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[4] only gives analysis results and optimal DR locations of one
of the loss recovery policies in this paper in uniform loss and
linear topologies. How to efficiently evaluate the performance
of reliable multicast is significant for the design of loss
recovery. Further, loss recovery should adapt the topology and
loss characteristics of a tree in order to greatly reduce the cost
of networks and the sender. The optimal DR locations can
minimize the bandwidth consumption of networks that is
important to the design of reliable multicast protocols. In this
paper and different from recent work [4], we present a more
general approach available to different types of general
topologies for determining the optimal DR locations. We also
address the two aspects of reliable multicast: an efficient
evaluation of performance parameters and the optimal DR
locations based on different loss scenarios, topologies and loss
recovery schemes.

Abstract—Hierarchical reliable multicast provides scalability
as well as performance enhancement. Designated receivers (DR)
are assigned for retransmission handling of each domain. Effect
of DR locations on multicast performance is analyzed in this
paper. The paper addresses the problem of finding the optimal
placements of DRs that minimizes the bandwidth consumption.
Such bandwidth consumption depends on the loss recovery
scheme employed. In this respect, we compare two multicast loss
recovery policies. We couple the policy choice to the problem of
optimal determination of the number and places of DRs. The
effects of the control traffic, independent and correlated packet
losses as well as heterogeneous losses are all considered in this
analysis.1
Keywords — Reliable multicast, designated receivers, hierarchy,
optimization, loss recovery.

I.

INTRODUCTION

Motivated by the possible impact of DR locations on the
performance of loss recovery mechanisms, we develop a new
analysis and simulation of two new loss recovery policies.
These are the main objectives of the paper. However, in the
process, we provide approximations that will shade light on
the effects of control traffic, independent, correlated
homogeneous and heterogeneous packet losses that were not
addressed in recent work.

Much attention has been paid to reliable multicast in recent
years [1][2][3][14]. Scalable loss recovery is a key factor in
reliable multicast design. Two major loss recovery schemes,
i.e, end-to-end schemes [1][2][8][14] and router-assisted
schemes [6][7][10], have been proposed to provide scalability.
Whatever loss recovery is used, it is always required to isolate
the losses from these receivers that have received the packet.
Hierarchical loss control is a popular approach to limit the
scope of recovery of data and control messages. In these
hierarchical schemes, a multicast group is partitioned into
subgroups [2][4]. Within each subgroup, a special receiver or
router is selected to be responsible for the retransmission of
the packet and to collect the feedback from the receivers in the
subgroup. Only such special receivers report the state of the
subgroup to the sender. Designated receivers in reliable
multicast transport protocol (RMTP) [2] or link repliers in [6]
have such function of repair. The scope of loss recovery is
limited to a small subgroup. Thus feedback implosion and
bandwidth consumption can be substantially reduced.

The rest of this paper is organized as follows. In section II, we
discuss work in this area. In section III, we present our model
for hierarchical reliable multicast. In section IV, we study the
performance of reliable multicast and give an evaluation on
the number of transmissions and bandwidth consumption. In
section V, we use actual bandwidth consumption to optimize
the placements of DRs for the binary tree. In section VI, we
present the results of the optimal placements of DRs for the
binary tree. Section VII concludes the paper.
II.

The performance of reliable multicast strongly depends on the
loss characteristics of tree, the topology, and the loss recovery
mechanism [4][15]. The computation of the performance
parameters such as bandwidth consumption and the number of
transmissions is intensive for a general tree [3][4]. However,

RELATED WORK AND CONTRIBUTIONS

Two issues are considered in this paper: performance analysis
and the optimal DR locations, both of which are analyzed for
two loss recovery schemes.
There is a lot of work on performance analysis of reliable
multicast [3][4][11][12][15], most of which are based on the
recursive equations in [11]. The cost of the sender multicast
has been analyzed well by the number of transmissions E[M],
to be defined shortly. Due to the intensive computation of
E[M], approximations or simulations are often used [4]. We
take a different approach to calculate these parameters after
analyzing the transmission process of multicast packets. We
discuss the effects of dependent and independent loss on
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subgroup. Upon receiving NAKs downstream, DR or the
sender retransmits the missing packet.

networks and obtain the probability distribution of loss
scenario over network links. Some basic characteristics are
found. Further, we use them to derive E[M] and bandwidth
consumption of different loss recovery schemes. By this
approach, we can make some reasonable assumption and
obtain an analytical evaluation of performance parameters for
a multicast network with heterogeneous link loss probability.
There exist quite a few loss recovery schemes for reliable
multicast. End-to-end and router assisted schemes have been
employed in hierarchical loss recovery [2][6][10] and
compared in [16]. Due to the lack of information about the
underlying network, end-to-end schemes often multicast or
unicast repair packets to all members of a subgroup, e.g.
reliable multicast transport protocol (RMTP) [2] uses
designated receivers (DR) to remulticast repair packets for
each subgroup. Router-assisted schemes further reduce the
scope of recovery, e.g., Pragmatic General Multicast (PGM)
[10] conducts retransmissions to receivers that requested them
by the aid of routers to remember where NAKs (negative
acknowledgement) came from. If desired, suitable receivers
are used to act as Designated Local Retransmitters (DLRs).
Naturally, the placements of these DRs or DLRs have a
noticeable influence on the bandwidth consumption of a
network. Their optimal placements in hierarchy, where repair
packet is always multicast to all members of each subgroup,
have been obtained for a few special cases. These include
uniform packet loss and linear topologies in [4] and for the
general topologies and uniform packet loss in [15], where
bandwidth consumption is minimized to obtain the optimal
locations. Furthermore, the effects of topology on optimal
locations have been analyzed in [15]. Research on the location
problems can also be found for server-based reliable multicast
[13] which presents only simulation results not related to any
topology and for independent unicast transmissions from the
sender to receivers [5]. Although the approaches proposed in
[13] yield better multicast performance than the random
placement method of repair servers, they do not aim to find
such optimal placements in order to minimize bandwidth
consumption. Their placements are determined based on the
number of the shortest paths passing through the node, the
number of links connected to the node and the average number
of hops from the node to all other nodes. In our work, we
address the problem of finding effects of loss recovery and
loss characteristics on optimal DR locations. The optimal DR
locations are suggested so as to minimize the bandwidth
consumption for different loss characteristics of a tree and
different topologies. An analytical comparison of two typical
loss recovery schemes, namely, whole subgroup and selective
retransmissions, are investigated. Moreover, in all analysis and
simulation herein, we consider the effects of control traffic,
independent, correlated, and heterogeneous losses.
III.

A.

The functions of DRs

z

Store-and-forward. For a new data packet from the
sender, DR will always store and forward to its members.
Duplicate packets that the DR has already received are
not forwarded to its members.

z

The retransmission of data. Only if one or more members
require the retransmission of a missing data packet, will
the DR retransmit it. Similarly, the sender retransmits
packets to the requesting members in the sender
subgroup not covered by any DR.

z

The feedback of the domain. If the DR does not receive a
data packet, it will ask for retransmission from the sender.
The DR is an ordinary member in the domain of the
sender.

B.

Loss Recovery Policies

Two loss recovery policies are discussed in this work.
Sender/DR
S

X
A

C

B

Policy M

NAK:

Retransmission:

Fig. 1 The loss recovery of policy M. The loss occurs at link A.
Sender/DR

S

X

A

B

C

Policy H

Retransmission:

NAK:

Fig. 2 The loss recovery of policy H. The loss occurs at link A.

MODEL

Policy M – whole subgroup retransmissions

The performance analysis herein is based on a single-source
multicast tree. Here we use a DR to retransmit the repair
packet to a subgroup for end-to-end and router assisted loss
recovery schemes. Each DR is located at the root of its

Receivers missing packets send NAK upstream to the sender
or DR to request retransmissions. The sender and/or DRs
multicast the lost packet to all members in their domain once
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where N is the total number of links for a multicast group.
E[M], E[B] and E[C] reflect the bandwidth performance of
multicast protocols. In the following sections, one first derives
their expressions of no DR. Please refer to Table 1 and Table 2
for the notation used in this paper.

they receive the retransmission requests (NAK) from receivers
below [2][4]. Fig. 1 shows the loss recovery procedure of
policy M where nodes B and C have not received a certain
packet. This is a typical end-to-end scheme easily employed in
reliable multicast. In this policy and as a worst case treatment,
we assume all users suffering loss will transmit a NAK to
sender or DR as will be reflected within the subsequent
analysis. We do not assume here the presence of intelligent
routers that may cut the NAK traffic and reduce NAK
implosion [2][8].

A. E[M] --Previous Exact Solutions
The expected number of transmissions E[M] that a packet
should be multicast by the source using selective reject ARQ
until all group members receive it correctly can be recursively
calculated. For a multicast network, one can calculate the CDF
(cumulative distribution function) of the total number of
transmissions and retransmissions from the sender. Let M(k)
be the total number of transmission and retransmissions of a
packet until received by all receivers under node k. Then CDF
for node k is Fk(m)=P[M(k)≤m], i.e, Fk(m)=Prob.[all nodes
from k and below got the packet at most in m trials]. We
denote Fr(m), Fk(m) and Fs(m) to be the CDF of the total
number of transmission for leaf receivers (r), intermediate
nodes (k) and the sender (s), respectively, as shown in Fig. 4.
Then one can obtain the following equations for E[M]
[11][12].

Policy H – selective retransmissions
When one receiver encounters a loss, it sends NAK to a sender
or DR depending on which is closer. The sender and/or DR
then retransmit the packet only to these receivers that did not
receive data in previous transmissions. This protocol needs the
assistance of routers to recover the packet loss. Some simple
functions are added to intermediate routers to remember which
link downstream lost the packet and needs retransmissions.
Routers merge all the NAK requests downstream and send
only one NAK to the parent router to avoid NAK implosion
[10]. Intermediate routers will retransmit packets only to some
members of their subgroups. This policy adds a small extra
capability to ordinary routers (not DR). They should be able to
route repair packets only to these nodes in their subgroup that
have sent a NAK upstream through this router. But they would
send the repair packets to all members of this subgroup if they
themselves have lost the original packet. Fig. 2 shows the loss
recovery of policy H. Also, nodes may randomize the
transmissions times of their NAKs so as to further help the
NAK implosion avoidance. These issues are not addressed in
this paper. However, in the analysis, we consider the reduction
of the number of NAK transmissions on the total bandwidth
consumption in this policy where the routers have more
intelligence.
IV.

∞
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where PS(M=m) is the probability that the sender has to
transmit the intended packets in times until all nodes receive it.
pk or pr is the packet loss probability on the link leading to
node k or leaf receiver r.
Needless to say one should use recursion starting from the
bottom of nodes and the numerical evaluation of equation (2) (5) to calculate E[M]. However, the computation of E[M] may
be very intensive for a general topology [3]. Even if the
reduction technique is used, the computation of E[M] can be
exponential in the number of nodes N [4]. Based on the
intensive computations of E[M], it is difficult to calculate
other parameters such as bandwidth and delay for a large
multicast network. It is necessary then to use an efficient way
to estimate E[M] and E[C]. In this section, we follow a
completely analytical approach to evaluate the E[M] of a
general topology without the need for recursion.

PERFORMANCE ANALYSIS

In this section, we will explain the two metrics that will be
used to optimize the location of DRs, namely, the expected
number of transmissions E[M] and effective bandwidth
consumption. E[M], which is the average number of
transmissions of a given packet by the sender until all group
members receive it correctly, is one of the most important
parameters for reliable multicast. It depends on the topology
of trees and loss probability [11][12][15].
E[M] gives the cost of the sender in the transmission of a
packet to all receivers in the tree. The actual bandwidth
consumption of networks depends not only on the number of
transmissions E[M] but also on the number of links traversed
by each transmission. We define E[B] as the expected
bandwidth consumed per link averaged over all links in one
successful multicast. We define E[C] as the total expected
bandwidth of a group consumed by one successful source
packet multicast. Thus,
E[B]=E[C]/N
(1)

B. E[M] -- Approximate Evaluations
Although one may recursively calculate the expected number
of transmissions using equations (2)-(5), the computation of
E[M] for a general topology is intensive [3][4]. Thus, we try
herein to find an approximate solution for the evaluation of the
expected number of transmissions for general topology.
Hierarchical reliable multicast is based on a tree topology
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(uncorrelated). They do not affect each other. One may
consider the effect of one link loss on other nodes of its
subtree. Suppose that each node has a sequence number and
the sender has the sequence number 0, shown in Fig.3. For a
given packet transmission, if node k (e.g., node A) does not
receive the packet, nk nodes will also lose the packet resulting
in a correlated loss where nk is the total number of links below
node k. The sender retransmits the repair packet to these nodes
of D k = d k + n k where dk is the number of links from the
sender to node k. Therefore, we only concentrate if these
nodes receive the packet correctly in the next retransmission.
Dk reflects the effect of loss on link k on dependent losses of
the network tree.

where the loss of an intermediate link leads to the losses of all
links below that link. Even if only one intermediate link loss
takes place in a multicast tree, many links need
retransmissions from the sender. In one multicast transmission,
many losses may take place. Therefore, it is necessary to know
how many losses take place and how many links need to be
involved in retransmissions because only corresponding nodes
care whether they receive the correct packet in the next
transmission.
Table 1. NOTATIONS FOR

RELIABLE MULTICAST

ID

Meaning

pk

Packet loss probability over link k.

dk

The number of links from the sender to node k, also
the set of these links.

nk

The total number of links under node k, also the set of
these links.

Dk

The total number of links involved in retransmissions
if link k loses a packet. D k = d k + n k . Also the set
of these links.

Ω

Link loss scenario, i.e. the set of independent link
losses. For example, {1,2} means the losses from
links 1 and 2, {0} means no loss.

Sender/DR
S k=0

dk

7

k=1

3

4

8

6

k=2 B

5

9

k=12 A

11

10

n(Ω)

The number of links under the links of the
multiple loss scenarios Ω.

M, m

The total number of packet transmission times per
source packet (due to losses).

C

The total bandwidth consumed in a multicast group
(the successful delivery of one source packet to all
nodes including all retransmission).

P(M=m)

The probability that one packet multicast is successful
in the mth transmission (all nodes get the same
packet).

QN (Ω = {k1}) = pk1

The probability that multicast is successful in the mth
transmission after the loss scenarios Ω take place.

Q N (Ω = {k1 , k 2 , L, k j }) = ∏ p kl

QN (Ω = {0}) =

Bandwidth consumed by NAKs for multiple
loss scenarios Ω.

Λk

Bandwidth consumed by NAKs if link k loses
a packet.

β

The ratio of a NAK packet to a data packet.

∏ (1 − pk )

(6)

k∈N

k∈N

∏ (1 − pk )

(7)

k ≠ k1 , k ∉n k1

j

k∉n ( Ω )

l =1

k∉Ω

∏ (1 − p k ),

(8)

k1 ∈ N , k 2 ∉ Dk1 , L, k j ∉ D(Ω = {k1 , k 2 ,L , k j −1})

The probability that multiple loss scenarios Ω take
place in one transmission over N links.

Λ(Ω)

14

In addition to dependent (correlated) loss, we also analyze
effects of independent loss. In a multicast transmission, some
independent losses may take place over different links due, for
example, to other session or unicast traffic. We use Ω to
represent such independent loss scenario, e.g. Ω={2,8} means
the packet losses from link 2 and 8 in Fig.3, Ω={0} means no
loss. Here, we denote by QN(Ω) the probability that multiple
loss scenario Ω takes place in a multicast transmission over N
links of a certain part of multicast tree. QN(Ω) has the
following probability distribution.

The number of links involved in retransmissions for multiple loss scenarios Ω, also
the set of these links.

QN(Ω)

nk

Fig.3 The links involved in retransmissions. D k =d k +n k .

D(Ω)

P(m|Ω)

13

k

where pk is the packet loss probability over link k,

nk1

is the

total number of links below node k1, n(Ω) is the number of
links missing the packet under the multiple loss
scenarios Ω , i.e. n(Ω = {k1 , k 2 ,L, k j }) = nk + nk + L + nk . N is the
1

2

j

total number of links in the network or a part of network under
the error control of a DR. Dk was defined before and the
exclusion of k 2 ∉ Dk1 , for example, is to include only

Multicast packet losses are not independent in a general tree.
In Fig.3, the loss of node A will result in the losses of all links
below node A. These losses are dependent (correlated)
because they involve the nodes of subtree rooted at node A.
However, if one node is not under the subtree of another node,
the losses such as node A and B are independent

independent, not dependent loss. D(Ω) is the number of
links involved in retransmissions for multiple loss
scenarios Ω and represents the effect of Ω on
dependent losses. For example, D(Ω={2,12}) represents
the links of d 2 , n 2 , d 1 2 , and n 1 2 . Please refer to Table 1 for
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f N == f ({0})Q N ({0}) + ∑ f (k ) p kη k ⋅ Q N ({0} | k )

these notations. The following can be obtained from (6).

k

∑ Q N (Ω) = 1

Ω⊂ N

Q N (Ω = {k1 , k 2 , L, k j }) = η k1 p k1 Q N (Ω = {k 2 , L, k j } | k1 )

where ∑

+ ∑ f ({k1 }) p k1η k1

(9)
(10)

k1

Ω⊂ N

k1

k1

1
1
∑ = ∑ + ∑ ∑ + ∑ ∑
k∈N

2! k1∈N k2∉Dk

1

3! k1∈N k2∉Dk

∑

1

k3∉D ({k1 ,k2 })

+L

η k = ∏ (1 − pl )

is

the

probability

distribution

k 2 ∉Dk1

= f ({0})Q N ({0}) + ∑ p kη k f ({k})
k

(17)

of

For f(Ω={0})=0, we have f N = ∑ pkη k f ({k}) .

independent multiple loss scenarios Ω not considering the
links of Dk after packet loss takes place at link k1, i.e.

k

The probability density function P(M=m) representing the
number of the final successful transmission trials M can be
obtained recursively, i.e.
P(M = 1) = QN (Ω = {0}) = ∏ (1 − pk )
(18)

1

j

k∉n ( Ω )

l =2

k∉Ω ,.k∉d k1

Q N (Ω = {k 2 , k 3 ,L , k j } | k1 ) = ∏ p kl

∏ (1 − p k ),

(13)

k1 ∈ N , k 2 ∉ Dk1 ,L , k j ∉ D({k1 , k 2 , L, k j −1 })

k∈N

Theorem 1.

N

∑ QN (Ω) P( M = m − 1 | Ω),

P ( M = m) =

Any function f(Ω) of multiple independent loss scenario Ω,
which could be defined as the number of links n(Ω) as in (27),
or the number of independent losses, or the number of NAKs
resulting from occurrence of independent errors over links k1,
k2,… etc as will follow, can be decomposed into the functional
sum of different single independent losses, i.e.
f (Ω = {k1 , k 2 , L, k j }) = f ({k1 }) + f ({k 2 }) + L + f ({k j })

where ∑

(19)

stands for all possible link loss scenarios. The

Ω

conditional probability P(M=m-1|Ω) is the probability that
m-1 retransmissions are required to recover multiple loss
scenario Ω. It can be recursively calculated from (18) and (19).
However, only D(Ω) not N nodes are involved in
retransmissions if loss scenario Ω takes place where D(Ω) is
the subset of links involved in retransmissions for the loss
scenario Ω.

(14)

f (Ω = {0}) = 0

(15)
Further, one can obtain its average value over different loss
scenarios, i.e.
(16)
f N = ∑ f (Ω) ⋅ Q N (Ω) = ∑ p kη k f ({k})

Thus one can easily obtain the expected number of total
transmissions, which can be recursively calculated.
E[ M ] =

∞

N

= P( M = 1) +

means all possible multiple loss

∑ Q N (Ω)[1 +

Ω ≠{0}

Ω⊂ N

scenarios whose probabilities are in (6) and (8).

∞

N

m=2

Ω ≠{0}

∑ mP(M = m) = P(M = 1) + ∑ m ∑ QN (Ω)P(M = m − 1 | Ω)

m =1

k

where the summation ∑

m = 2,3,...,

Ω ≠{0}

In the case of no loss, i.e. Ω={0}, their values are 0, i.e.

Ω⊂ N

1
∑
∑ Q N (Ω = {k 2 , k 3 } | k1 ) + L]
2! k2∉Dk1 k3∉D ({k1 ,k2 })

∑ Q N ({k 2 } | k1 ) +

+

(11)
(12)

l∈d k ,l ≠ k

Q N (Ω = {k 2 ,L , k j } | k1 )

1
∑
∑ Q N (Ω = {k 2 , k 3 } | k1 ) + L
2! k2∉Dk1 k3∉D ({k1 ,k2 })

= f ({0})Q N ({0}) + ∑ f ({k1 }) p k1η k1 [Q N ({0} | k1 )

loss scenarios for N links, i.e..
Ω⊂ N

k 2 ∉Dk1

+ ∑ f ({k1 }) p k1η k1

stands for the summation of all possible multiple

∑ QN ({k 2 } | k1 )

=1+

∞

∑ (m − 1)P(M = m − 1 | Ω)]

m=2

(20)

N

∑ Q N (Ω) E[M | Ω]

Ω ≠{0}

Proof:

where E[M|Ω] is the expected number of transmissions to
correct the multiple loss scenario Ω. Only these nodes that did
not receive the packet are involved in retransmissions. So
E[M|Ω] can also be similarly obtained.

Equation (14) is evident by the independent packet losses on
link k1, k2, … . For example, if f(Ω) is the number of NAKs
generated from losses situated on link k1, this is completely
independent and adds up to the number of NAKs generated
from loss on link k2, and so on, to provide the function of sum
of these events.
fN =
+

∑ f (Ω) ⋅ Q N (Ω) =

Ω⊂ N

f ({0})Q N ({0}) +

E[ M | Ω] = 1 +

D (Ω)

∑ QD(Ω) (Ω1 )E[M | Ω1 ]

Ω1 ≠{0}

(21)

where Ω1 is the set of links incurring losses after second
transmissions.

∑ f ({k}) ⋅ QN ({k})

k∈N

1
∑ ∑ [ f ({k1}) + f ({k 2 })]Q N (Ω = {k1 , k 2 }) +
2 k1 k2∉Dk1

Substituting (21) into (20), one may obtain the following
approximation for E[M].

1
∑ ∑
∑ [ f ({k1}) + f ({k 2 }) + f (k 3 )]Q N ({k1 , k 2 , k 3 }) + L
3! k1 k2∉Dk1 k3∉D ({k1 ,k2 })

E[ M ] = 2 − QN ({0}) +

N

D ( Ω)

Ω ≠{0}

Ω1

∑ QN (Ω) ∑ QD(Ω) (Ω1 )E[M | Ω1 ]

Repeating the same procedure, i.e.
D(Ω )
E[M | Ω1 ] = 1 + ∑ QD(Ω ) (Ω 2 ) E[M | Ω 2 ] and we obtain
1

Ω 2 ≠{0}
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1

(22)

E[ M ] = 2 − QN ({0}) +
+

Taking

N

∑ QN (Ω)[1 − QD(Ω) (Ω1 = {0})]

E[C ] =

(23)

N

D( Ω)

D ( Ω1 )

Ω ≠{0}

Ω1 ≠{0}

Ω 2 ≠{0}

∑ QN (Ω) ∑ QD(Ω) (Ω1 ) ∑ QD(Ω1 ) (Ω 2 )E[M | Ω 2 ]
Q(Ω1 = {0}) =

D(Ω)

for low p k and

k =1

l

l =1

l

(29)

the expected conditional bandwidth consumption of
retransmissions, i.e. E[C|Ω], we encounter two cases
depending on the recovery methodology, i.e., policy M and H
to follow.

l

∑

∑ Q N (Ω){βΛ(Ω) + E[C | Ω]}

Ω⊂ N

(29) suggests that the bandwidth consumption of original data
packets in the first transmission is ∑η k . In order to evaluate

ignoring the 4th term on the right hand side of (23) relative to
the first few terms, one obtains the following approximation.
D
N
(24)
E[M ] ≈ 2 − Q ({0}) + p η
p
N

+

k∈N

D(Ω)

∏ (1 − pk ) ≈ 1 − ∑ pk
k =1

∑η k

k∈N

Ω ≠{0}

∑

k

1) Policy M

k

where QN (Ω = {0}) = ∏(1 − pk ) depends on link loss probability

Due to the lack of router assistance, each receiver losing a
packet unicasts a NAK packet to the sender/DR, which costs a
bandwidth dk for receiver k. All receivers within the loss
scenario Ω send NAK upstream, i.e. Λ(Ω = {k}) = ∑ d l where

k∈N

N

Dl

l =1

k

and is independent of topology. ∑ plη l ∑ p k
N

q = ∑ pl

dependent on the topology. Assume

is a term

. For a small

l∈Rk

l =1

Rk is the set of receivers within the loss scenario Ω={k}. Thus,
we have the following result using (50) of the appendix with
ϕk= pkηk and ξk=dk,

value of q, one obtains the following approximation.
D
N
1
1
(25)
E[ M ] ≈ 1 + q − q 2 + q 3 + p η
p
2

6

∑
l =1

l

l

l

∑

k

k

∑ QN (Ω)Λ(Ω) = ∑ p kη k ∑ d l = ∑ d k ∑ plη l

C. The Evaluation of Bandwidth Consumption

Ω⊂ N

=

Although E[M] gives the expected number of transmissions,
the number of links affected by each transmission is different.
Thus, it is necessary to evaluate the bandwidth consumed on
all links until final success. By final success, we mean to
include all link transmissions used until all nodes receive the
packet correctly. The first original transmission always affects
the whole multicast nodes regardless of which loss recovery
mechanism is used. If node k does not receive the packet, nk
links will lose the packet as shown in Fig.3. Then the actual
bandwidth consumption is N-n(Ω) for multiple loss scenarios
Ω where n(Ω) is the number of dependent losses for multiple
loss scenarios Ω. Thus, we obtain the expected bandwidth
consumption over N links as follows,
E[C ] =

∑ Q N (Ω){N − n(Ω) + βΛ(Ω) + E[C | Ω]}

Ω⊂ N

n(Ω = {k1 , k 2 ,L, k j }) = nk1 + nk2 + L + nk j

and

l∈Rk

k∈R

(30)

l∈d k

∑ d k [1 − η k (1 − p k )] = ∑ d k (1 − η k + p kη k )

k∈R

k∈R

where ∑ d k is the sum of affected links between the sender
l∈Rk

or DR and the location of the kth loss since the corresponding
NAKs sent upstream transverse these links. The derivation of
(30) follows steps similar to these leading to (28).
In this loss recovery scheme, the packet is always multicast to
the whole node population by the sender or DR, i.e., each
transmission or retransmission affects all members of the same
subgroup. The actual bandwidth consumption of each
retransmission is ∑η k (does not change in policy M) as can
k∈N

be seen by repeated application of (29) to each retransmission
trial. Thus, noting we have E[M|Ω] transmission trials and
each has a corresponding transmission cost of ∑η k plus cost

(26)

where QN(Ω) is the probability of having multiple loss
scenarios Ω in a transmission trial as defined in Table 1, and
E[C|Ω] is the extra bandwidth consumed in all retransmission
trials to correct the loss scenarios Ω that take place in the first
transmission. Λ(Ω) is the bandwidth consumed by NAKs for
the loss scenario Ω. β is the ratio of NAK packet size to
regular data packet size.
Due to

k∈N

k∈N

of E[M|Ω]-1 NAK messages, one obtains the following
equation:
E[C | Ω] = E[ M | Ω] ⋅

∑η k + β ( E[ M | Ω] − 1) ∑ d k (1 − η k

k∈N

k∈R

+ p kη k )

(31)

,

where E[M|Ω] is the expected number of retransmissions after
loss patterns Ω take place, the first term is bandwidth
consumption of data packets in retransmissions and the 2nd
term accounts for the cost of NAKs in retransmission trials.

(27)

By substituting (31) into (29) and using (20), one may get
E[C].

n(Ω = {0}) = 0

one has the following from (16).
∑ QN (Ω)n(Ω) = ∑ p kη k nk

Ω⊂ N

=

k∈N

∑ p kη k ∑ 1

k∈N

l∈nk

E[C ] = E[ M ] ⋅

Using (12) and (45) of the appendix A where we take ϕk=pkηk
and ξk=1, one obtains
∑ Q N (Ω)n(Ω) =

Ω⊂ N

∑

∑ plη l =

k∈N l∈d k ,l ≠ k

∑ (1 − η k )

k∈N

∑η k + β ( E[ M ] − 1) ∑ d k (1 − η k

k∈N

k∈R

+ p kη k )

(32)

2) Policy H

(28)

Policy H uses routers to recover losses. Receivers losing a
packet send a NAK to the upstream router, and routers merge
all received NAKs and send only one NAK upstream. Thus

Substituting (28) into (26), one has
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the bandwidth cost of NAKs is

Λ (Ω ) = D ( Ω ) ≤ ∑ D k

the following:

for the

k

Q N (Ω 0 , Ω1 ) = Q N 0 (Ω 0 )Q N1 (Ω1 )

loss scenario Ω. The upper bound of NAK cost is obtained
similar to (30),

Sender

∑ Q N (Ω)Λ(Ω) = ∑ p kη k Dk

Ω⊂ N

N0

S

(33)

k∈N

(37)

For each retransmission, the sender and/or DRs will retransmit
the packet to only these receivers that did not receive data in
previous transmissions, e.g. if link k loses a packet, only Dk
links are involved in retransmissions. If a loss scenario Ω with
multiple independent losses takes place, one can sum up the
bandwidth of single independent loss, i.e. E[C | Ω] = ∑ E[C | k ] .

DR1
N1

k

DR2

N2

r

k

We can evaluate E[C|k] in the following equation for the
season of data and NAKs transmissions.
E[C | k ] ≤ E[ M | k ] ∑η l + β ( E[ M | k ] − 1) Dk
l∈Dk

Fig. 4 The partition of a multicast group
Table 2. NOTATIONS FOR

(34)

The upper bound stems from the fact that only the first
and further
retransmission will lead to loss ∈ Dk
retransmissions are expected to handle less loss. Considering
(16) and (34) with f({k})=E[C|k], one obtains the bandwidth
consumption of retransmissions for policy H as follows:
∑ Q N (Ω)E[C | Ω] = ∑ p kη k E[C | k ]
Ω

k

≤ ∑ p kη k {E[ M | k ] ∑η l + β ( E[ M | k ] − 1) Dk }

One may estimate the bandwidth consumed in protocol H
by substituting (33) and (35) into (29).
E[C ] =

∑ η k + β ∑ p kη k D k

k∈N

k∈N

+ ∑ p kη k {E[ M | k ]∑η i + β ( E[ M | k ] − 1) Dk }
k

=

Meaning

N

The total number of links within a multicast group,
also the set of these links.

Ni

The number of links covered by DRi, also the set of
these links.

C

The total bandwidth consumed in the multicast
group N (the successful delivery of one source
packet to all nodes including all retransmission.)

B

Average bandwidth consumption per link for the
multicast group. B=C/N.

E[Mi]

The expected number of transmissions for Ni links
to receive a correct packet.

(36)

E[Ci]

The total expected bandwidth consumed in Ni links
over all transmissions.

Dk

∑η k + ∑ p kη k E[M | k ] ⋅ ∑ (η l + β )

k∈N

k

l∈Dk

The total bandwidth consumed in N links can be obtained
recursively

EFFECT OF DRS ON BANDWIDTH

V.

E[C] =

∑

∑

QN (Ω0 , Ω1){N0 − n(Ω0 ) + N1 − n(Ω1)

Ω0 ⊂ N0 Ω1 ⊂ N1

Hierarchical loss recovery is often used to provide the
scalability in which case some special receivers or routers
such as DR have the FEC/ARQ capacity and retransmit the
repair packet to reduce the load of the sender. Each DR is the
representative of a multicast group and sends NAK upstream
to the sender on behalf of receivers downstream, e.g. DR1 is
responsible for the retransmissions of N1 links in Fig. 4 and
reports the state to the sender. Here we denote by Ni the
number of links covered by the DRi. N0 is the number of links
not covered by any DRs. Fig. 4 is an example of a multicast
group having 2 DRs.

βΛ(Ω0 ) + βΛ(Ω1) + E[C | (Ω0 , Ω1)]}

(38)

where N0 and N1 are the number of links outside and within
DR coverage, respectively. Λ(Ω0) (or Λ(Ω1)) is the bandwidth
consumed by NAKs for the loss scenario Ω0 (or Ω1). β is the
ratio of NAK packet size to regular data packet size.
E[C|(Ω0,Ω1)] is the extra bandwidth consumption when
multiple loss scenarios Ω0 and Ω1 take place. These losses are
recovered by either the DR or the sender, depending on their
locations. DR recovers only the losses under this DR while the
sender recovers the losses outside all DRs. The sender and the
DR work independently in the next retransmissions. Thus, the
total bandwidth E[C|(Ω0,Ω1)] can be divided into the
summation of bandwidth E[C| Ω0] and E[C|Ω1] for two
subgroups:

We consider first the case of 1 DR. For the multiple loss
scenarios Ω in the first transmission, these losses occur within,
i.e. Ω1 or outside, i.e. Ω0, the DR coverage. We denote by
Q N (Ω1 ) ( Q N (Ω 0 ) ) the probability that multiple loss
1

ID

(35)

l∈Dk

k

RELIABLE MULTICAST

0

scenarios Ω1 (Ω0) take place within (outside) DR coverage. Ω1
and Ω0 are two independent events occurring in different loss
recovery domains. Thus, the probability QN(Ω0,Ω1) that the
loss scenarios Ω0 and Ω1 take place over N links is given by

E[C | Ω 0 , Ω1 ] = E[C | Ω 0 ] + E[C | Ω1 ]

(39)

where E[C|Ω1] (E[C|Ω0]) is the total conditional bandwidth
consumption to recover the loss scenario Ω1 (Ω0).
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the exact equations (2)-(5) and the approximate equation (24)
with given link heterogeneous loss probability. First, we
compare one special case where all router links have the same
loss probability p_router while all receiver links have the same
loss probability p_receiver. The approximate results with
different p_router and p_receiver in Fig. 7 show that they
match well to the exact results.

One obtains the following results for the total bandwidth
consumption by substituting equation (39) into (38) and using
(29):
∑

Ω0 ⊂ N 0

+

∑

Ω0 ⊂ N 0

QN0 (Ω0 )

∑

QN1 (Ω1){N0 − n(Ω0 ) + βΛ(Ω0 ) + E[C | Ω0 ]}

Ω1 ⊂ N1

QN0 (Ω0 )

∑

QN1 (Ω1){N1 − n(Ω1) + βΛ(Ω1) + E[C | Ω1]}

Ω1 ⊂ N1

= E[C0 ] + E[C1]

(40)

The number of transmissions E[M]

E[C] =

where E[Ck] (k=0,1) is the expected bandwidth consumed in
Nk links and can be calculated by (32) or (36) depending on
the loss recovery policy. The above equation shows that the
total bandwidth consumed in the whole group is equal to the
summation of bandwidth consumed in every subgroup.
Based on the discussion above, the total bandwidth is equal to
the summation of bandwidth consumed in N0 and N1 links, i.e.,
E[C0] and E[C1]. In the same way, we can extend this result to
the case of r DRs. The total bandwidth consumption is the
summation of bandwidth consumed by all subgroups.

2.4
2.2

a,c,e: exact
b,d,f: approximate

a:p=0.001
b:p=0.001
c:p=0.01
d:p=0.01
e:p=0.04
f:p=0.04

2
1.8
1.6
1.4
1.2
1
2

4

6
Depth L

8

10

Fig. 5 A comparison of E[M] for binary topologies.

r

E[C ] = ∑ E[C i ]

(41)

i =0

0 Sender

where E[Ci] is the expected bandwidth consumed in Ni links
handled by the ith DR. The optimal DR locations make the
network consume the minimal bandwidth consumption E[C].

k=1 1

k1 3

(42)

where E[Mi] is the expected number of transmissions for Ni
links and can be easily evaluated from (24) (i=0,1,…,r).

8
0.02
37

Router

2

exact,p_router=0.01
approximate,p_router=0.01
exact,p_router=0.05
approximate,p_router=0.05

1.9
1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

0.005
0.01
0.015
Loss probability p_receiver

0.02

Fig. 7 Comparison of E[M] between exact and approximate solutions

We then compare exact and approximate E[M] where the
various loss probability are given in Fig. 6. However, in Fig. 8,
we increment all heterogeneous loss probabilities in Fig. 6 by
the same variable amount delta p. In addition, two link losses
pa and pb are varied as per Table 4 leading to the HL0, HL1,
HL2 cases. The exact and approximate results in Fig. 8 match
closely.

The sender or DRs retransmit the repair packet to only those
receivers that did not receive the packet. We can estimate the
bandwidth consumption of Ni links (i=0, 1, …, r) using (36).

VI.

7

28 29 30 31

20

0

B. Policy H

E[C i ] =

0.005
6

Fig. 6 One example of a general multicast network. Table 4 gives the values
of pa and pb for different scenarios HL0, HL1 and HL2.
The number of transmissions E[M]

k∈Ri

26 27

pa: 0.008 or 0.1
Receiver

The sender or DRs multicast repair packets to the subgroup
after losses take place. We assume that each subgroup is
independent of each other. The losses within the DR1 have
influence only on N1 links. The losses outside the DR1 do not
have influence on the bandwidth consumption of N1 links but
they affect N0 links. Therefore, one may obtain the following
bandwidth consumption of N0 (or N1) links from (32).
k∈N i

25

pb:0.02 or 0.1

15

9 10 11 12 13 14

A. Policy M

∑η k + β ( E[ M i ] − 1) ∑ d k (1 − η k )

21 22 23 24

0.02
X

As previously discussed, the evaluation of bandwidth E[Ci]
depends on the policy of loss recovery. Similarly, the
following discusses two policies of repair packet
retransmissions.

k=2
0.015

0.003
2

E[C i ] = E[ M i ] ⋅

4

0.001
X
k2 5

∑η k

k ∈N i

+

∑ p kη k E[ M | k ] ⋅ ∑ (η l + β )

k ∈N i

l∈Dk

(43)

RESULTS AND DISCUSSIONS

In Fig. 9, We compare E[M] values of 3 different topologies
for a uniformly distributed random link loss probability in the
range {0, 0.01}. These are linear, star and full binary trees. We

A. The number of transmissions
We use an example of a general topology in Fig. 6 to compare

8

Fig.11 show that the best location of 1 DR is in level 1 for the
two policies. When 2 DRs are used, the optimal locations are:
one DR in level 1, another DR in level 2 for policy M, as
shown in Fig.12. For policy H, the best locations of 2 DRs are
in level 1. When 3 DRs are used, all 3 DRs are placed in level
2 for policy M to obtain the minimal bandwidth consumption,
as shown in Fig.14. The best locations of 3 DRs for policy H
are 1,2,2. The best locations of two policies are very close.
These results are exactly the same for the two methods of
computing E[M], i.e. the exact and approximate solutions.

2

exact
approximate
exact
approximate
exact
approximate

1.9

HL1

1.8

HL2

1.7
1.6
1.5

HL0

1.4
0

0.002 0.004 0.006 0.008 0.01
delta p

Bandwidth E[B]

The number of transmissions E[M]

take N and all loss probability to be the same for all these
topologies under all random loss scenarios. Fig. 9 shows that
even if these topologies have the same value of N, E[M]
differs greatly depending on the type of topology.

3.5

linear,exact
linear,approximate
binary,exact
binary,approximate
star,exact
star,approximate

3.0
2.5

Policy M

1

2

L=4,p=0.1
L=5,p=0.05
L=6,p=0.02
L=6,p=0.01
L=7,p=0.01
L=8,p=0.01

3
4
5
6
DR Locations (DR1)

1.40

Policy H

0.01

0.02 0.03
delta p

8

L=4,p=0.05
L=4,p=0.08
L=5,p=0.03
L=5,p=0.05
L=6,p=0.02
L=6,p=0.03

1.35

1.5
0

7

Fig. 10 The bandwidth E[B] of 1 DR for policy M.

2.0

Bandwidth E[B]

The number of transmissions E[M]

Fig. 8 Comparison of exact and approximate E[M] for a multicast network
with heterogeneous loss probability where the loss probability of each link is
the summation of value of the link in Fig. 6 and delta p.

3.6
3.4
3.2
3
2.8
2.6
2.4
2.2
2
1.8
1.6

0.04 0.05

Fig. 9 Comparison of E[M] for different topologies. N=14.

1.30
1.25
1.20
1.15

B. Homogeneous link loss probability

1.10
1

In a large multicast tree, if the background traffic (unicast
traffic and other multicast sessions) is randomized over all
links, and if link channel error effects are ignored, then same
link loss probability will prevail over all links. There will be
minimal or no loss changes from link to link since the traffic
over all links is almost the same. Multicast retransmissions
from one sender and no DR will lead to the same uniform
traffic above. Even in the case of using DR for error correction,
these DRs will handle the retransmissions in their subgroup
while the sender handles the rest of retransmissions, leading to
the same uniform traffic above, i.e. total original and
retransmissions traffic is uniformly distributed over all links.
However, if the background traffic, and /or link errors are not
uniform over all links, then one has to assume different loss
probability for each link. In this section, we will compute the
optimal DR locations for the network with homogeneous
(same) link loss probability.

2

3
DR Level

4

5

Fig.11 The bandwidth E[B] of 1 DR for policy H
1.9

L=4,p=0.02
L=4,p=0.03
L=5,p=0.01
L=5,p=0.02
L=6,p=0.005
L=6,p=0.01

Bandwidth E[B]

1.8
1.7
1.6

Policy M

1.5
1.4
1.3
1.2

1,1 1,2 1,3 1,4 2,2 2,3 2,4 3,3 3,4 4,4
DR Locations (DR1, DR2)

Fig.12 The bandwidth E[B] of 2 DRs for policy M. x axis is assumed levels of
the 2 DRs.
1.20
1.18
Bandwidth E[B]

As an example of optimizing the location of DRs, we use a
binary tree to illustrate the performance of uniform loss
probability. Suppose that the binary tree has depth L and
homogeneous link loss probability p. Thus, the total number
of links is N=2L+1-2. For hierarchical reliable multicast, the
sender and/or DRs need to transmit the packet several times to
have a successful multicast transmission.

Policy H

1.16
1.14
1.12
1.10

L=5,p=0.01
L=5,p=0.02
L=4,p=0.03
L=4,p=0.05
L=6,p=0.01
L=6,p=0.02

1.08
1.06
1.04
1,1 1,2 1,3 1,4 2,2 2,3 2,4 3,3 3,4 4,4
DR Locations (DR1,DR2)

Based on the estimate of bandwidth consumption, the optimal
placements of DRs are obtained further. Fig. 10 - Fig.15 give
the optimal placements of DRs for two policies. Fig. 10 and

Fig.13 The bandwidth E[B] of 2 DRs for policy H
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The optimal DR locations for the two loss recovery policies
give comparable results although policy H has less bandwidth
consumption than policy M. The optimal partitioning for
policy M also gives a bandwidth consumption saving up to
40%. Policy H can work efficiently for binary trees without
DR. However, in the case of linear-like topologies, DRs are
required to further aid the loss recovery of Policy H. Fig.14
shows the importance of DR location in Policy H for a linear
topology where the bandwidth saving is up to 30%.

Some results with different tree depth and different loss
probability are also given in Fig.12 - Fig.15. It is obvious that
one can greatly reduce the bandwidth consumption by placing
DRs in appropriate levels. If these DRs are not placed in
appropriate locations, bandwidth consumption is large. From
these curves, one can easily see that the bandwidth
consumption increases with the increasing depth L and loss
probability p. That is because the number of retransmissions
will become larger and larger as N and p increase. However,
the optimal locations do not change with depth L and/or loss
probability p although they change with the number of DRs.
As has been proved in [15], this is true only for homogeneous
binary topologies.

1.8

Bandwidth E[B]

This goes well with saying that the best DR allocation policy
is the one that divides the total network into r+1 equal parts,
where r is the number of DRs such that the duty of error
correction is fairly shared in homogeneous topologies. This
equalized distribution is clearly independent of the number of
links.
1.7

L=5,p=0.01
L=5,p=0.02
L=6,p=0.008
L=6,p=0.01
L=7,p=0.003
L=7,p=0.005

Bandwidth E[B]

1.6
1.5

1.1

20

Bandwidth E[B]

L=5,p=0.01
L=5,p=0.02
L=6,p=0.01
L=6,p=0.015
L=7,p=0.005
L=7,p=0.01

1.08
1.07
1.06
1.05
1.04
1.03
1.02
0

5

10
DR Locations

15

20

In this section, we discuss the optimal DR locations of the
multicast network with non-uniform link loss probability, i.e.
each link may have different packet loss probability. In this
case, we also simulate the multicast transmissions with two
loss recovery schemes and compare the analysis and
simulation results as shown in Fig.17 and Fig.18. In the
simulation, we average the number of transmissions and
bandwidth consumption over 100000 packets. This was found
enough to provide us with a confidence interval of 99.9%
about the true mean of each result in all simulation figures.
These results show that the analysis and simulations give the
same optimal DR locations for both loss recovery schemes.
Simulation results prove that bandwidth consumption can be
evaluated by our analysis equations.

1.1

Policy H

15

C. Heterogeneous loss probability

Fig.14 The bandwidth E[B] of 3 DRs for policy M. x axis is assumed levels of
the 3 DRs as shown in Table 3.

1.09

10
DR Level

One may also see an obvious result that the closer the DR is to
the receivers, the more bandwidth is consumed. If bandwidth
consumption is to be minimized, one should not place DRs too
close to the receivers for binary trees. The explanation for this
is that the sender will consume more bandwidth while DRs
consume less leading to a total bandwidth consumption which
is still large. Thus, the optimal locations are actually a
trade-off of bandwidth consumption between the sender and
these DRs.

1.2

15

1.4

Fig.16 The bandwidth E[B] of 1DR for policy H in the linear topology.

Policy M

10
DR Locations

1.5

5

1.3

5

Policy H

1.6

1.3

1.4

0

analysis
simulation

1.7

20

Fig.15 The bandwidth E[B] of 3 DRs for policy H. x axis is assumed levels of
the 3 DRs as shown in Table 3.
Table 3 The DR levels corresponding to the x axis of Fig.14 and Fig.15

X axis

1

2

3

4

5

6

7

DR levels

1,1,1

1,1,2

1,1,3

1,1,4

1,2,2

1,2,3

1,2,4

8

9

10

11

12

13

1,3,3

1,3,4

1,4,4

2,2,2

2,2,3

2,2,4

15

16

17

18

19

20

2,3,4

2,4,4

3,3,3

3,3,4

3,4,4

4,4,4

Table 4 Packet loss probability and optimal DR location of Fig. 6 for different
scenarios shown in Fig.17 and Fig.18.

Scenario

HL0

HL1

HL2

14

Loss probability pa

0.008

0.1

0.008

2,3,3

Loss probability pb

0.02

0.02

0.1

Policy M

1

2

5

Policy H

2

3

6

The Optimal
RR Location

We assume different packet loss probability for some links of
the network in Fig. 6. One finds from Fig.17 and Fig.18 that

10

compared the values of bandwidth consumption provided by
the analysis and simulation. The bandwidth consumption of
policy H was found to be much smaller than that of policy M.
The bandwidth consumption of NAKs packets was found to
be negligible compared to data bandwidth.

the optimal RR location depends on the policy and loss
scenario. DR should be located closer to the links of high
packet loss probability for both loss recovery schemes. The
RR locations depend on the distribution of packet loss
probability over different links. The high loss links frequently
request retransmissions. In order to reduce the effects of such
retransmissions on other nodes, the DR moves to the high loss
links to support efficient loss recovery, which applies to the
two schemes. The two policies yield similar DR locations.

Based on the estimation of bandwidth consumed by the two
policies, the optimal DR placements have been investigated in
this work. The results based on the binary tree of uniform loss
probability show that the best placements of DRs are closer to
the sender rather than the receivers. For policy M, the best
location is in level 1 when only 1 DR is used to recover loss.
When 2 DRs are used, the optimal locations are: 1 DR in level
1, and another DR in level 2. When 3 DRs are used, 3 DRs are
placed in level 2 to obtain the minimal consumption of
bandwidth. For policy H, the best location is in level 1 for 1
DR. When 2 DRs are used, the optimal locations are: both
DRs in level 1. When 3 DRs are used, 2 DRs are placed in
level 2 and one DR is placed in level 1 to obtain the minimal
bandwidth consumption. The optimal placements for the two
policies are very close though slightly different. We have also
investigated the optimal DR locations for the multicast
network with heterogeneous loss probability. The optimal DR
location should be located closer to the links of high loss
probability for both loss recovery schemes.

Fig.19 gives the effects of NAK overhead on the bandwidth
consumption of multicast networks. NAK packets are usually
much smaller than data packets and require less bandwidth
consumption. Due to the existence of DRs, NAK packets are
noticeably reduced for policy M and are minimized for policy
H.
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Fig.17 The bandwidth E[B] of heterogeneous packet loss probability in Fig. 6
for policy M
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VIII. APPENDIX A
To prove lemma (45) of this appendix, we start with a simple
example where we define ξk as loss probability of link k and
ϕk as the number of links from the sender to link k, i.e. ξk=pk
and ϕk=dk, (see Fig.20). We obtain the following equation:
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simulation,HL1
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j ≠k

k =1

j∈dk

+ p6 (d1 + d3 + d5 ) + p7 (d1 + d3 + d5 ) + p8 (d1 + d3 )
0
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4
DR Location
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+ p10d9 + p11d9 = d1 ( p2 + p3 + p4 + p5 + p6 + p7 + p8 )

8
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N

+ d9 ( p10 + p11 ) = ∑ d k
k =1

beta=0
beta=0.1
beta=0.5
beta=0
beta=0.1
beta=0.5

(44)

+ d3 ( p4 + p5 + p6 + p7 + p8 ) + d5 ( p6 + p7 )

Fig.18 The bandwidth E[B] of heterogeneous packet loss probability in Fig. 6
for policy H
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Fig.19 The effect of NAKs.
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VII. CONCLUSIONS
Fig.20 An example of tree topology

In this paper, we have derived an analytical approximation for
the number of transmissions for general multicast trees.
Furthermore, we have analyzed the bandwidth consumption of
two loss recovery polices, i.e., policy M and H. We have also

Lemma 1:
For an arbitrary tree, we define two functions ξk and ϕk
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affiliated with node k. For example, ξk or ϕk or both could be
the number of links from sender to node k. In a different
utilization, they could represent the number of links under
node k, or the number of NAKs, or loss probability pk, or pkηk
defined before, or just 1. Many such combinations are possible
scenarios for the application of (45), e.g. ξk=nk and ϕk=pk, or
ξk= dk and ϕk=nk, or ξk=1 and ϕk could be any function of pk
such as ϕk= pkηk as in (27), or ξk=dk and ϕk=pk, or ξk=dk and
ϕk=dk, or ξk=pk and ϕk=pk, or ξk=dk and ϕk=1, or ξk=1 and ϕk=
pkηk, and so on, to name but a few.

IX.

We claim that
N

j ≠k

N

k =1

j∈dk

k =1
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R is the set of all receivers in the multicast group.
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