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Abstract

The expected number of transmissions is a very important parameter to evaluate the multicast performance. It is often
used to estimate the bandwidth consumption of tree-based reliable multicast where some special receivers or routers are
assigned for retransmission handling of each domain. In this work, we will analyze and simulate the tree-based multicast
transmissions to obtain the number of transmissions and actual bandwidth consumption. This paper will also investigate
the problem of finding the optimal partitioning of multicast trees based on the bandwidth consumption.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A number of reliable multicast protocols have been proposed in recent years [1–4]. The performance anal-
ysis of basic parameters such as delay and bandwidth consumption has been compared for different kinds of
protocols in some references [4–9]. For reliable multicast, loss recovery is crucial. Each lost packet must be
retransmitted to the receivers that did not get the packet in the previous transmission and retransmissions.
In the analysis of bandwidth and delay, one often uses an important parameter, i.e. the expected number
of transmissions for one packet [2,4–7,10]. These basic performance parameters of reliable multicast depend
on many factors such as the loss recovery, the loss characteristics, the network topology and the partitioning
of networks. Evaluations of these parameters are very important criteria for reliable multicast.

The number of transmissions analyzes the bandwidth performance well. The topological effects are found
to be significant [4]. However, it is intensive to analyze the topological factor, so intermediate links are often
considered to be almost loss-free, i.e. the loss-free intermediate models [5–8,11,12]. The bandwidth is wasted
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mainly by receiver links whose topology is star. Impacts of topology are neglected in this case. In general,
intermediate routers may lose multicast packets, and losses may still exist in intermediate links. For example,
due to the buffer overflow of intermediate routers, packets may be lost. The losses from intermediate links will
result in retransmissions to many nodes and will consume more bandwidth. Impact of these losses from inter-
mediate links on the multicast network is significant. In the old model of loss-free intermediate links, the effects
of topology were not considered. If intermediate links are considered to be lost [4,6,10,13], one must consider
the influence of topology. Even if they have the same number of links, networks of different topologies may
have different number of retransmissions, and different bandwidth consumption. In this work, we will analyze
and simulate multicast transmissions, consider loss from intermediate links, and focus on the effects of topol-
ogy on multicast performance.

2. Performance evaluation

The expected number of transmissions E[M] that a packet should be multicast by the source using selective
reject ARQ until all group members correctly receive it can be recursively calculated [4,5]. In the analytical
study of E[M], one often uses the CDF (cumulative distribution function) of the total number of transmissions
to consider loss from intermediate links and to analyze the effects of topology on multicast performance [4].
Let M(k) be the total number of transmissions of a packet until it is received by all receivers under node k.
Then CDF for node k is Fk(m) = P[M(k) 6 m], i.e. Fk(m) = Prob.[all nodes from k and below get the packet
at most in m trials]. We denote Fr(m), Fk(m) and Fs(m) to be CDF of the total number of transmission for leaf
receivers (r), intermediate nodes (k) and the sender (s), respectively. Then one can obtain the following equa-
tions for E[M] [4]:
E½MðsÞ� ¼
X1
m¼0

mP sðM ¼ mÞ ¼
X1
m¼o

ð1� F sðmÞÞ; ð1Þ

F sðmÞ ¼
Y

c2childðsÞ
F cðmÞ; ð2Þ

F nðmÞ ¼
Xm�1

u¼0

m

u

 !
pu

nð1� pnÞ
m�u

Y
c2childðnÞ

F cðm� uÞ; ð3Þ

F rðmÞ ¼ 1� pm
r ; ð4Þ
where pk or pr is the packet loss probability of the link leading to node k or leaf receiver r.
Needless to say, one should use recursion starting from the bottom of the nodes, and should use the numer-

ical evaluation of Eqs. (1)–(4) to calculate E[M]. However, due to the consideration of topological effects and
loss from intermediate links [4], the computation of E[M] may be very intensive for a general topology [5].
Even if the reduction technique is used, the computation of E[M] can be exponential with the number of nodes
N [3]. In the worst case, it may take hours to calculate E[M]. Based on intensive computations of E[M], it is
difficult to calculate other parameters, such as bandwidth and delay, for a big multicast network, especially for
real time dynamic networks. The efficient estimation of E[M] is necessary. In this paper we follow a completely
analytical approach for the evaluation of E[M] without using recursion. We consider the loss from interme-
diate links and further evaluate the effects of topology on multicast by introducing a new topology parameter.
This significantly simplifies the evaluation of E[M], which is very useful for dynamic networks. In order to
focus primarily on the effects of topology on multicast, we use homogeneous packet loss probability in the
following, i.e. all links have the same packet loss probability p. Our approach can be extended to discuss net-
works with heterogeneous loss probability and to further analyze the effect of loss characteristics on multicast.
Packet loss probability per link can be obtained by the following equation:
p ¼ #lost packets=#total transmitted packets. ð5Þ
It includes link error and packet loss due to buffer overflow.
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2.1. Probability of the number of transmissions

For a tree-based reliable multicast, packet loss of one intermediate node is involved in the retransmissions of
many nodes. Once one intermediate node loses a packet, all nodes under the node will lose it. For example, if
node k1 loses a packet in Fig. 1, nk1

nodes will not receive the packet where nk1
is the number of links under the

node k1. The purpose of the next retransmission is to have the requested packet received at the nk1
nodes. The

requested packet must pass through the path from the sender to node k1 to recover the loss. The number of links
involved in retransmissions depends not only on the nodes that did not receive the packet, but also on the nodes
along the path from the sender to node k1. We denote by Dk1

the set of these links involved in retransmissions if
loss occurs over link k1, as illustrated in Fig. 1. Dk1

, including dk1
and nk1

links, reflects the effect of dependent
loss over link k on multicast. Therefore, we only concentrate on whether these links within Dk1

correctly receive
the packet in the next retransmission. If loss out of Dk1

recurs in the next retransmission, we need to repeat the
above process until all nodes receive the packet correctly. We do not concentrate on whether the nodes that
have received the packet correctly do so again on further retransmissions. Therefore, each multicast retransmis-
sion is aimed at recovering loss from the previous transmission or retransmissions.

After understanding the process of loss recovery, we can evaluate the multicast performance. Packet losses
may take place at different nodes in each transmission or retransmission. The loss recovery of different nodes
needs different retransmission times; therefore, the probability density of the number of transmissions M

depends on which node loses the packet.
Here, we first clarify two kinds of losses. If the loss of one link is not under the subtree of another link loss,

the two losses do not affect each other; for example, the losses of node k1 (A) and k2 (B) are independent. How-
ever, if one link is under the subtree of another link loss, the losses are dependent; for example, the loss of node
B clearly results in the loss of node C. In the following, loss refers to an independent loss that does not affect
each other, and dependent loss is considered by factor Dk.

2.1.1. No loss occurs

The probability that no loss occurs in the first transmission is
Prob.ðno lossÞ ¼ ð1� pÞN . ð6Þ

Readers are urged to read Table 1 for multicast notations.

2.1.2. Only one loss occurs
Assume that only one loss occurs in the first transmission; e.g. node k1 loses the packet. The probability

that only node k1 loses data is
Prob.ðonly node k1 losesÞ ¼ pð1� pÞN�nk1
�1
; ð7Þ
where nk1
is the number of links under node k1.
B
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Fig. 1. One example of a general tree.



Table 1
Notations for a reliable multicast

N is the total number of links
p is the packet loss probability of each link
M, m is the number of transmissions (including retransmissions) for one packet
dk is the number of links from the sender to node k

nk is the total number of links under node k

dk1k2 ���ki is the total number of links from the sender to node k1,k2, . . . ,ki, i = 1,2, . . .

Dk1
is the set of links involved in retransmissions if loss occurs over link k1

Dk1k2���ki ði ¼ 1; 2; . . . ; jÞ is the set of links involved in retransmissions for independent loss over link k1,k2, . . . ,ki

P(M = m) is the probability of the mth transmission for one packet
P(M = mjk1k2� � �) is the conditional probability of m retransmissions after node k1, node k2, . . . , lose the packet in a previous transmission
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2.1.3. j independent losses occur

The probability that node k1,k2, . . . ,kj lose the packet in the first transmission is
Prob.ðnode k1; k2; . . . ; kj loseÞ ¼ pjð1� pÞN�
Pj

s¼1
nks�j

; k2 62 Dk1
; . . . ; kj 62 Dk1k2���kj�1

0; otherwise

(
; ð8Þ
where nks is the number of links under node ks (s = 1,2, . . . ,N). dk1k2���ki is the total number of links from
the sender to node k1,k2, . . . ,ki. For example, dk1k2

¼ 4; dk2k3
¼ 4, and dk1k2k3

¼ 6 (in bold) in Fig. 1.
Dk1k2���ki ði ¼ 1; 2; . . . ; jÞ is the set of links involved in retransmissions for independent loss k1,k2, . . . ,ki, i.e.
including dk1k2���ki and nksðs ¼ 1; 2; . . . ; iÞ links.

After we know the probability which nodes lose the packet in one transmission, we can recursively calculate
the probability density of the number of transmissions M. The probability of only one transmission is obvious:
P ðM ¼ 1Þ ¼ ð1� pÞN . ð9Þ

If some nodes lose the packet in the first transmission and the sender can recover these losses in the first

retransmission, one can obtain the probability of two transmissions:
P ðM ¼ 2Þ ¼
XN

k1¼1

pð1� pÞN�nk1
�1P ðM ¼ 1jk1Þ þ

1

2!

XN

k1¼1

X
k2 62Dk1

p2ð1� pÞN�nk1
�nk2

�2PðM ¼ 1jk1k2Þ þ � � � ;

ð10Þ

where P(M = 1jk1k2� � �ks) is the conditional probability that one retransmission is needed to make the multi-
cast successful if nodes k1,k2, . . . ,ks lose the packet in the first transmission.

Similarly, we can recursively obtain the probability of m transmissions:
P ðM ¼ mÞ ¼
XN

k1¼1

pð1� pÞN�nk1
�1P ðM ¼ m� 1jk1Þ þ � � �

þ 1

j!

XN

k1¼1

X
k2 62Dk1

� � �
X

kj 62Dk1
���kj�1

pjð1� pÞN�
Pj

s¼1
nks�jP ðM ¼ m� 1jk1k2 � � � kjÞ þ � � � ; ð11Þ
where P(M = m � 1jk1k2� � �kj) is the conditional probability of m � 1 retransmissions after node k1, node
k2, . . . ,kj lose the packet in previous transmission; for example, P(M = m � 1jk1) is the conditional probability
of m � 1 retransmissions if node k1 loses the packet.

2.2. Analytical approximation of E[M]

Each multicast subgroup meets the condition of Np < 1. If Np > 1, the sender needs to multicast the packet
so many times that the multicast protocol cannot work properly. Then, we need to design loss recovery to
reduce the number of retransmissions. The local recovery and partitioning of a group can be efficiently used
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to limit the scope of loss recovery so that Np < 1 for each subgroup. Thus, we consider only the case of Np < 1
in this work.

For a multicast subgroup of Np < 1, we may expand the above probability density function of M according
to the order of loss probability p. In the following, we will consider the function until the 3rd order approx-
imation of p or Np. From (9), one may have
PðM ¼ 1Þ ¼ ð1� pÞN ¼ 1� Np þ
N

2

� �
p2 �

N

3

� �
p3 þ � � � ð12Þ
In order to calculate P(M = 2), one needs to retransmit only once after the losses take place. For example, if
only node k1 loses the packet in the first transmission, the probability that the first retransmission will be suc-
cessful is P ðM ¼ 1 j k1Þ ¼ ð1� pÞdk1

þnk1 , where dk1
is the number of links from the sender to node k1 and nk1

is
the number of links under node k1. Similarly, one can obtain
P ðM ¼ 1jk1k2 � � � kjÞ ¼ ð1� pÞ
dk1k2 ���kjþ

Pj

s¼1

nks

; k2 62 Dk1
; . . . ; kj 62 Dk1k2���kj�1

; ð13Þ
where dk1k2���kj is the number of links from the sender to node k1,k2, . . . ,kj. Substituting (13) in (10), one has
P ðM ¼ 2Þ ¼
XN

k1¼1

pð1� pÞNþdk�1 þ 1

2!

XN

k1¼1

X
k2 62Dk1

p2ð1� pÞNþdk1k2
�2

þ 1

3!

XN

k1¼1

X
k2 62Dk1

X
k3 62Dk1k2

p3ð1� pÞNþdk1k2k3
�3 þ � � � ð14Þ
After expanding the equation above, one may obtain the following approximation:
PðM ¼ 2Þ ¼ Np �
N

2

� �
þ
XN

k1¼1

ðnk1
þ dk1

Þ
" #

p2 þ a23p3 þ � � � ; ð15Þ
where
a23 ¼
1

3!

XN

k1¼1

X
k2 62Dk1

X
k3 62Dk1k2

1þ
XN

k1¼1

N þ dk � 1

2

� �
� 1

2!

XN

k1¼1

X
k2 62Dk1

ðN þ dk1k2
� 2Þ. ð16Þ
Similarly, one may use (15) to evaluate P(M = 2jk1k2� � �kj). If one only considers the 3rd order approximation,
one achieves the following result:
P ðM ¼ 3Þ ¼
XN

k1¼1

ðdk1
þ nk1

Þp2 þ a33p3 þ � � � ; ð17Þ
where
a33 ¼ �
XN

k1¼1

N � 3

2
þ dk1

� nk1

2

� �
ðdk1
þ nk1

Þ þ
X

k22Dk1

ðd 0k2
þ n0k2

Þ

2
4

3
5þ 1

2!

XN

k1¼1

X
k2 62Dk1

ðdk1k2
þ nk1

þ nk2
Þ. ð18Þ
Using (17), one can obtain the 3rd approximation of P(M = 4):
P ðM ¼ 4Þ ¼ a43p3 þ � � � ; ð19Þ

where
a43 ¼
XN

k1¼1

X
k22Dk1

ðd 0k2
þ n0k2

Þ. ð20Þ
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So far, we have derived until the 3rd order approximation for the probability density of the number of trans-
missions and retransmissions. One may find the expected number of transmissions easily using (12), (15), (17),
and (19):
E½M � ¼
X1
m¼1

mPðM ¼ mÞ � 1þ Np þ xN �
N

2

� �� �
p2 þ

N

3

� �
þ y

� �
p3; ð21Þ
where
x ¼ 1

N

XN

k¼1

ðnk þ dkÞ; ð22Þ

y ¼ �2
N

3

� �
þ 2a23 þ 3a33 þ 4a43. ð23Þ
After some calculations, y may be simplified to the following equation [10]:
y ¼ 5

6

XN

k¼1

ðdkÞ2 � ðnkÞ2
h i

þ xN
6

. ð24Þ
Assume that dk + nk � x. We can estimate the y value as
y � 5x
6

XN

k¼1

ðdk � nkÞ þ
xN
6
¼ xN . ð25Þ� �
We may ignore the effect of y on E[M] due to yp3 � xNp3� xNp2 for the small p value and to y � N
3

for the large N value.

2.3. Discussions

From (21), E[M] depends on the number of links N, the packet loss probability p, and the topology param-
eter. The estimation of E[M] is simple and it just takes seconds to evaluate E[M], which is very useful for
parameter evaluation of real time dynamic networks. The number of transmissions E[M] increases with p

and N. p reflects on the packet loss probability over a link. It depends on link error and packet loss due to
buffer overflow. p does not change as E[M]. Different topologies have different values of x. x is defined as
the topology parameter which reflects the effects of topology on reliable multicast due to the consideration
of intermediate link loss.

From [10], we have
PN

k¼1nk ¼
PN

k¼1ðdk � 1Þ; therefore, x is written as follows:
x ¼ 1

N

XN

k¼1

ðnk þ dkÞ ¼
2

N

XN

k¼1

nk þ 1 ¼ 2

N

XN

k¼1

dk � 1. ð26Þ
If each node knows the number of links away from the sender, or the number of links downstream, we can use
x in (26) to analyze the change of distribution trees, and to further reflect the topological effects on multicast
performance. The x value reaches the biggest value for the linear topology and the smallest value for the star
topology if they have the same number of links. For a linear topology, nk + dk = N, so it is easy to get an x and
a y value from (26) and (24); x = N and y = N2. For a star topology, dk = 1 and nk = 0, so x = 1 and y = N

from (26) and (24). This approximation (21) for the star and linear topologies coincides perfectly with the ex-
act solution until the 3rd order result.

2.4. Hierarchical reliable multicast

For tree-based multicast protocols, receivers are organized hierarchically in a tree. Some special receivers
or routers, for example, designated receivers (DR) in reliable multicast transport protocol (RMTP [1]),
manage a group of receivers or a domain. In this paper, we will use repair routers (RR) to represent these
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special receivers or routers, i.e. RRs have repair functions and handle retransmissions. In fact, the multicast
group is partitioned into different subgroups according to the repair routers [1,3,10]. RRs are responsible for
these subgroups. If some receivers lose the packet, they request retransmissions from their RRs. If an RR does
not receive a data packet, it will ask for retransmission from the sender. Placing r RRs that can send repairs to
requesting nodes, one has r + 1 subgroups, e.g., in Fig. 2 we have 3 subgroups after putting 2 RRs in this mul-
ticast group, and in Fig. 3 we have 2 subgroups for 1 RR. We denote by Si the subgroup covered by RRi. S0 is
the subgroup not covered by any RR, i.e. the sender is responsible for the retransmissions of S0. It is obvious
that multicast performance depends on RR locations because RRs are responsible for the retransmissions of
these subgroups. Based on actual bandwidth consumption of different RR locations, we try to find the optimal
RR locations.

We define C as the total bandwidth consumed by one source multicast packet over all links and all trans-
missions, including retransmissions. The bandwidth consumption of the whole multicast group is the summa-
tion of the bandwidth consumed by all subgroups. Therefore, for r RRs, one may find the total bandwidth
consumption E[C]:
Fi

F

E½C� ¼
Xr

i¼0

E½Ci�; ð27Þ
where Ci is the total bandwidth consumed by one source multicast packet over all links in subgroup Si whose
retransmissions are handled by one RR. If B is defined as the bandwidth consumed by a multicast packet per
link, averaged over all links in a multicast group, one may obtain the following equation:
... ...   ...

... ...

...

...

Subgroup S1

Subgroup S2

Subgroup S0

RR1

RR2

...

Sender

g. 2. One example of homogeneous topology structure – k-ary tree. w is the number of branches for each intermediate node.

RR...

...

wt: the number of branches for level t

...

...

t=1

t=sw2

w1

wL t=L

wt

Sender

Subgroup S1

Subgroup S0

ig. 3. One example of heterogeneous topology for different subgroups. Note w1 = w2 = � � � = wL is homogeneous topology.
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E½B� ¼ E½C�
N

; ð28Þ
where N is the number of links. Average bandwidth E[Ci] of subgroup Si can be obtained by counting all links
affected by multicast transmissions in simulation. It may also be estimated analytically:
E½Ci� � E½Mi�N i; ð29Þ
where E[Ci] and E[Mi] are the expected bandwidth consumption and the expected number of transmissions for
subgroup Si respectively, and Ni is the number of links for subgroup Si. Therefore, substituting (29) and (27)
into (28), one may find the expected bandwidth consumption E[B]:
E½B� ¼ 1

N

Xr

i¼0

N ifiðNiÞ; ð30Þ
where fi(Ni) = E[Mi], i = 0,1, . . . , r. One may use Lagrange multipliers to obtain optimal condition, i.e. we
need to minimize the function subject to the following constraint:
Xr

i¼0

Ni � N ¼ 0. ð31Þ
Introducing Lagrange multiplier k, we form a new objective function g(N0,N1, . . . ,Nr) which is to be
minimized:
gðN 0;N 1; . . . ;NrÞ ¼
1

N

Xr

i¼0

N ifiðNiÞ þ k
X

N i � N
� �

. ð32Þ
We find its partial derivatives with respect to N0,N1, . . . ,Nr and set them equal to zero:
o

oNi
gðN 0;N 1; . . . ;N rÞ ¼

1

N
fiðNiÞ þ Ni

ofiðNiÞ
oN i

� �
þ k ¼ 0; i ¼ 0; 1; . . . ; r. ð33Þ
Thus we have the following optimal condition of r RRs:
f0ðN 0Þ þ N 0

of0ðN 0Þ
oN 0

¼ f1ðN 1Þ þ N 1

of1ðN 1Þ
oN 1

¼ � � � ¼ frðN rÞ þ N r
ofrðNrÞ

oN r
. ð34Þ
One can clearly see from (34) that N0 = N1 = N2 = � � � = Nr = N/(r + 1) is a solution to the optimal problem
only for the case of homogeneous topology as will follow.

2.4.1. Homogeneous topologies for different subgroups

If each subgroup has the same topology, then E[M0] and E[M1] should have the same functional depen-
dence on the number of links. Many topologies fit into this case: in the linear topology, each subgroup always
has the same topology, no matter where RRs are placed; in Fig. 2, all subgroups have a similar topology; in
Fig. 3, with w1 = w2 = � � � = wL, the subgroups also have the same topologies when RRs are placed in the
intermediate nodes. Thus, they have the same functional dependence with N, i.e. f0(N) = f1(N) = f(N). From
analytical approximation (21) in the case that y is neglected, if the x of each subgroup has the same functional
dependence with N, each x has the same f(N) function. From (21) and (26), the subgroups have the same func-
tion x and the same functional dependence on N, as long as each level has the same number of links for two
subgroups. In the case of the same functional dependence with N, i.e. f0(N0) = f1(N1) = � � � = fr(Nr) = f(N), or
x0(N0) = x1(N1) = � � � = xr(Nr), the optimal conditions of RRs are obvious from (34):
N 0 ¼ N 1 ¼ N 2 ¼ � � � ¼ Nr. ð35Þ
Therefore, RR should be optimally placed to partition the group into such subgroups having the same number
of links. This only applies to homogeneous topology structures.
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Fig. 4. The effects of topology on subgroup size.
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2.4.2. Heterogeneous topologies for different subgroups

If each subgroup has a different topology, then E[M0] and E[M1] will have a different functional dependence
on the number of links; for example, in Fig. 3, if w1 = w� 1, w2 = � � � = wL = 1, one subgroup resembles a
linear topology and another resembles a star topology when one RR is placed in tth level. The function fi(Ni)
of each subgroup can be obtained from (21) i.e.
fiðN iÞ ¼ xiN ip2 þ gðN iÞ; ð36Þ

where
gðNiÞ ¼ 1þ N ip �
Ni

2

� �
p2 þ

N i

3

� �
p3. ð37Þ
Substituting (36) into (34), one gets the optimal condition for 2 subgroups:
o½N 1gðN 1Þ�
oN 1

� o½N 0gðN 0Þ�
oN 0

¼ D; ð38Þ
where
D ¼ oðN 2
0x0Þ

oN 0

� oðN 2
1x1Þ

oN 1

� �
p2. ð39Þ
D reflects the effect of topology on the optimal partitioning of multicast trees, shown in Fig. 4. The subgroup
with the larger topology parameter should have a smaller size. In the case of a larger value of Np (e.g. Np = 2,
p = 0.02), the topology effect is significant and the subgroup size is different. The more different topology, the
more different size.

Thus, N0 = N1 will not be the optimal condition for this case. In order to meet the optimal condition (34),
the linear-like subgroup should have a small size while the star-like subgroup should have a larger size.
3. Simulations

For a single-source multicast tree, a sender is located at the top of the tree. The sender multicasts the repair
packet until each node correctly receives it at least one time. Different packets may have different transmission
times due to loss. M is a random sample of the number of transmissions. Furthermore, links actually affected
by each transmission are different. The bandwidth consumption depends on the locations where loss takes
place. In order to obtain the total bandwidth consumption C, we need to summarize all links actually affected
by all multicast transmissions. C is a random sample of actual bandwidth consumption. Thus the sample mean
E[C] (E[M]) of bandwidth (the number of transmissions) can be averaged over many packets. Fig. 5 shows our
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Fig. 5. The simulation flowchart for one subgroup.
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simulation flowchart to obtain E[M](E[C]). Control traffic condition, such as NAK packets is assumed ideal
with neglected bandwidth consumption. Data packets are sent from the sender.

In Fig. 5, we give the simulation flowchart where we average many packets to obtain the average number of
transmissions. Let Mi denote the number of transmissions for one specific multicast packet i. Averaged over h
packets (e.g. h = 10,000),
E½M � ¼
Xh

i¼1

Mi=h. ð40Þ
The sample variance r2 of a random sample of size h may be written as follows:
r2 ¼
h
Ph

i¼1M2
i �

Ph
i¼1Mi

� �2

hðh� 1Þ . ð41Þ
After evaluating the mean l (an estimate of E[M]) and standard deviation of a random sample, we can cal-
culate the (1 � a)% confidence interval for l in the following:
E½M � � za=2

rffiffiffi
h
p < l < E½M � þ za=2

rffiffiffi
h
p ; ð42Þ
where za/2 is the z-value with h � 1 degrees of freedom, leaving an area of a/2 to the right.

4. Results and discussions

4.1. The number of transmissions

We simulate multicast transmissions and obtain the average number of transmissions E[M] over many
packets. In these figures, we average the number of transmissions over 10,000 packets. This was found to
be enough to provide us with a confidence interval of 95% about the true mean of each result in all the figures
(Figs. 6–8, 10 and 11) and a max error of 3% from true mean. We also compare simulation results with
approximate and exact results for some topologies.

Figs. 6–8 give the comparisons of several topologies among simulation results, the exact (i.e. the earlier
recursion) solution (1)–(4) and approximate solutions (21) for E[M]. For small E[M] value, they match
perfectly.

For an example of a general topology shown in Fig. 9, we also give comparisons between analysis and sim-
ulations for homogeneous and heterogeneous loss probability. Fig. 10 compares the analysis and simulation



Loss probability p
0.10.080.060.040.020

T
he

 n
um

be
r 

of
 tr

an
sm

is
si

on
s 

E
[M

]

4.5

4.0

3.5

3.0

2.5

2.0

1.5

1.0

linear, exact, L = 14
linear, approximate, L = 14
linear, simulation, L = 14
star, exact, w = 14
star, approximate, w = 14
star, simulation, w = 14

Fig. 6. Comparisons of E[M] corresponding to analysis and simulation for the linear topology and the star topology. They have the same
number of links.

Loss probability p
0.010.0080.0060.0040.0020

T
he

 n
um

be
r 

of
 tr

an
sm

is
si

on
s 

E
[M

] 1.6

1.5

1.4

1.3

1.2

1.1

1

analysis:exact
analysis:approximate
simulation

w = 4, L = 3

Fig. 7. Comparisons of E[M] corresponding to analysis and simulation for 4-ary tree in Fig. 2.

Loss probability p
0.010.0080.0060.0040.0020

T
he

 n
um

be
r 

of
 tr

an
sm

is
si

on
s 

E
[M

] 1.8

1.7

1.6

1.5

1.4

1.3

1.2

1.1

1

analysis:exact
analysis:approximate
simulation
analysis:exact
analysis:approximate
simulation

w = 4, L = 3

w = 6, L = 3

Fig. 8. Comparisons of E[M] corresponding to analysis and simulation for the topology in Fig. 3. Here w1 = w2 = � � � = wL = w.

404 Z.W. Wan et al. / Computers and Electrical Engineering 32 (2006) 394–410
results where all links have the same loss probability, and Fig. 11 compares a few values where different links
have different loss probability. In Fig. 11, the loss probability of each link is the summation of the value of the
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link in Fig. 9 and delta p. The first set of data (i.e. delta p is 0) is for the network in Fig. 9 while the second and
third set of data in Fig. 11 (i.e. delta p are 0.005 and 0.01, respectively) are for the increase value of delta p for
loss probability of each link. The analysis and simulation results in Fig. 11 match closely.
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In Fig. 12, we use one example of binary trees to give the confidence interval. It is obvious that the more the
packets are averaged, the more accurate the simulation E[M] value will be.

For each multicast transmission, not all links are affected. If an intermediate link loses the packet in one
transmission, all nodes under this link do not receive the packet. Hence actual bandwidth consumption
depends on the topology. In our simulation, we summarize all links actually affected by the multicast trans-
missions to get the bandwidth, then we average the bandwidth over 10,000 packets to obtain the average band-
width consumption E[C]. Fig. 13 shows the actual bandwidth consumption of different topologies. Actual
bandwidth consumption of these topologies differs slightly for small loss probability. With the increasing loss
probability, the bandwidth difference of different topologies becomes larger and larger.

4.2. The optimal RR locations for homogeneous packet loss probability

From the analysis in (34), the policy for placing RRs depends on the types of topologies of different sub-
groups. Multicast networks with homogeneous topology structure have similar topologies after partitioning
according to RR locations. Thus, optimal placements depend only on the number of links of each subgroup,
i.e. each subgroup should have the same size. We use k-ary trees to illustrate this case, shown in Figs. 14 and
15, Tables 2 and 3. When RRs are placed in a network of a k-ary tree, each subgroup has a similar topology.
Thus, RRs are always placed to have the same topology and the same number of links for each subgroup. We
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Table 2
Levels of 3 RRs corresponding to each scenario number on the x axis of Fig. 15

Scenario number of x axis

1 2 3 4 5 6

RRs levels 1,1,1 1,1,2 1,1,3 1,1,4 1,2,2 1,2,3
7 8 9 10 11 12 13
1,2,4 1,3,3 1,3,4 1,4,4 2,2,2 2,2,3 2,2,4
14 15 16 17 18 19 20
2,3,3 2,3,4 2,4,4 3,3,3 3,3,4 3,4,4 4,4,4

Table 3
Optimal RR levels for k-ary trees

#RRs w

2 3 4 5

2 RRs 1,2 1,1 1,1 1,1
3 RRs 2,2,2 1,1,2 1,1,1 1,1,1
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can see these results from Fig. 15 and Table 3. For example, levels 1,1,2 are the optimal placements for 3 RRs
in the case of 3-ary tree because this is the best RR combination having the same topology and the same size
for 4 subgroups. Pure linear topology also has similar results. No matter how we partition the linear topology,
each subgroup always has the linear topology. Thus each subgroup should have the same number of links to
get the best performance of multicast. Optimal placements of RRs are trade-off between the sender and each
RR. When each subgroup has the same number and the same topology, the whole group has the best
performance.

When each subgroup has different topology, e.g. topology in Fig. 3, results of having the same size for each
subgroup are not applicable. Fig. 16 gives the optimal placements of RRs, where w1 = w, w2 = � � � = wL = 1
and the location of RR is the level of RR. For example, optimal placement for w = 100 in Fig. 16 (square
curve) is in level 20, that means, N0 = 100 + 20 = 120 and N1 = 100 � 20 = 80. We have different number
of links for each subgroup to have the optimal placements of RRs. When we have the same size, N0 = 100
and N1 = 100 for w = 100 in Fig. 16 (square curve), i.e. RR is in level 1, multicast performance is not optimal.
The same number of links for each subgroup does not result in the best performance of multicast for very dif-
ferent topologies. Subgroup S1 is a linear topology and subgroup S0 is like star topology. Their topologies are
very different. Optimal results are that S1 should have less number of links and S0 should have more number of
links. It may as well be that linear topology has larger number of retransmissions than star topology for the
same number of links, thus linear topology should have less number of links than star topology so that the
whole population reaches a trade-off between two subgroups.
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4.3. The optimal RR locations of heterogeneous packet loss probability

Heterogeneous packet loss probability means that different links may have different packet loss probability.
The approach used in this work can be extended to analyze networks with heterogeneous loss probability. Due
to the limitation of pages, we mainly focus on homogeneous loss probability to emphasize the effects of topol-
ogy on multicast performance. More analysis results on heterogeneous loss probability will be considered in
the future work. For a multicast network with heterogeneous packet loss probability, the optimal RR loca-
tions can be found based on the actual bandwidth consumption. Fig. 17 shows the results for the topology
with heterogeneous loss probability in Fig. 9. When RR is in node 1 or 6, the network has small bandwidth
consumption.
5. Conclusions

The number of transmissions is a very important parameter. In this work, we have analyzed and simulated
the tree-based multicast transmissions and compared simulation results for the number of transmissions with
exact and approximate analysis results. We have also obtained the actual bandwidth consumption traversed
by multicast transmissions. Based on the actual bandwidth consumption, the effect of topology on optimal RR
placements has been investigated for QoS multicast. The multicast group with homogeneous topology should
be partitioned to have the same size of each subgroup so that the whole group has the best performance. The
same cannot be said for topologies where each subgroup has very different topology. In contribution we have
seen that as the number of RRs increases, the optimal RR locations of k-ary trees go deeper down in the
hierarchy.
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