiguity 
measures that are very difficult to either maximize or 
minimize (Figure 5). Moreover the EoCs obtained by the 
6 search methods all have more or less the same 
recognition rates.  
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Figure 5: Ambiguity of the best ensemble found for all 

studied search methods on the 3 data sets (average). 
 
It is interesting to note that while the ranked search did 

not give the best results either in term of complexity nor 
performance, the method is so simple to apply that it 
might well be of some use in practice. As an example, 
Table 2 shows recognition rates on the test database of the 
ranked search for the 15, 20, and 25 best classifiers.  

Table 2: Recognition rates on test set for the 15, 20 and 25 
best classifiers using the ranked search method 

Number of kNN 15 20 25

Recognition rate 96.00 96.12 96.16  
 
At the cost of a fraction of a percent in the recognition 

rate, one can chose arbitrary cardinality using the easiest 
method to deploy. 

5. Conclusion 
 
The simple GA is the best search method we found to 

maximize the performance of EoCs (Figure 6). The 
median recognition rate of its classifiers is higher or equal 
to the ones in the first three quartiles of the other search 
techniques and more than 75% of its solutions are better 
than the median solution of other searches. Its worst case 
is also better than all other worst cases. F2b gives the 
worst average results and has the worst case with the 
smallest recognition rate. Other techniques have 
equivalent average recognition rates though the variations 
around it differ.  

Figure 6: Results of 30 replications of optimized EoC on the 
test database. Left and right whiskers represent 1st and 4th 
quartiles respectively. The vertical line is the median and 
separates 2nd and 3rd quartiles (the box encloses 50% of the 
EoCs).  Plus sign is the mean. 

The use of ambiguity did not help much the creation 
of EoCs and might not be appropriated for ensemble of 
kNN generated by the random subspaces method. The 
simplest way to optimize such ensemble might be the use 
of a ranking heuristic at the cost of a small loss in 
performance. Future work will include other diversity 
measures [5] and other sizes of training database.  
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